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PREFACE. 



Whils some persons are conaplaining of constant innovation 
in text-books, and others finding fault equally with those in use, 
one scarcely knows whether or not to make any apology in putting 
forth a new work. One thing however, as it seems to me, is 
dear : that in view of the importance which is justly attached to 
elementary instruction, there can be little danger of too great a 
supply of manuals from which an enlightened community may 
select If new books of geography and grammar, of arithmetic and 
algebra, are not only acceptable to the schools, in their onward 
march of improvement, but even indispensable for giving them life 
and vigor, why should objection be made to attempts in adapting 
the elements of geometry to the wants of the young and to the 
existing condition of instruction ? Why should a blind veneration 
for antiquity cause the elements of Euclid to continue in one form 
or other in our schools, when tlie luminous Grecian himself^ if now 
living, would, we doubt not, no longer employ them without a 
material remodeling in conformity with the mathematical methods 
of the day? 

If boys are to learn that which they wiU practise when men, why 
should tyros be so long restricted to processes which, as mathema* 
ticians, they will seldom use T 

Is it essential to the acquisition of competent skill in numbers 
that our arithmetics should be filled with examples, and to the com- 
prehension of general principles that our algebras should observe, 
in the development of forms, an unbroken continuity of progres- 
sion? why in the elegant science of geometry should there be 
neither example nor process T I am aware that these suggestions 
are not applicable, in all respects, to certain books on geometry 
recently published ; but an elementary work oT sufiEicient fullness, 
yet moderate in magnitude, highly practical, and, consequently, 
progressive in theory and example, is still, I believe, a desideratum. 
I have endeavored to prepare such a work ; how well I have suc- 
ceeded will, of course, be determined by others. Its chief feature 
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will be found to consist, not simply in the acquisition of geomet- 
rical principles, but in a regular progression of metkodf whereby 
it is intended to 'teach how to geometrize. 

In pursuing quite out to the end of our geometrical studies, as 
well as at the beginning, the synthetic and undevelopable methods 
of the ancients, we acquire little or no power of going alone— 
we get some geometry, it is true, but still • remain almost desti* 
tute of that education in analysis which is far more important. 
Why, in investigating the doctrines of forms, should we studiously 
keep out of sight the general principles of quantity, as if no such 
principles existed, when even Euclid himself could proceed but a 
little way without stopping to construct his, to ue^ clumsy book of 
proportion, the best and only algebra at his command ? 

Why, when so much labor is saved and greater clearness ob- 
tained, should we refuse to employ an equation like {a + b)* 
s= a* + &* + 2ab T Shall we have resources at hand and refuse to 
use them because Euclid was poor ? Is it shorter, more satisfacto* 
ry, or productive of finer results, to shut up the cbcumference of 
a drcle between the perimeters of polygons than to avail ourselves 

of the simple symbol T -jr- , when employed as the vanishing ratio 

of the increments of two variables ? Has geometry given birth to 
algebra, and shall she reap no advantage from her oflfspring ? The 
succinct and methoidical Francoeur quoting Lagrange, says, " Tant 
que I'Algebre et la G6om6trie ont 6t6 s6par6es, leurs progres ont 
' M lents et leurs usages bomis ; roais lorsque ces deux sciences se 
sont r^unies, elles ee sont pr^te des forces mutuelles,et ont marchft 
ensemble d' un pas rapide vers la perfection."* Again the lumin* 
ous Lagrange, in the first of his ^* Lemons ;" *^ Les fonctions d^riv^es 
se pr§sentent naturellement dans la g£om6trie lorsq' on eonsidere 
les aires, les tangentes,*'d&c.t 

In accordance with these views, and in compliance with the re- 
commendation of Lacroix, avoiding double methods, that we may be 
ever pressing on in that body of geometrical doctrines that are most 
useful, I have paid much attention to the classification, endeavor^ 



• So long 88 8lgebn 8iid geometry w«re sepamted, their prograss was alow and 
their application reatrfcted i but when theae two aciencea became united, they lent 
each other mutual aid, and advanced together with rapid pace towarda perfection. 

t Derived functiona preaent themaelvea naturally in geometry, when we oonaider 
areaa, tangenta, &c» 
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ing, conseqiienU]r» to arrange the subjects in a natural order, so as 
to fall easily into families and readily develope each other. Thus, 
by the simple method of superposition, instead of a long, mixed, 
and circuitous route, the doctrines of parallels are presently arrived 
at, and, as a consequence, all the elementary theorems relating to 
angles and independent of the length of lines, are embraced in a 
first section of moderate length. 

The comparison of equal figures follows ; then that of propor* 
tional lines, which prepares the way for the investigation of area8--> 
the doctrines of the circle are not considered till afterwards. Thus, 
in the first part, the topics are kept distinct, and, it is believed, in 
their natural order, by which means the progress is rendered more 
easy and rapid, and the methods of geometrising. are introduced, 
one after the other, as required by the gradually increasing diffi« 
cutties of the growing subject. 

For instance, in the first section little or no artifice is employed, 
and the simplest algebra, amounting to scarcely more than the 
common symbolical notation, is sparingly introduced in the second, 
while in the third the algebraic requisitions are somewhat increased, 
especially in the exercises. The method of incommensurables die- 
veloped as a part of a system in the introductory book, is employed 
for the first time in the third section of the second, or first geomet" 
rical Book; the correlation of figures and change of algebraic 
signs, find application in the more adv^mced propositions of the cir* 
cle in the third Book ; and the ratio of vanishing increments draws 
a tangent to the parabola in the close of the first Part. The ele- 
mentary properties of the ellipse and parabola, being as simple as 
those of the circle and as useful in the study of natural philosophy 
and astronomy, are here introduced. Further, as proportion is 
generally included in our works on geometry, I have thought it ad- 
visable to insert an introductory Book, embracing, in a regular series 
of proportions the first doctrines of algebra, as being convenient for 
reference to those already acquainted with the science, and indis- 
pensable to others, who, by taking up these principles as required, 
may wish to proceed in the same class. The first Part, consisting 
of a hundred and twenty pages, is designed to embrace, in theory 
and practice, such. an introductory body of elementary geometry- 
all the more difiicult problems relating to perimeters or areas being 
postponed — as is required,, not only to enter successfully upon the 
study of the higher investigations that follow, but for furnishing, in 
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some measure, with tangible and useful matter, those who want the 
disposition, lack the time, or have not the ability to proceed further. 
The first Book of the second Part consists of an elementary system 
of functions, depending on a single variablci and presented constantly 
under the simple notation. It embraces the Innomial and logarithm 
mic theorems. Every teacher must have observed that isolated 
methods, like those employed by Legendre in cases of Incommen* 
surability, make only such an impression upon the mind as to 
leave a sort of confVision always hanging about them^ while that 
which forms part of a system readily commends itself to the under* 
standing, and, consequently, remains ever afler a permanent part 
of our appropriate knowledge. Laplace has well said, ** Pr^f^res, 
dans r enseigneraent, les m^thodes g^nirales ; attachet-vous k les 
presenter de la manidrie la plus simple, et vous verretf en m^me 
temps qu'elles sont toujours les plus faciles/"* The method pur* 
sued in this book has been judged not only the most perfectf in it- 
self, but, as will frequently happen when connected subjects^ instead 
of being disjoined, are permitted to fall naturally together^ at the 
same time the easiest. But aside from the indispensable matter 
which it contains, the chief object of this book is to prepare the 
way for what follows in the arithmetic of signs, the construction 
of trigonometrical tables, and the mensuration of surfaces and solids. 
In virtue of the course just alluded to, I have been enabled, in the 
second Book of the third Parjt, to make not only a more than usu- 
ally full development of the trigonometrical forms with their appli- 
cation in the practical resolution of triangles, but to embrace also 
the quadrature of the circle and ellipse. In the next Book I have 
developed a system of surveying which I regard as peculiarly my 
own. It is true that the theorem for the computation of polygonal 
areas, which constitutes its chief feature, may be substantially 
found in Hutton, yet I have given to it so much of a new form and 
a demonstration at once general^ and of the greatest simplicity, and 
extended it in so methodical a manner to the laying out and divid- 
ing of lands, that it becomes altogether another thing. Years of 

* In instructing, adopt general methods ; endeavor to present them in a manner 
the most simple, and you will see, at the same time, that they are the easiest. 

t Not all the demonstrations in our algebras are perfeot-^for instance, the demon- 
■trations of the binomial theorem in some school book?, the most widely dissemina- 
ted, amount to no demonstrations at all. 

X The demonstration in Hutton is very tedious, and can hardly be said to be 
general* 
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instractioil have proved, as hundreds of individuals would bear tes- 
timony, that the theorem here given will save, at the lowest esti- 
mate, two-thirds of the labor ordtiiarily incurred by the rectangular 
method. A further advantage is that, dispensing with a large and 
faulty table altogether, it is far more accurate-^the computations 
being executed by aid of the common logarithmic numbers, calcu- 
lated with greater care and usually extending to six or seven deci- 
mal places, and the operation being so ordered that, without any 
additional labor beyond what is absolutely essential to an honest 
confidence in the result, all gross errors, if any exist, whether of 
the field or the tables, are detected, and if these have no existence, 
the smaller and unavoidable ones very much reduced. 

It is hoped that this book, oflen requested by my pupils, will 
prove acceptable to the schools generally* 

Of the third Part, embracing the mensuration of solids, spherical 
trigonometry, and navigation, time will permit us to say little more 
than that, by the method pursued, we have been enabled, within 
moderate limits, to give a fuller development of these subjects than 
is usually found in our elementary books. 

The modification and extension of Napier's Rules demands, how 
ever, a brief historic notice. I demonstrated and extended these 
rules by showing : 

I. When^ = 90°,a. = 90°.-a, J5e = 90°-.«, C.«90O-C, 

sin& =x cosa« cos^^ =; tan C^ tanc, 
sine = cosfle cos (7« =: taujBe tand, 
sina^ = cosft cose == tanB^ tanC^, 
ninBc^ cos C« cos6 » tana« tanc, 
sinC«= cos^e eosc = tana^ tan& : 

II. When a = 90°, B, = 180° - J5, ^, = ^ - 90°, &c., 

sinB«£= cosii, C0S&9 = tanc^ tan C,, 
sinC,3= cos A, cosr, = tan&, tanB,, 
%\nA;=^co%B, cosC« = tan5, tanc^,, 
sinft, = cosCj cofiB, = tan^, tanC«, 
sinCe = cos6, cosC, = tan^^ tanB, : ^ 

III. When c = a, or the triangle is isosceles, 

sina^ =?: tanAe tan(iB)« 

sin^« = tana^ tan(i5), 
sin(i&) = cosa. cos(+^)<j, 
sin(ii?) ^ cos JL( cos(i&). 
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Having shown the above extension to Mr. Daacnm Oreen, Ihea 
a pupil, he returned soon after, saying that he had not only verified 
nay forms, but had obtained better ones, and presented the modi* 
fications of Napier's Rules as I had extended themy substantially 
as they will be found in the text. 

This rule, as now extended and modified, possesses a greater 
simplicity and symmetry, and will enable us, in spherical astrono* 
my, frequently to dispense with complicated figures, 

I have added a small set of tables, extending to seven decimal 
places, calculated to answer the wants of the student while pursuing 
the work, and to make him more ready in using tabular numbers, 
by compelling him to interpolate by second differences. After- 
wards he will find it decidedly to his advantage to possess himself 
of the tables recently published by Professor Stanley. 

In conclusion, the advantages which we have endeavored to se- 
cure are : 

1 ^. A better connected and more progressive method of geome- 
trizing, calculated to enable the student to go alone. 

2^. A fuller, more varied, and available practice, by the intro- 
duction of more than four hundred exercises^ arithmetical, demon- 
strative, and algebraical, so chosen as to be serviceable rather than 
amusing, and so arranged as greatly to aid in the acquisition of the 
theory. 

3°. The bringing together of such a body of geometrical know- 
ledge, theoretical and practical, as every individual, laying any claim 
to a respectable education or entering into active life, demands. 

4^. The furnishing to those who may wish to proceed on in 
mathematical learning, of a stepping-stone toliigher and more ex- 
tended works. 

How well we have accomplished our object it is not, of course, 
for us to say. We have endeavored to render the work as mechan- 
ically correct as possible, but, residing at a distance from the place 
of publication, we can hardly expect that it will be entirely free 
from typographical imperfections. 

G. C. W. 

Genesee Weshyan Seminary^ JunSf 1848. 



CONTENTS. 



PART FIRST. 

ALGEBRAICAI. PRINCIPLES-PLANB GBOMETRY DEPENDING ON THE RIGHT LINE. 
AND ON THE CIRCLE, ELLIPSE, HYPERBOLA, AND PARABOLA. 

BOOK FIRST. 

▲LOEBRAICAl. PRINCIPLES. 

SscnoN I. Use if the Sign^—PymcHons — Svn^de Equations, 



Pass 

I. Definitions. Mathematics, quantity^ proposition. .., 31 

8. Explanation of the signs 4-, — , Xt't ^ 31 

3. Axiom and corollaries. ^ 33 

4. Inversions of additions, subtractions, Ac 35 

6. Coefficients added and subtracted 37 

6. Polynomials 39 

7. Changing the sign of a factor — Powers. 30 

8L Square of pelynoaiai, binomial, residual — ^Product of sum and dif- 
ference 31 

9. Changing the sign olf a polynomial 38 

10. Degree of product, multiplication and division of powers. 33 

11. Multiplying or dividing dividend or divisor. 34 

13. A fraction an expression of division • 35 

I3L Multiplying or dividing numerator or denominator 35 

14. Multiplying a fraction 1[>y its denominator 35 

15. Fractions multiplied together, 35 

16. Involution and evolution of fractions 35 

17. Division by a fraction — reciprocal 36 

18. Reduction to given denominator *•-•• 3€ 

19« Addition and subtraction of fractions. 36 

30. Fractions cleared of subdenominators 37 

31. Scholia — Signs, common factors, &c 37 

3^ Equations Defined — Identical, &c 37 

33. Transposition — Simple Equation, how solved. 38 

34. Elimination 39 



• 



SicnoN n. ExpofneiUs-^Pr^p&rtion — Variatum. 



1. RecipTx>eal powers 40 

3l Root of a powers-extension.. • 41 

3. Fractional exponents. •.•,...• •»• •• .,•.•••. .... 41 



13 CONTBNTS. 

pAoa 

4. All real exponents sabject to the same roles 43 

5. Ratio defined— proportiou'-homologoiw and analogous terms— antece- 

dents, consequents 4d 

6. Inversions— composition*— product of extremes and means— inrolution 

and evolution— equal multiples 44 

7. Inyerse or reciprocal proportion.. .« *. 46 

8. Continued proportion — ^geometrical progression 47 

9. Variation defined— notation 48 

10. Inversion — composition^^involution.— multiples — comparison — > com- 
bined comparison 49 

SacTioN III. Analysis of Squalions, 

1. A single equation resolvable into several distinct equations. Ex- 

amples 50 

2. Gluadratics — ^rule for solving — sum and product of roots. 51 

3. Classes of biquadratics solvable as quadratics 53 

4. Rule for putting problems into equation 53 

5. Discussion of the two values of the unknown quantity. 55 

6. Equation between constants and variables 57 

7. Coefficients equated SO 

8. Exercises 50 



BOOK SECOND. 

PLANS OBOMBTRIT DEPENDING ON TBB RIGHT LINE. 

Section I. Comparison 0/ Angles, 

1. Definitions. Geometry — solids, surfaces, lines 63 

3. Straight line, nature, origin of notion of • 63 

3. Corollaries — scholium on parallels 64 

4. Applications —Straightedge, parallel edges, plane 64 

5. Sum of adjacent angles constant, methods ......'. 65 

6. Corollaries — right angles, sum of adjacent angles, lines forming one 

and the same straight line, vertical angles, sum of angles round a 
point 6G 

7. Applications — Rightangle, Surveyor's Cross 67 

8. Parallels, method, reversion and superposition 68 

9. Corollaries— the converse, conditions determined by the equality of 

alternate angles, secant perpendicular, lines parallel to the same, 
angles having parallel sides, angles of parallelogram ...!.» 69 

10. Application —drawing parallels. 69 

11. Sum of external angles of polygon. 70 

13. Corollaries — sum of internal angles of polygon, hexagon, pentagon, 

quadrilateral, triangle, sum of acute angles of right angled triangle, 
the external angle formed by. producing one skie of a triangle. 

Scholium 70 

13. Exercises ^ .....•• 71 



CONTENTS. 13 

SecTiON n. Epud Polygons — First Relations of Lines and Angles, 

1. Polygons, when equal, how proved 7d 

3. Corollarie8-<-eqiial triangles,, parallelogram divided by a diagonal, 
distance of parallels, diagonals of parallelogram, isosceles triangle 
bisected, equilateral triangles 73 

3. Relation of angles in a triangle of unequal sides. 73 

4. Corollaries— the converse, a triangle having two equal angles— three. 73 

5. Relation of two sides of a triangle to the third 74 

6. Consequences— perimeters enveloped and enveloping, the shortest dis- 

. tance from one point to another, shortest distance from a point to a 
line, &c ^ 75 

7. Triangles having two sides of the one equal to two sides of the other, 

each to each, but the included angles unequal * 76 

8. Consequences-— triangles having their sides severally equal, a quadri- 

lateral having its opposite sides equal 76 

9. Exercises. •••« 77 

Section III. Proportional Lines, 

1. Segments of lines intercepted by parallels .• 78 

8. Cohsequehces—-«imilar triangles, &c .^ 80 

3. A right angled triahjgle divided by a perpendicular 81 

4. Conflequences— relation of the perpendicular to the segments of the hy* 

pothenuse, Ac, square of the hypothenuse, &c 81 

5. Relation between the oblique sides of a triangle, the line drawn fh)m 

the vertex to the base, and the segments of the base^-consequences. 83 

6. Distanceof foot of perpendicular to middle of base 83 

7. Line bisecting the vertical angle of a triangle 84 

8. Exercises 85 

SicnoN IV. Comparison of Plane Figures, 

1. Rectangies-x-consequences, measure, right angled triangle 90 

3. Trapezoid— consequences, measures, parallelogram, triangle, compar- 
isons, equalities - 93 

3. Triangles having an angle of the one equal to an angle of the other- 

consequence 93 

4. Exercises 94 



BOOK THIRD. 

PLANS OBOMBTRT DEPENDING ON THE CIRCLE9 EliLIPSB, 

HTPBRBOLA, AND PARABOLA. 

f 

Section I. T^ Circle, 

1. Definitions— consequence 101 

3. Angles at the centre of equal circles— consequences, measures 103 



14 OOKTBHTt. 

Pi 

3. Inseribed angles — conieqaencea, ... , Uogent • 104 

4. Angle embraced by intenectiiig seeants mearared 105 

6. Priaciple— correlatioD offigores. 106 

6. Products of the legmenti of iatenectlBg choide' co m e quM ice a 107 

7. Product of the three sides of a triangle, how related to the diameter of 

the circumacribing circle 106 

8. EquatioQ of the circle and eonse^ueiices .•^..••..« 109 

9. Bxerdses 113 

SacnoN U. 71< EOipte. 

1. Equation of the ellipBe and oonsequenees ..• •••. 114 

SL Tangent and consequences • 118 

3. Normal and corollary 119 

4 EzeiGises ; 190 

Section m. The BifperMa. 

1. Equation of the hyperbola • .«.»• ,^^. ••• 191 

SicrrioN IV. The Pasrabtia, 

1. Equation and consequences 129 

9. Tangent— method, consequences. 1 123 

3. Scholia— signifieation of the symbol T-^ I ^... 134 

4. Ellipse, hyperbola, and parabola, how related. 125 

5. Exercises. .• 1^ 



PART SECOND, 

ANALYTICAL FirNCTIONB. PLANE TRIQONOIISTRT, AND W RV A i VA NO . 

BOOK FJRST, 

ANALYTICAL FUNCTIONS, 

SscnoN I. PfimUioe and Derivative Fhmctions of the i^brsi x>". 

1. Definitions and symbols I3l 

3. Derivative of y=/ic = flo + diar^ + flj^ +..... '. 133 

3. Derivative of the ftinction, y=itB«, a being -|-, — , Ac 135 

4. Derivative of y szfx = Asb* + Br* + Cir + .,. , and the conTerse.. . . . 137 

5. Derivatives of equivalent functions 138 

SacTiON II. The Binomial^ LogariihmiCf JnkrpoUUing, and 

ExpanerUial Theorems, 

1. Binomial Theorem, or development of (^E-f- a;)" 139 

9. Logarithms, rules of operation 145 



CONTENTS. 15 

3. Devvlopmentof y ss/b, when Of zstx^ compotatlons 146 

4. Inteipolatioa » 153 

5. Ezefcises.... ••• 158 

6. Exponential theorem^ or development of ysstf*. 159 

SscnoN IIL . Qentrdt Lwm rdoMng to the DtvdopmnUef FhMdMns 

depending mi « single Variable, 

1. Ratio of the increment of a oontinQons function to that of its yariable 162 

8. Derivative of a polynomial and multiple function 163 

8. Use of intermediate and converM functions 164 

4. Derivative of a functional product 165 

5. Power of a function, derivative 166 

6. Fraction of functions, derivative 167 

7. Substitutes in finding derivatives 167 

8. Expansion of a function, Madaurin's theorem 168 

9. Exa^daes. 169 



BOOK 8EC0ND. 

• PLANS TRIOONOMETRT. 

Section I. TVigenemelrical Anah/sis, 

1. Construction and definitions— complementary arcs, sine, &c 170 

S. Sum of the squares of the sine and cosine, the sine an increasing, the 

cosine a decreasing function * ••• 171 

3. Tangent, how related to radius, sine, and cosine. ^ 171 

4. Tangent and cotangent, how related. , 171 

5. Secant and tangent *...•« 173 

6. An Incremental Vanishing Arc ••. 172 

7. Sine and cosine, derivatives of 173 

8. Sine and cosine developed in terms of arc • 174 

9. Sine and cosine of the sum and diflference of two arcs. 175 

10. Corollaries — sin Sz, cos Sx ; 1 4- cos ftc, 1 — cos 32; ; 1 -|- sin Sa;, 1 — sin 

2x ; (1 -f- »in 3a;)» i (1 — *in So;)* ; sia p-\- sin q^ sin p — sin j, 
coBp-\- cos q^ cos q — cos p ;(sin p-^-sinqyi^ein p — sin q\ dtc. ; sin 
(90O-|_a;), Ac....... 177 

11. Tan(a^6), coian (tfd=^), .*. tan 3a, cot 2a, &c 178 

12. Denominate equations— radius restored 180 

13. Arc developed in terms of tangent, .*. w computed 181 

14. Trigonometrical lines computed 163 

15. Logarithmic sines and tangents 188 

16. Arc developed in terms of sine 190 

17. Trigonometrical equations solved 191 

Section II. Resohdion of Triangles^ and Mensuration ofBeiglUsand 

Distances 
1. Projection of one line upon another 193 



16 C0NTBMT8. 

Taw 

3. FandainenUl relation between the tides and angles of a trian^ 193 

3. Sum of squares of two sides — corollary. 194 

i. Sam transformed into prodnct— object of • 194 

5. Conseqaences— sin |ii, COS., tan, ; sinii; / • 194 

6. Relation of sides and opposite angles; .* 195 

7. Ratio of sum of two sides to difference. 196 

8. Cases in Plane Trigonometry— applicatioBs 195 

Section III. Quadrature of ike Circle, ike BlUptef and ParaMa. 

1. Circular sector) how measured, .% area of circle 91^1 

3. Ratio of circumference to diameter ; .*. arcs of similar sectors, .*. areas 

of circles; circles and their like parts, how related 209 

3. Incremental vanishing arc of continuous cunre...... 903 

4. Segmental area, deriyatiye of ' 994 

5. Area of ellipse— compared with circle • , 994 

6. Area of parabola • 905 

7. Proximate area of continuous cunre 906 

8. Exercises 907 



BOOK THIRD. 

SITRTSYING. 

Section L Description and Use of Instrwaents. 

1. The chain — ^length, division, how used, field notes 908 

9. The surrejror's cross— construction and use 9tO 

3. The compass — ^how graduated and lettered, how used 910 

4 Vernier or nonius 911 

5. Theodo^te— how adjusted, used. 913 

6. Variation of needle 914 

7. Leveling 915 

Section II. PMtmg. 

1. Graphical problems-^perpendkulars, parallels, &c 916 

9. Problems of construction — x^a-^-bjAc 918 

3. Graduation of the circle— chords 990 

4. To plot a field. Diagonal scale, sector 993 

5. Plot reduced or enlarged 994 

d Field notes 934 

Section III. ComptUoHon of Areas. 

1. Last side, and diagonals of polygonal fields 995 

2. Corollaries. Similar figures and proportional lines ; the Pantograph. 997 

3. Exercises 999 

4. Area of polygon in terms c^ the sides and their inclinations. 931 



"• .■ i' 

\ 



CONTENTS. 17 

5. OofoUaries^-^riangle, parallelogram, similar polygons, equilateral, 

regolar-'-^eqiiilateraltHangle, square, dbc «.. 233 

6. Form of computation ^.^ 334 

7. Exercises \._ 336 

8. Dividing and laying out lands. 837 



., • 



/ 



PART THIRD. 

80UD GEOMETRT. SPHERICAL GEOMETRY. AND NAVIGATION. 

BOOK FIRST. 

SOLID OBOM ETR Y. 

Section I. Planes, 

1. Position oi plane, how determined, consequences 315 

3. Line perpendicular to plane, consequences 346 

3. Parallel planes intersected, consequences , 347 

4. Similar figures described by the revolution of a line passing through a 

fixed point and intersecting parallel planes, cone, pyramid, cylinder, 
prism, dEc 348 

Section n. Surfaces of Solids. 

I, Polyhedron, surface, consequences 350 

3. Surface of revolution, derirative ^ 351 

3. Spherical zone, consequences 353 

4. Exercises 353 

Section III. Vt^wmes, 

1« Rectangular parallelopipedons, how related, consequences. 353 

3. Pyramid, measured. . ..\ .% 355 

3. Frustrum of cone and pyramid, consequence. .. .^ 355 

4. Derivatire of solid generated by variable plane 356 

5. Consequences, ... , ellipsoidal firustrum, .*. ellipsoid, sphere, ... , Para- 

boloid 357 

6. Similar solids, how related 358 

7. Exercises...* 359 

BOOK SECOND. 

SPHERICAL OEOMBTRT. 

Section I. Spherical Trigonometry, 

1. Sphere defined, consequences. 361 

3 



18 CONTENTS. 

3. Spherical triaugk measured, consequences. 9G3 

3. cosa =: cos^ cose -|- sin^ siD£ cosii, consequences. 264 

4. Sides, how related to opposite angles, consequences 267 

5. Elimination, first, second, third— consequences, 968 

6. Napier's analogies 273 

7. Napier's Rules (modified) 273 

8. Cases in spherical trigonometry. 275 

9. Exercises 276 

Section II. Projections of the Spken, 

1. Orthographic projection, consequences 280 

2. How made > 282 

3. Gnomonic projection 283 

4. A conic section 284 

5. Stereographic projection, consequences 284 

6. How made 286 

7. Conical projection, how made 288 

8. Exercises 290 



BOOK THIRD. 

NAVIGATION. 

Section I. Problem of ike Course, 



1. Difference of latitude 291 

2. Difference of longitude, consequences. 292 

3. Parallel sailing i 293 

4. Scholium 294 

5. Exercises 294 

Section II. Problem of the Place, ? 

1. Latitude by meridian altitude 296 

2. Time, consequences , » 298 

3. Longitude by lunar distance 302 

Section III. Description and Die of Instruments, 

« 

1. Course — Mariner's compass. 304 

2. Rate— Log and line 304 

3. Zenith distance^sextant, adjustments, use, depression of horizon, re> 

..fraction, parallax, semidiameter. , 305 

Addenda I., II 312,315 

Tables — Logarithms of numbers 316 

Logarithmic Sines 319 

Logarithmic Tangents 322 



PART FIRST. 



ALGEBRAICAL PRINCIPLES. - PLANK GEOMETRY 

DEPENDING ON THE RIGHT LINE, AND ON 

THE CIRCLE, ELLIPSE, HYPERBOLA, 

AND PARABOLA. 



BOOK FIRST. 



ALGEBRAICAL PRINCIPLES. 



SECTION FIRST. 

Vm of th« Signs— Fraetions— Simple B^piatlons* 

Definition 1. Mathematics is a science, having for its object the 
iavesdgatton of the relations that quantities bear to each other. 

Def. 2. We denominate Quantity that which admits of measura- 
ble increase or diminution. 

ThfiSy fines, angles, weight and time, are quantities — ^biit color,, 
being incapable of a unit of measure, cannot, in the mathema^cal 
acceptation of the term, be regarded as a quantity. 

Def. 3. A Proposition is anything proposed — ^if to be done, it is 
called a Problem ; if to be demonstrated or proved, a Theorem ; 
if a direct and necessary consequence of something going before, 
it is a Corollary ; and if evident in itself, or not capable of being 
reduced to any simpler principle, it is known as an Axiom. 

Explanation of the Signs. For the investigation of general 
propositions, it will often be desirable, and not unfrequently even 
indispensable, to be in possession of a method, equally general, 
whereb]^ we may denote quantities and the operations to be per- 
formed upon them. The letters of the alphabet are employed for 
this purpose — the first commonly indicating known, and the last 
unknown quantities ; but the student should accustom himself to 
regard any letter either as known or unknown. Instead' of using 
different letters, the same differently marked, as a\ read a prime ; 
a" \a second] ; a^ [a sub-two, or a second], and so on, are fre- 
quently introduced with advantage. 

The symbols of operation for which we shall have more imme- 
diate use, are the signs of 
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Additiofif Subtraction, Multiplicationf Division, 

+ (plus, more) — (minus, less) X or • : or -i- 

Aggregation, Equality, Inequality, Deduction, Continuation, 
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Thus, that 4 is to be added to 6, is written, 6+4, and read, six 
plus four ; that six and four are equal to 12 diminished by two, is 
written, * 

0+4 = 13 — 2, 

and read, 6 plus 4 is equal to 12 minus 2 ; that the sum of 6 and 4 
multiplied by 2, is equal to 44 diminished by 4, and the remainder 
divided by two, is written, 

(6 + 4)x2 = (44— 4) + 2, 
or (6+4). 2 = (44— 4): 2, 

or 2(6 + 4) =(44— 4): 2; 

for when the omission of a sign, as is done in 2(6+4), would not 
be attended by any ambiguty, it may be dropped. Thus a b sig* 
nifies that a is to be multiplied into b. Propositions are much 
shorter in symbolical than in common language, and are, conse- 
quently, more clearly expressed, as has already been shown, and as 
will appear in a still stronger light by writing an example or two in 
corresponding columns. 

a^b, \ the / a is equal to b, 

c^b; > same < and c is equal to b ; 

a = c. ) as f therefore a is equal to c. 

(a+b) (a — b) The sum of a and b multiplied into the differ- 
ence of a and b, and this product divided by m, 
gives a quotient which is equal to the quotient 
arising from dividing the remainder of the square 
of a diminished by the square of b, by m, which 
again is less than the quotient of the square 
of a divided by m. 

Scholium. The student should be accustomed to turn the alge- 
braical into common and appropriate language ; thus the sign of 
equality, =, will commonly be read, **is equal to," but sometimes, 
** will be equal to," and at others, ** equalling ;" the symbol of 
deduction, .*. , will generally be read, ''therefore,'* sometimes, 
<• hence," ** it follows," and again, ** from what goes before, we 
infer," d&c. ; the symbol of continuation, consisting of three points. 
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..., will be enunciated, **dtc.," *< and so on,'' «< continued according 
to the same law." 



PROPOSITION I. [axiom.] 

The whole is equal to the sum of all its parts, (1) 

This proposition is an axiom, that is, evident of itself ; no words 
about it, therefore, can make it any plainer. 

Corollary 1. The whole is greater than any of its parts, (l^) 
or, the whole exceeds any of its parts by those which are except- 
ed-— otherwise the whole would differ from the sum of all its parts. 

Cor, 2, Quantities which are equal in all their parts, are (1 ,) 
said to be equal to each other ; for the whole is known by its parts 
«— or, quantities which are not evidently identical, can be compared 
only by a resolution into like or unlike parts. 

Cor. 3. Quantities which, however resolved, are unequal (I4) 
in any of their parts, are not equal to each other (Is). 

Cor. 4. Quantities which are equal to each other, are (!«) 
equal in all their parts ; for, if some of their parts were unequal, 
they would, by (I4), be themselves unequal ; .*. 

Cor. 5. Unequal quantities are not equal in all their parts, (le) 

Cor. 6. Quantities which are equal to the same or equal (I,) 
quantities, are equal to each other ; for they are equal in all their 
parts, (1), (I,). 

Cor, 7. Quantities measured by the same or equal quantities, (1 «) 
are equal to each other ; for equality of measures implies equality 
of parts, whether the measuring quantities be of the same kind with 
those measured or not. Thus, two masses of lead are equal in 
weight when they both contain the same number of pounds, or 
when they both contain the same number of cubic inches. 

Cor. 8. Quantities are to each other as their measures ; .*. (1 ») 

Cor. 9. Of quantities having unequal measures, that is (lio) 
the greater to which the greater measure belongs. 

Cor. 10. If the same or equal quantities be increased or* (In) 
diminished by the same or equal quantities, the resulting quantities 
will be equal to each other ; since they will be equal in ail their 
parts, (I5), (1). 

Cor. 11. If the same or equal quantities be multiplied or (lis) 
divided by the same or equal quantities, the resulting quantities 
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will be equal ; tinee multiplicatioii is repeated addilkm, and diri- 
eion a continued subtraction. 

Car. 12. If equal quantities be raised to the same pow- (lis) 
ersy or the same roots be taken of them, the resulting quantities 
will be equal ; since a power is formed by continued multiplication, 
and a root is extracted by the converse operatiou. 

Cor. 13. The same or equal quantities^ by the same or (1 1«) 
equivalent operations, give the same or equal quantities. 

Cor. 14. Quantities satisfying the same or equivalent (1 1 «) 
conditions, are equal to each other. 

Cor* 16. Unequal quantities, by the same or equivalent (1 1 «) 
operations, will continue to be unequal, and in the same sense — 
that is, the greater will be the greater still (1 1 4). See also(l 1 1), 
(1 1 t)f (1 1 •)• Thus, if a be greater than bt[ay i], a increased by 
e will be greater than b increased hyc [a + c,> h'\'C'}^a diminished 
by c will be greater than b diminished by c,[a — c > b — c]^ m times 
a will be greater than m times bj[ma > mft], dte. 

Cor. 16. If inequalities, taken in the same sense, be (Iiy) 
added, the result will be an inequality also in the same sense (lis). 
Thus, if s be > & and c > d, then a + c^b+d. 

Cor. 17. When inequalities, whose differences are the same, (In) 
are added in a contrary sense, the result will be an equality (1 «). 
Thus, if s be as much > & as c is ^ d, then a+e will =b + d. 

Cor. 18. When inequalities are added in a contrary sense, (1 1 9) 
the sense of the resulting inequality will be that of the greater (lis)* 
Thus, if a > 6 and <^ d, then will a + cybA-d^ provided the differ- 
ence between a and b be greater than the difference between c' and 
d,[s — ft >d — c, .', a> d — c + 6. <i + c>6 + d]. ♦ 

Cor. 19. If inequalities, taken in the same sense, be sub- (Ito) 
tracted, the one from the other, the resulting inequality will be in 
the same or a contrary sense, according as the minuend is the 
greater or less inequality. 

PROPOSITION II. [corollary from Ig.] 

Magnitudes which may be made to coincide throughout^ (2) 
are equal to each other. 

The magnitudes are equal in all their parts. 
Cor. 1. When one magnitude embraces another without (2g) 
being filled by it, the first is greater than the second (l^i). 
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Car. % Magnitudes meMured by the same or equal mag- (5^,) 
nitudes, are equal to each other (1 0). 

Cor, 3. Magnitudes are to each other as their measures (1 ,). (24) 

Cor. 4. Of magnitudes haying unequal measures, that (25) 
possessing the greater measure is the greater. 

Scholivm I. It is sometimes conirenient to make a distinction 
between equal and equivalent^ but the terms will generally be used 
as synonymous. 

Scholium II. It is obrious that all propositions requiring demon- 
stration, must be founded, either directly or indirectly, upon those 
which do not, or on axioms ; and hence our first proposition be- 
comes the source of a vast amount of knowledge. 

Def, 4. A coefficient is a figure employed to show how many times 
a letter is taken ; thus, in 3a, 3 is the coefiieient of a, and 2a ^ a 
+ a+a. A letter may be regarded as a coefficient, as 11 in 

n« = a + a+ fl+ ... [« times]. 

Def, 5. Operations are said to be relatively free when the result 
is the same in whaterer order they are executed, the one after the 
other. 

Thus, O, 0«, the two parts of a compound operation, are relative- 
ly free when 

0|(0,) = 0. (Ot). 

PROPOSITION III. 

Additions, subtractions, additions and subtractions, are (3) 
relatively free operations — that is, the terms of a polynomial 
may be inverted at pleasure, 

1^. Additions, That 4-|-3 is = to 3 + 4 will be evident firom 
coundng the units into which the two sums are resolvable ; 
thus 4 +3 = (1+1 + 1 + 1) + (1 + 1 + 1), 

and 3+4= (1 + 1 + 1) + (1 + 1 + 1 + 1); 

.-.(Is) 4+3 = 3 + 4. 

So a +*=(1 + 1 + 1 + ... [a units]) + (1 + 1 + 1 + ... [ft units]) 
= l + l + l+...[a + 6] 

= (l + l+l + ...[6]) + (l+l + I + ..[a]) = ft + a, 
which was to be proved. 

2^. Subtractions, The remainder arising from diminishing a units 
first by b units and then by c units will be found the same as that 
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obtained by diminishing a first by e and then by ft, or a ^ & — c & e 
— c — & ; for, let a contain r+b + c anits» or 

a^r+h+Ct which (1°) sir + c+b; 
then (lii)a — 6=Kr + c, subtracting b from both sides, 
and a'-b'-c=^r^ subtracting c from the last equation-^ 

or a «- c 3s r -f ^f subtracting c from the first, 

and a — c—b^Vt subtracting b from the last ; 

.'. (I7) a — 6 — c = r =a— c — 6, Q. E. D.* 

3°. Additions and subtr<ictions. a + b — c^a—C + b; for we 
obviously have the same number of units whether we diminish the 
a+b units by taking the c units from b or from a. Q.. £. D. 

PROPOSITION IV. 

MultipHcationSf divisions^ multiplications and divisions, (4) 
are relatively free operations, 

1°. Multiplications. We may know that 3 • 4=4 • 3 by resolr- 
ing the numbers into their component units, and setting theae down 
in an orderly way to count ; 4 units. 



CO 

epeated 3 times, I 
the same as 3 units repeated 4 times 



thus, by counting, we find 4 units repeated 3 times, ) g 

j,or3.4=4.3. i ? 




1 1 1 

So, a units ( = 1+ 1 +1 + ... [a] ) repeated b times, «^ I 1 1 1 
is the same as b units (=1 + 14-1 + ... [i] ), repeat- § J ^ ' ^ 

ed a times — ff 

or db = ba; 
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hence (1 1 s) a times b units, repeated c times will be equal to b times 
a units repeated c times, but b times a units, repeated c times, by 
what has just been demonstrated, is = to c units repeated b times a 
times — and in order to repeat c units b times a times, we may mul- 
tiply first by b and then by a ; for, multiplying by b instead of 6a, 
is multiplying by a number a times too small, and consequently, 
the product, being a times too small, will be corrected by multi- 
plying again by a ; all which may be set down in symbols thus ; — 
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.% (lis) {ab)c ==i {ba)c ^ c{ba) — cba^ 

or dbc = bac = c&o, 

where it will be observed that a is made to occupy every place in 
the product, and in like manner the same may be shown of b and e 
— and the reasoning may be extended by introducing additional fac- 
tors at pleasure. Q. E. D, for 1°. 

Cor, 1. The factors of a product may be grouped in multi- (4g) 
plication at pleasure. 

Cor. 2. Any faetor may be regarded as the coefficient to (4g) 
the remaining factors of the product (4s). 

2^. Division. Assuming any quantity, Q, to be divisible by 
others, as b and c, is obviously the same as assuming Q to be 
resolvable into factors, two of which are b and c ; hence, Q being 
divisible by b and c, denoting the third factor by a, we have 

Q = ahc ; 

.*. (lis) Qi c=^ahj dividing both sides by c, 

and observing that the product abc is divided by c by omitting the 
multiplier c ; .'. dividing the last by 5, there results 

(Q : c) : 6 = a. 

But po) Q^abc^acb; 

Q '. b = ac^ 
and (Q I b) '. c^a; 

.-. (ly) (Q : b) I c=^(Q I c) :h. Q. E. D. for 2°. 

3^. Multiplication and Division. — ^Let Q be divisible by 5, or 

,•. Q : 5 = a, 

and, multiplying by c, (Q : 5) • c = oc; 
again Q . c = ab • c= acb, 

(Q • c) : b = ac; 
hence (Q : 6) • c = (Q . c) : 6. Q. E. D. for 3^ 

and the proposition is proved. 



PROPOSITION V. 

Additions and Subtractions in regard to multiplications (5) 
and divisions^ are relatively free. 

1°. Quantities otherwise alike are added and subtracted by (5s) 
adding and subtracting their coefficients. 
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.3+2 



Thus, 3 times 4 and 2 times 4 are obyi- 
ously 3 + 2 or 6 times 4. 

3>4 + 2.4=(3 + 2)*4=:5.4. 



4^ 



a 



1 
1 
1 
LI 

+ 



1 
1 
1 
1 



1 
1 
1 
1 

b 



1 
1 
1 
1 



1 
1 
1 
1 



e< 



1 + 1 + 1 + ... + 1 + 1 + 1 + ... 
1 + 1 + 1 + ... + 1 + 1 + 1 + .-. 
1 + 1 + 1 + ... + 1 + 1 + 1 + ... 
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(6.) 



So a times c plus h times 
c is equal to a-\-b times Cy 
or* aC'\-h€={a-\'h)c; 

.'. (a + ft)c = ac + 6c, in- 
verting ihe members of the 
equality, which obviously 
may be done, since it is only asserting the same proposition in an 
inverted order ; 

•*. (Ill) {<i + h)c — he^ aCf subtracting be from both sides ; but, 
as a and b may be any quantities whatever, a + b may be any 
whatever, and we may substitute m for a + 6, n for fr, and, conse- 
quently, m — n for (a + 6) — i = a; 
whence mc — tic = (m — n)Cf ) 

or (nr — n)c==mc — nc. b 

Scholium. The last form, resulting from the hypothesis (64) 
that m is greater than n [(a-f-6)>&], must also be adopted when 
m is less than n ; otherwise general symbols for the representation 
of quantities would have to be abandoned altogether, as it wiO fre- 
quently be impossible, as well as generally inconvenient, to distin- 
guish between m and n, whether m be greater or less than n. And 
in order to thus extend the application of the form, or to make it 
general, we have only to interpret the expressions me — nc, 
{m — n)c, both when m is greater and less than n : 1^, when 
m > n, we have mc > nc and, consequently, mc — «c, m -— n, both 
plus ; but 2°, when m < n, we find mc < nc, and mc — nc^m — n, 
both become minus. 

It is easy now to extend the operation to any number of terms, 
whether plus or minus. 

Thus, oar + ftx — car +&+... = (a + b)x — car + cLf + ... 

= (a + & — c):p+ & + ... 
= (a+ft — c+(£)a: + ... 

= (a+ft — c4-<^ +..•)*• 
So the first part of the proposition is proved. 
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2^. Dividing both sides (1 1 ,) of the last equation by or, we hare 

(«a? + 6:c — ca? + da:+ — ) : or = a-f &--<'+<{ + ••• 

= (ax} : X + (6ar) : ar — (ex) : a? + (dx) :«+..., 
and the proposition is proved. 

Cor. 1. A PoZyno jTitaZ, or algebraical expression consisting (5^) 
of many terms, is multiplied or divided by multiplying or dividing 
its terms. 

Cor. 2. One polynomial is multiplied into another by mnl« (5() 
tiplying all the terms of the one into all the terms of the other. 
Thus, (a+h + e + ...) (a, +h^ + Ct+ ...) -(a+b + e+ ...) a^ 
+ (a + h+c + ..,)ht + (a + h + e+...)ct+.: — aaf+ha%+ca^ 
+ ... + a&t + Wt + cb* + — + ^1 + hc^ +c<?, + ... (5, ). 

Cor. 3. The number of t^ms in a polynomial product, is (6,) 
equal to the product of the numbers denoting the terms in the con- 
stituent polynomid factors. 

Thus, if P., P^j Pg^ ... [m], denote polynomials of a, &, c, •*. 
terms, the polynomials being m in number, we have 

Pa* Pb = P«fr 9 ^ polynomial of a times b terms \ 
P^.P^.P, = P^XP,=-P^, 
and generally P. • P^ • P^ • ... [?»] =^Pabc • ... [m]. (5,) 

If we make the number of terms the same, a for instance, in all the 
polynomial factors, or put it = & = c =5 ... , there results, 

P^* P^9 P^» ... [m] =r Paaa ... f m], 
or (P.r = iV,Le., (5,) 

Cor, 4. The number of terms in the mth power of a polynomial 
of a terms, is equal to the mth power of a. Thus, the number of 
terms in the expansion of the sixth power of the binomial x + y^ 
[ (r + y)»] will be found to be 2* = 64. 

Def. 6. Operations like those preceding, which may be per- 
formed upon the whole of a polynomial at once, or upon its parts 
separately, are denominated linear. 

Cor, 5. The compounds of the above linear operations, (5 10) 
are themselves linear. 

Thus, if we multiply any polynomial, jr+y + ^+***9 ^7 ^^7 
quantity a» and then divide by 6, we find 

[a (x 4-y + z+ ... )] : 6 = (ax) : b + (ay) : b + («^) : 6 + ... . 



LAW or TBI fieNI. 



PROPOSITION VI. 



A product made up hy the multiplication of additive (6) 
quantities f is itself additive ; and is changed in sign by change 
ing the sign of any one of its factors. 

This proposition will become eTident by comparing (5,) and its 
extension in (64) with the first part of (4); for* obserring that m 
— n may represent any quantity either plus or minus, by making n^ 
greater or leas than n by that quantity, and that m — n^mC'-nc 
are both plus when m is greater than n^[m^ ii],and both minus 
when m < ii» (m ^ n) c == mc — nc, becomes + (m — n) • + c 
s= + (mc — »c), or + • + = + when m > n, and — (m. — s) • + c 
= — (i»c — nc), or —•+ = —» when m<n; but the order of the 
factors may be changed at pleasure, c (m — n) = (m — n) c, .*. + 
• — = —•-)- = — : from all which it follows that changing the sign 
of a factor changes the sign of the product into which it enters. 
Thus +*» + y» + ^» •••== + (^) • + jr • •.. =s + (xyz) • .- 

= "^-xyz • ••• y 
and — a?«+yf+jBr«... = — (xy) • + jp • ... = — (xyz) • ••• 
= — xyz • ... ; 

••. — • a: • — y • + jp • ... = + xyz • ••• , 
and — j:«— y« — z»... = — xyz • ... , Slc^ dDc. 

Chr, 1. An even number of minus factors gives a plus (6t) 
product — an odd number, a minus product. 
Thus, —• — . — . — •... [»»]• =+, — •_• — • ... [a» + l] = — . 

Cor. 2. An even power of a plus or minus quantity is (6|) 
plus (6,). Thus (+a)*= + «% (-a)" =-a •-« = + «*, 

(io)»"= + a«". 

Cor. 3. An even root of a plus quantity is either plus or (64) 

minus [d=], (6,). Thus 5y + a»" = =t a. 

Cor. 4. An even root of a minus quantity is imaginary f (6«) 
that is, impossible ; for (64) it can be neither plus nor minus. 

Thus, in V— <* = =i=r, r is imaginary ; fbr, raising to the (2n)th pow- 
er, we have — a = (V^)*" = (=^r)*", = + r**, — = + impossible. 

Cor. 5. An odd power of a minus quantity is minus (64) 
(6,). Thus, (-x)» = -ar*-a?.-ar = -ar», (-a:)«-+* 

* Whatever n may be, 2n is an even number. 
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Cor. d. An odd root of a minus quantity is minus (6e)« (67) 

Thus, ^'^y/'^= - r ; for - a = (- r)*'=t» ^ - r *•=*= S - = -. 

Cor, 7- In products and quotients, like signs [+1 +» or — , — ] (6e) 
produce plus [+] and unlike signs [+, — , or — , +>1 minus [— ]. 

For products this has already been shown (63), and, to establish 
the same for quotients, let q be the quotient arising from dividing 
any quantity D by any other d, 
or D :d=^q, 

whence (lis) {D : d) • d= qd^ multiplying both sides by cf, 
or (4) (D • d):d=D=:qd; 

+ D = + q • +d^ whence + :+=:+, 

— D = + ? • — ^9 ••• — • — = ■!"> 
+ D = — 5^ • ~ d, ... + 

— -D = — q * -{"df ••• •"- 
Cor, 8. In products and quotients the signs -f-t — t &re (6,) 
relatively free (Be). Thus, +# — = — •+, + : — =— :-f. 

PROPOSITION VII. 

The square of a polynomial is equal to the sum of the (7) 
squares- of the terms and their double products taken two and two. 

For in (5c) making ag = a, 5^ = 5, Cs = c, .., , and arranging, we 

have (a+6 + c + »..)«*: a«+6* + c* + ... + 2a64-3<WJ + ... 

+2ic + ... (7) 

Cor, I. The •squai:e of a binomial is equal to the sum of (8) 

the squares of its terms increased by their double product For 

in (7) making all the letters nothing except a and &, there results 

(a + 6)« = a«+6«+2aft = a«+2a6 + 6« = a« + (2a + 6)6. (8) 

Cor. 2. The square of a residual is equal to the sum of the (9) 
squares of the terms diminished by their double product 
For changing the sign of h in (8) we have 

(a - 6)« = a» + (- ly+^a (-- 6), 
or (63), (6), \a - hf = o« + ft« - 2a6. (9) 

PROPOSITION VIII. 

The product of the sum and difference of two quantities (10) 
is equal to the difference of their squares^ and vice versd^ the 
difference of the squares of two quantities is equal to the product 
of their sum and difference. 
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For in (S,) making all the letters nothing except a« i, a^ &«» and 
changing a% into a« 6t into — b^ we get 

(a + 6)(a-6) = a«^6%>, 

a«-6« = (a + 5)(a~6). $ ^*^ 

Q. What relation does (5.) bear to (7) ? (7) to (8) ? (8) to (9) ? 
(5«) to (10) 7 Which is the more general (5,) or (7) ? 

Scholium, Forms (7), (8), (9) and (10)» are important for their 
applications, and remarkable for illustrating the facility with which 
general truths are discovered by the employment of algebraical 
language. 



PROPOSITION IX. 

A polynomial may he freed from the minus sign^ or on (11) 
the contrary subjected to its injluence% by changing the signs of 
all its terms. 

Every polynomial, aada^l^ + c+^d^e^ may be, so far as the 
signs are concerned, reduced to the form -)- B ~ C, representing 
the sum of the plus terms, as 3a4- <^+^ by B, and the sum of 
the minus terms, as — 56 — e, by C. Therefore all cases of 
subtraction will be comprised in this general form, 

il«(+B-C). 
where it is required to take the polynomial (-f B — C) from any 
quantity A. Now if from A we subtract B, the sum of the plus 
terms, we have il — B, by which all the terms in B origimlly + 
become — ; but, in taking the whole of B from Af we have dimin* 
ished ^ by a part of B, namely C, which ought not to have been 
subtracted, since the true subtrahend, B — C, is only that part of 
B remaining after the diminution of Bby C; therefoie, A-^B 
being too small by C, the true remainder becomes JL — B + C, 
on the addition of C — and all the terms embraced in (+B— C) 
change their signs in (~ B -f Qt &lso 

^-.(4.B-C) = ^-.B+C, 
or -(+JJ-C) = -B + C, 

or -.^+C = -(4-B-C.) Q,E. D. 

Remark. The student should be femiliar with the resolution of 
polynomials into factors, not only by the addition and subtraetioii 
of coefficients, but by the employment of the theorems under (7), 
(8), (9), (10). 
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BXEIICI8E8. 

1^. What is the sum of fiAeen times x and seventeen times xf 
15x + 17j: = how many times xf 

2°. fla: + ftx = t 3°. 2(a + 6) + 3(a+ft) = ? 4°. a{c + i) 
+ 6(c + i) = ? 

6°. 106^76=:? 6^. 366^206==? 7°. ac--hc:=^% 

8^ -a<2+64 = -(ad-W)=^t 9°. mz + «a?-ra:r=? 

10°. flc — arf+6i — 6<j = (a--ft)(c — <ij),how? 

11°. Rcsolre a^-h^, a*-h*, a»-5S a«-.ft% a*"-i*% 
a*" — 6**, into their simplest factors. 

12°, Resolve a?«+2a: + l, jr* + l-«2ar, 1 — 2(a:y — a?+y) + ara: 
-f ^> into their prime factors. 

* 

PROPOSITION X. 

The degree of a product is equal to the sum of the num- (12) 
bers indicating severally the degrees of its factors. 

For, as two factors, a6, maltiplied hy a third, a^, give a product 
of three Actors, aba^^ so a monomial of p factors a5c ... [p], multi- 
plied by an additional factor, as, gives a jnroduct o£ p-fl factors, 
dbc ... X aa [/>+!]» ^^^ ^y A eecond factor, dbc^xa^b^ [p+^}« 
and generally, ahc, [;>] Xa^^b^c^ ...[j] = abc ... Xas&t^^a ... [p+y]» 
.*. a5c ... [p] X fla^sCa ... [g] X 03^5^3 ••• [^] = «*<? — X Og^sCs .,.. 

Xajb^^...{j) + q + r']; 
.•. in general, aJc ... [p] X ajbjC^ ... [q\ X aj>^c^ ... [r] X ... = abc 
... X aj}.jc^ ... X <i»Vs -'[p + 9 + r + .,.]. (12) 

Cor. 1. Powers of the same letter are multiplied together (13) 
by adding their exponents. 

For from (12), making 5, c, ... o^^s^c,, ... Ag,^,^, ... all = a, there 
results, 

aaa ... [p] x aaa ... [^r] x aaa ... [rj x ... = aaa ... \ 

[p + g + r+...l [ (13) 

or fl'*.a'.a''.... = a''"' •^''■^- •. ) 

Cor. 2. A quantity is involved by multiplying its exponent (14) 

by the index of the power to which it is to be raised. 

For, making p, ^, r, ,.. all = n/t and n in number (13), becomes 

a« . a" • <!• • ... [n] = a-^--+ « + •• w, i 
((!«•)"= a*^. ) ^ ' 

8 
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Cor, 3. Powers of the same letter are divided by diminish- (15) 
ing the exponent of the dividend by that of the divisor. 
For, from (13) we have 

a'+« : a* = flf =«<'**"*-♦ } (16) 

or [/) + 7 = X, g = y], c^\iff^ tf*^. 

Cot. 4. When one polynomial is divided by another, the (16) 
highest power of any letter in the dividend divided by the vhighest 
power of the same letter in the divisor, gives the highest power of 
that letter in the quotient. 

For (16), divisor a'x quotient a" =» dividend «'"♦"♦. 

Scholium, It will be found convenient in division to arrange 
(3) llie polynomials according to the descending powers of a given 
letter. 

BXSRCISXS. 

1°. Divide a — 6 by a -6. 2°. Diride a* — ft» by a— 6. 
3<>. Divide a» - ft» by a - 6. 4P. Divide a* - ft* by a - 6. 

. Operation* 

a -. 5) fl« - h*(a* +a*h + ah^+b* 
The division is-^ a* - a*h ^ Subtract by ) 



1 



here executed [ +a^h f changing the sign (11). 

by the pc 
of a (16). 



by the powers [ + a*b — a*b* 



+ a^b* 

+ a»6« — ah^ 



+ aft«-6* 
+ ofe» - b' 

6°. Divide a» - M, a« - 6*, a' r- ft% ... , a"- ft«, by n - i. 



. PROPOSITION XI. 

P. Multiplying the dividend while the divisor remains (17) 
ffte «am«, or dividing the ditisor while the dividend remains the 
same, multiplies the ^^tient ; 

2°. Dividing the dividend while the divisor remains the same, 
or multiplying the divisor while the dividend remains the same, 
divides the quotient ; .•. 
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3P. The value of the quotient is not altered by multiplying or 
dividing both divisor and dividend by the same quantity. 

Def, 7. A Fraction is an expression of division, and arises from 
an impossibility of performing the operation. Therefore, indica- 
tingr the dividend, now e^led the numerator^ by jY, the dirisor or 
denominator by D, and the quotient or value of the fraction by F, 
we have 

iV^ : D= V, or N^DV; hence (17), . 

Cor. 1. A fraction is multiplied by multiplying its numera- (18) 
lor, iV, or by dividing its denominator, P, [N • R = D • VR^ dec.]. 

Cor. fL A fraction is divided by dividing its numerator, or (10) 
by multiplying its denominator. 

Cor, 3. A fraction is changed in form, without being (20) 
changed in value, by muUip]iying or dividing both numerator and 
denominator by the same quantity. 

Cor, 4. If a fraction be multiplied by its denominator, the (21) 

product win be the numerator. 

nd 
For (18) the fraction j multiplied by <2 = -j = {nd) : d = n. 

Cor. & Fractions are multiplied together by taking the (22| 

product of their numerators for a new numerator, and that of their 

denominators for a new denominator. 

N N QN 

For ^ times any quantity Q^Q times ^ (4), = -~- (18) ; 

.-. substituting ^ for Q, J times ^ = ^^-_ = J^ (18), 

multiplying both numerator and denominator by 2>s (20) ; 

Cor. 6. A fraction may be raised to any power by involving (23) 
its numerator and denominator separately, and consequently, any root 
of a fraction will be found by an evolution operated upon its terms. 

For, making N^ N^ ... ss jY, 
and Ds, D39 *•• = A (22) becomes 

N N N , ^ NNN..,[m] /N^ ^^ ,«on 
5 .^.^. ..,[•*] - ^^^ ^^y or y^) =^. (23) 
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Cor. 7. To diride by m fraction, inTort it, and proceed as (24) 

in multiplicatioa. 

N 
Let Q : jrhe any quantity divided by a fraction ; muUiplyingr 

both diridend and divisor by -^ (17), we have 

= Q.^ Q.E.D. 

Cor. 8. The reciprocal of a fraction is the fraction inrerted. (26) 

For Q : ;h = ^ * i&» becomes 1 : ~ = 1 . -- = — . when Q == 1. 

Cor. 9. Any quantity, whether whole or fractional, will be (26) 
reduced to a given denominator, by being multiplied by this de** 
nominator and set over it. 

Forwehave Q^Q* 1 = Q.^ = ^. 

'^ 10 10 '^ 100 100 100 ^' 

a a . 10" 

_-• 10" — T — 

and -=- = — TTT — = — =-= — ; whence the rule for reducing vulirar 
ft 10" 10" * * 

to decimal fractions. 
Reducing ^, —, -=^, ... to the denominator Jlf, we find 

MN MN^ MNj, 



— «— f ' I -jjy— » ••• » from which it appears that the 

least common denominator, JIf, must be divisible by each of the 
denominators, Z>, D^, P3, ... of the given fractions, or, must be the 
least common multiple of all the denominators, if we would have 
the resulting fractions freed from subdenominators, .*. 

Cor, 10. To add or subtract fractions, find the least com* (27) 
mon multiple of the denominators, to which, as a common denom* 
inator, reduce all the fractions, then add or subtract the numera* 
tors (65). 

This rule will frequently be superseded by the following : 
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Cor. 11. To free a fraction of subdenonnnators, multiply (28) 
its terms by the least common multiple of the subdenomlnators (20). 

Thus, -7! 7 r = t: r^ ^1 where, if we 

g t ' k g t k 

would make the subdenominators 5, d, g^ z, k disappear, M must 
be divisible by each. 

Sehqlium L The rule for managing the signs has already been 
given in (6«), but it may be well to observe that, of the three signs 
pertaining to a fraction — viz., the sign before the fraction and those 
before its terms — an even number produces plus, an odd number mi- 
nus, and any two may be changed at a time. Thus, 

+ -=+(- : ~)- + (+) = +,+±=+(+:-)= + H=-; 

_Z = _(_ , _) = _(+)=_._± = _(+ :_) = _(_) = +. 

Scholium II Whenever it may be foreseen tha,t, by performing 
an operation the same factor would be introduced into the numera- 
tor and denominator^ it should be suppressed. 

Scholium IIL Additions and subtractions will frequently be bet* 
ter performed in part before reducing to a common denominator. 

Def, 8* An Equation 4s an algebraical expression consisting of 
two m^mber^, separated by the sign of equality [=]. 

Equations are of different kinds. 

1^. An idenHcal equation is one in which the members are the 
same, as a = a, 

2^. An equation of operation has one of its members derived 
from the other— of these we have already had many examples, such 
as iw^ — nc = (i» — n)c. 

3°. An equation of condition expresses a determinate relation 
Uiat must exidt between certain quantities, not distinguished as 
known and unknown, as i{a+b) t^p-^q, 

iP. The word eqtMUion more commonly indicates a relation be- 
tween known and unknown quantities, such that the latter may be 
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derived from the former, asor + as ft, whenee, bj tubtraetiiig a 
from botb members, we hare z^b^a^ 

Equations of this kind are denominated simple^ quadratic^ eubiCf 
dcrc, or of the jEr«^, second^ thirds ••• , degree^ according as (he un* 
known quantity is of the jEr^^ second^ thirds .•• , power. 



PROPOSITION XU. 

Any term may he transposed from one member of an (29) 
equation to the otAer^ by changing its sign. 

For, let A+p = B 

be any equation, A representing the sum of all the terms in the 
first member, except p, which, it is to be understood, may be either 
-f- or -- , and B those of the second member ; then, subtracting p 
from both sides (la), there results 

A-B-p. Q.E. D. 



PROPOSITION xn!. 

A Simple Equation will be solved — (90) 

1°. By separating the unknown from the known quantities by 
transposition ; 
2^. By uniting the eoSfficients of the unknown quantity in one ; 
3°. By dividing by the coeficient thus formed ; 
4^. By clearing of subdeiMminators, 

Scholium, An equation may be cleared of fractions, if desired, 
by multiplying it by the least common multiple Of «11 the denomina- 
tors — but the solution will in general be more readily accomplished 
by the rule just given. The exercises marked I. at- the end of the 
book, may be h^re introduced. 



PROPOSITION XIV. 

From n equations of the first degree to eliminate j»^ I u$^known 
quantities, 

1^4 Whenever the conditions of a problem embrace two un- 
known quantities of the first degree, it is evident from what has 
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just been said that the equations expressing these conditionir may 
be reduced to the form 



a'x+h'ytsc 



-.1 



•ad/. -TT • a? + y=-T-i 

w . c' 

. la a'\ c e' 

whence .(_-_J x = -^ -^. 

an equation involring but a single unknown quantity, which may 
therefore be solved as above. The, method may obviously be ex- 
tended to three or more unknown quantities, embraced in three or 
more independent equations — equations not convertible into each 
other ;-— and it will become manifest, by making the elimination, 
that the number of independent equations must equal the number 
of unknown quantities to be determined* 

.*. From several equations of the first degree to eliminate (3*1 ) 
one or more piantities : 

1°. Make the confidents of the quantity to he eliminated + 1 
in each equation ; 

2^. Take the differences of the equations thus formed. 

Example, Given equations (a) to find x. 

12j:-%+ 4z = 8 (1) 

ar+ y- 6;r = -13 (2) } (a) 

a: + 7y+14r=57 (3) 

(1):4, 3ar-2y + z = 2 (4) 

(2):-(J, -ix^iy + ;r=:2i (6)^(5) 

(3): 14, ^x + iy + z^4^ (6) 

•%,(4)-(5), 3»a:^l|y-~i (7) > ^j 



• • » 



• • » 



(4)-(6), »H:t-5% = -5hH (8) 

(7):-H. -mz + y = -h (9) ) .^ 

(8): -a*. -lA* + y = « (10) i ^ ' 

(-«+A)* = tV-« (e) 

• • X ^— ' ' ' ■ ^ -— !• 

Subetitating 1 for x in (9), we find 

.•• (4) ;?=a+8.a-3.i = 3. 
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After a little practice it will be fooad nimecesiary to write the equa- 
tions (ft) and (d), it being ec^ually easy to pass at once from (a) to 
(c) and frooi (c) to {e). This method will generally produce the 
greatest amount of cancelation, and, therefore, be the most expedi- 
tious. 

The exercises marked II. at the end of the book may be here 
introduced. 



SECTION SECOND. 

Sxpoaent* — Piwpovtiini — -ITaitotlaa* 

PROPOSITION I. 

A factor may be carried from one term to the other of a (33) 
fraction by changing the sign of its exponent. 

As in subtracting coefficients, we must be guided by the same 
rule, whatever may be their relative values, so, by a like extension 
in exponents, from (15) we must alwiiys have a"^ i a''^^ a**^, whether 
m > or < n ; 



• * » — — • -* **i 4 



iVa+<--J IS 



• • 



D Da"" <"""** 



N 
multiplpng both sides by ^, and the proposition is proved. 

Cor, 1. The rules for multiplication and division, and, con- (33) 
sequently, for involution and evolution, are the same for minus as 
for plus exponents, both being supposed integral. 

For from a~* = 



a+» 



and a"" = 



a"»-« 



there results a~"* • o-" = — • = =s a" <*■*■"> =s a~*'** » 



a"* • a" a"* ■*■ " 
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11a" 
and 0"* : a~" = — : — = — = a""* = a~"*~ <"""\ 

«"• a" a" ' 

also [nsmjtf^^ta^^sd"*"*, or (a-*)* =ra'"*"' = ©**-"•, 

(a"*")* = (a""*)* • a~" = a*""* • a""* = fl^~*, and so on, 

•'. (a'Y =B a«, whaterer integers p and g may be, + or — , 

and/. V5^ s^-i^W *=*"** «^*''- 

Cor, 2. It will be observed that any quantity affected by the (34) 
exponent zero [0] is equal to unity [1]; since a"* : a* gives either 
a^ or 1. 



PROPOSITION IL 

7%e root of a power is to be taken by dividing its expo* (36) 
nent by the index of the root. 



For from (14) we have y/oT^ -y (a*)* = a* = a^''", 

which becomes n/^'^ a**'", putting r = mn ; and the rule thus es- 
tablished must evidently be extended, for the sake of consistency, 
to the case in which r is not a multiple of n— just as, when we ctm- 
not execute the division of 3 by 5 we express it as a fraction, f, and 
seek appropriate rules for its management. 

Cor, 1. An exponent may be reduced to a given denomi- (36) 
nator like any other quantity. 

As oT is equivalent to y/a\ so a"* must be regarded as 'y/a'^^ in 
order to be consistent ; and we are to show that 

n m 

If not, let X be such as to make 

n m 

(a-fa:)'*=.fl'^, 

then, raising both sides to the mth power, observing that the mth 
power of the mth root is the quantity itself, we have 

(fti Y»i» 
a*^ / , which involved again 

gives [{a + xYy=[(a^) ], 
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or (14) (a + xy* = (a^) « ^ ; 

therefore bv eTolutioii» <i + ^ = ^orir=sO; 



• • 



and the demmuitratioii is finished, since (33) m» », r majr be either 
plus or minus. 

Cor. % All real exponents, whether plus or minus, whole (37) 
or fractional, are to be manafred by the same rules ; addition cor- 
responding to multiplication, subtraction to division, multipli 
to involution, and division to evolution. 



m It 



Let a^, a" be any fractional jpowers, the exponents reduced to the 

same denominator, being either + o<r — : then wiU 

. . «+. =+• 
a*- • a*" =: a ** = a*" ' • 

m-4.li m H 

If not, let (a + ^)""^ = «" • a". 



M « 



or (4) (fl+ar)""*" = a*" • o' • a' ... [r] x a' • a' • a*" • ^ [r], 

a + ^ = fl» or a: = 0, 



m 


n 

a" 


fi 


»-+-" 


m 

= »-'* 


fi 

r . 

f 








a' • 


r 






fi 
• 


n 


m 

a'. 


or a' : 






p 


r • 



and 



■• m m t mv 8 «• m m 

also [» = to], a~« fl~= a % .% \a^/ = a " • a~= a ~, 

(«v« */^\~^ 1 1 " 

W) a*' 

yj a''^\J \a^) —a'^a "" , I being either + or ^; 

« /I! 1,, 

>yr a''=a*' , whatever real quantities «, v, and r 

maybe. 

Note, It follows that a*" may be regarded either as the mth root 



. • 



• • 



of the nth power of a, [(a")"*], or as the nth power of the wth root 
ofajlWJ. 
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PROPORTION, 



De/.. 1. If a » rOt r is called the raiio of a to Cf whatever r may 
be, whole or fractional, positive or negative, whether capable of 
being exactly expressed in rational terms or not. Thus, the ratio 
of 6 to 3 is 2, of 3 to 6 ii^ i; of 2 to 3 is iV + TH + -n/VT+**« t of 
6 • V— 1 to 6 is V — l. 

Def, 2, If of four quantities,- as a, c, a', c', a has the same ratio 
to c that a' has to c\ 
or, if a =rc (1°) 

and a=^rc. {2'>) 

then, Oy c ; a\ c\ are said to be proportional^ or a is said to be to 
c as a' to c' ; and we write . 

a : c : : a' : c\ 
or a : c = a' : e' ; 
and read a is to c as a' to c'. 

.*. A proportion is an equality of ratios. (38) 

Def* 3. We call a, c, belonging to the same ratio, homologous'* 
terms, while a^ a', as well as c, c\ are denominated analogous 
terms ; a, <;, constitute the first, a\ c the second couplet. 

Inverting the order of (P), (2^), 

from a =r€ > We ( a = re' ,> ^^ < if a : c : : a : c', ) /go\ 
a' = re' i have ( a = re ) ' < then a' : c' : : a : c. > 

Dividing (1°) and (2°) by r, 
frqm a =rc 



we 
have 



a =rc 

r 



/ c = — a, ^ Mf a : c : : a' : c', ^ 
r c' = — a! J \ then c : a : : c' : a'. 7 



Dividing (1°) by (2°), we have a : a' :=rc i re' = c : c' ; whence, 
if the ratio of a to a' be r\ that of c to c' will be the same ; 

••. from a = re > we ( « = r'a', > Wf a : e : : a' : e', ) ^go\ 
a' =rc' i have f e = r'e', > C then a:a' : : a c\ ) 



.*. (3«>) e : e' : : a : a\ (6°) 

and (4°) a' : a : : e' : e. (V) 

Whence, by comparing (1°) and (2°), (3°), (4°), (5°), (6°), (7^), 

there results, 

* 'OfLif = homos = 2ii;«, Uyos = logos = ra/i^sdomi^artAm. 
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PROPOSITION III. 

If four quantities are proportional^ they are proportional .- (39) 

1^. By inversion of couplets ; 

2^. By inversion of terms ; 

3*^. By inversion of hath couplets and terms. 

By additions and subtractions we have, 
from ^i°v (^o\ i^=rr,^ ( « ± a' =fe r(c =fc c'),] 



) 



from (6°) 



( a'^rc\ ) 
if a\ c I \ a ', c\ \ 

.'. a ^ a : c d^ c' : : a : c : s a' : c' ; > (9 

••. fl + a' : c + c' : : a — a' : c— c' ; ) 

( c=^rc J ) , / 

^ cs=rc ; 

/if a : c : : a' : c'y ^ 

J .•• a=bc : a'=tc' : : a : a' : : c : c' ; >(9®) 

( .•. a + c : a — c : : a' + c' : a' — c'. ) 



• • 



&>€•» dec.) dec 



'»f • • 



PROPOSITION IV. 

if four quantities are proportional : (40) 

1°. The sum or difference of the antecedents 

is to the sum or difference of the consequents^ 

as either antecedent 

to its consequent ; 

2°. The sum or difference of the terms of the first couplet 
is to the sum or difference of those of the second^ 
as antecedent to antecedent 
or as consequent to consequent ; 

2P, The sums or differences^ or both sums and differences of 
the termSf taken in the same order ^ whether homologous or anal" 
ogous^ are proportional. 

The principle in (40), IS may be extei^ded thus : if 
ai c \ I a! x c' X I al' I c" 1 1 dt^c, ut.^aici\a'ic' and 
a' : c' : : a" : c", dtc, 
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or if « = rCf 

a' = rc^, 

a" ^ rc\ d&Cy dtc* ; 
then a + a' + a" +.,. = r{e + c + c" + ...) 5 

a + fl' + o"+— ' c + c' + c"-)-... :: a: c i:a' : c i : a" :c" : : 

PROPOSITION V. 

* ■ 

If any number of coupleU have the same ratio : (41) 

The sum of all the antecedents 
is to the sum of all the consequents^ 
as any one arttecedent 
to its consequent. 

We should also have 

which may be enounced in words. 

Prom(l°) a=irc 

and (2^) rerersed re' = a\ 

we have ard' = rca\ 

.•. a: c : : a' : c gives ac' « a^c^ .*. 

PROPOSITION ▼!. 

If four quantities are proportional the product of the (42) 
extremes is equal to the product of the means. 

Cor. To change an equation into a proportion, make any (43) 
two factors into which one member may be resolved the extremes 
and the factors of the other member of the equation the means of 
the proportion ; or, to read an equation as a proportion, begin and 
end the reading in the same member. 



Thus 4 • 3 = 2 • 6, 




may be read 4 : 2 : : 6 : 3o p 2 : 4 : : 3 : 6, 


or 4 : 6 : : 2 : 3, 
or 3 : 2 : : 6 : 4i 


2:3::4:e, 
^^M6:4::3:2, 


or 3:6: :2: 4,' 


16 : 3 : : 4 : 2. 


Prom (1°) and (2°) we have 


a* = r^c^^ 


and , a'^^r'^c'*; 


a* : (f 


■ : : fl'* : c'*, 



where m may be any quantity whatever, whole or fractional ; .*. 
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PROPOSITION VII. 

If quantities are ptoportionah their like pawerSt or root», (44) 
or powers of roots, are proportional. 

Again i ma ^r • mc, > and < ma =r' • ma' } 

(1°) and (2°) tna':=:^r. nc ; \ (6°) i nc =r' ^ nd \\ 
where m and n may be any whatever, whole or fractional ; .*. 

PROPOSITION VIIL 

A proportion is not destroyed by taking equal multiples (45) 
or submultiples of homologous or analogous terms. 



Thus, since 


4 : 12 : : 8 : 24, 


we have 


16 : 24 : : 32 : 48, [eq. mult of anal, tenna]. 


and 


1 : 3 : : 1 : 3, [eq. aubmult. homed, terms]. 


From 


• 

a==rc. 


we hare 


a (l=t m) ~ r • (1 =t m) c» 


or 


a =t ma = r (c ^mc) ; .*. 



PROPOSITION UL 

If any two quantities be increased or diminished by (46) 
equal multiples or submultiples of those quantities, the sums or 
differences thus formed will be proportional to the quantities 
themselves, 

Def 4. Four quantities are said to be reciprocally proportional 
when the ratios of the couplets are the reciprocals of each other. 
Thus if a= re i iOjC; a\ c', are reciprocally 

and a' = Jkj' ; \ *"*" I proportional. 

But from the same equations, we have 

a = re, 
c' = ra' ; .% 

Def 5. Four quantities are inversely proportional when the 
first is to the second as the fourth to the third. 

Def 6. li a : b : : b : c : : c : d : ; , dtc, then a, b, c, d, ,.. , are 
said to be in continued proportion, or to constitute a geometrical 
progression ; c is said to be a third proportional to a and 6, and 
b is called a mean proportional between a and c. 

Since from a : b : : b i c, &c., we have 
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multiplying together the 1st and Sd, the Ist, 2d Mid 3d« dM*, there 

results r*a = c, 



I being the nth term ; •*. 

. PROPOSITION X. 

In a continued proportion we have the \st term to the (47) 
^ as the square of the \st to the square of the 2c{, or as the square 
of the second to the square of the 3(2, ^c. ; and the \st to the nth 
as the (n-^ \)th power of the first to the (n ^ \)th power of the 
2d, 4^c. 

Thus atlzi O^ : 6*-» : : J""* : c*"* : : .,. . 

Cor, The last or nth term is equal to the first multiplied (48) 
by the ratio raised to a power lone less than the number of the 
term [« — 1]. 

It will be observed that the series is here supposed to be ascend- 

ing^ or that a < 5 < c ... ; if it be descending, or a > & > c «.. , then 
r will be less than unity — and in all cases 

a b 
By addition we infer that 

r(a+6 + c+,.* + ife)=i + c + d+ *.. + /, 
or r(S-Z) = S-a; [S = a + ft+c + ... + /] 

rl'-a fl(r"— 1) 
r— 1 r— 1 

PROPOSITION XI. 



) _ {ratio) {last) ^ fir St term .--.. 

J ratio — one ^ ' 



Sum of\_ (ratio) {last) ^ first term 

terms 

__ (first term) [(ratio)* — 1] 
"" ratio — one 
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Note, Since from (1°) and (2°) we hare 

a .a! . a a' 

— = r and — ; = r, and .•. — = — r , 
c c c c 

we may write every proportion as a fractional equation — ^whereby 
the many and all the changes that can be rung on proportloiuiy will 
be reduced to very simple operations on equations. 



TARIATIOlf. 

Def, 7. We shall often have occasion to consider quantities, not 
as proportional simply, but as passing by inappreciable degrees 
through all magnitudes compatible with certain conditions. Such 
quantities are denominated YARiABLs^-and are represented by 
the last letters of the alphabet, as x, y, r, while the first letters are 
used to indicate quantities regarded as constant^ or such as are 
independent of the yariables. Thus, that y raries as a?, a being 
their constant ratio, is expressed by 

* y^szax. 

In this equation it is to be understood that x , in passing from 
any one given value to another, is regarded as passing through all 
intermediate values while a remains unchanged ; and that conse* 
quently y changes, taking new values depending upon the value of 
X, On this account x is called the independent, and y the depend' 
ent variable. Thus, if the rate of interest, r, be constant, and the 
principal, p, be also constant, we shall have a given sum pr^ as the 
interest for one year on the given principal ; then if y be the interest 
for the time x in years, there will result the variation 

y = prx. 

This manner of looking upon quantities, not so much as known 
and unknown, as constant and variable, is as important as it is simple. 

PROPOSITION XII. 

If * y=c<Mr, 

I 

x = — y; 1* e. 
a ^ 

Ify vary as x^x varies as y. (50.) 
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PROPOSITION XIII. 

If y = ax9 

yiar = aj?=t:a: = (a=t:l)ar = (ail) • — • y;i. e., 

it 

Iff vary a* x, x dby varies as xor y. ^6y 

PROPOSITION XIV. 

If y = ax^ 

y" = a^af* ; i, e.. 
If y vary asx^y^ varies as x". (63) 

PROPOSITION XV. 

If y = aa?, 

•*• ^y = a • 1712? ; u 6*9. 

Ify vary as x, my varies as mx. (53) 

PROPOSITION XVI. 

y = amx, it follows that 
Ify vary asx^ y also varies as mx. 

PROPOSITION XVU. 

If y = az^ 

and z = hx; 

y = abx ; i. e., 
Ify vary a^ z, and z i?ary o^ x ; then y varies as x. (54) 

PROPOSITION XVIII. 

If y = az^ 

and x = bz; 

y=tar=:(a=t ft)jr; i.e., 
i/'y and x vary as z^y-^x varies as z. (55) 

It will be observed that the above forms embrace, very briefly 
and simply, not only essentially the whole doctrine of proportion, 
but a vastly wider field, by reason of the unlimited number of 
values of which y and x are susceptible. 



4 



A 



SECTION THIRD. 



The following is a principle of the first importance in analytical 
investigations : 

PROPOSITION L 

< 

Certain equations are so constituted. that they necessari- (56) 
ly resolve intOt and are consequently equivalent to* several inde- 
pendent equations. 

We do not propose, in the present article, to enter into a full de- 
▼elopement of the boundless resources which this principle affords, 
but simply to illustrate it by examples of such particular cases as 
will be serviceable to us as we proceed. 

Required two numbers such that if they be dimimshed severally 
by a, 6, and the remainders squared, the sum of these squares shall 
be equal to zero. 

Denoting the numbers by rr, y^ we have 

(ar-a)« + (y-ft)« = 0; 
and it follows from (6^) that (a? — a)*, (y — 6)*, must both be +, 
whether or ^ a,* y%h\ but it is obvious that, since neither of the 
terms {x — a)*, (y — 5)* can be minus, neither can be greater than 
; for if either term, (x—ay for instance, have an additive value, 
the other (y — hy must possess the same value and be subtractive, in 
order to satisfy the equation, or that their sum may = ; whence it 
is necessary that 

(a: — a)* = 0, and (y — 6)* = 0; 
a: — a = 0, and y — 6 =0, 
or ar = a, and y = &. 

As a second example, what numbers are those from which if a and 
b be severally subtracted, the product of the remainders will be =» 0! 

Representing the numbers by ar, y, there results 

(ar-fl)(y-ft) = 0; 

.•, dividing by y — 6, a? — a = 0, or ar = a, 
and dividing by a: — a, y — 6 = 0, or y = 6, 

* T^ei, X greater or less than a. 
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ETery eqnfttion of the 9econd degree^ or, embracing no other un- 
known quantities than x* and ir, may, hy transposing, uniting 
terms, and dividing by the eodfficient of x^t be readUy reduced to 
the form 

+ 1 .a?« + 2iM? = 6; (67) 

understanding that a, 6, may be either -f or — . In order to find x, 
we observe that the first member of the equation will become a bi- 
nomial square (8) by the addition of a* ; 

x* + 2xa + a* = 6 + a", 

.-. t (8), (6,), x + a^:hy/(b + a*), 
and JC = -«=tV(6 + 4i«); /., (58) 



PROPOSITION 11. 

To solve a Quadratic Equatiok : 
1°. Reduce it to the form of (67) ; 

2^« Add the sqvare of half the coefficient of x to both sides ; 
3^. Take the square root of the members^ prefixing the double 
sign [=1=] to the second ; 
4°. Transpose. 

It will be observed that (67) resolves into two independent equa- 
tions (66), 

x=: — a+-,/(6 + a*), and a: = — a— ^ (&+«*)» 
thus illustrating (66). 

Adding these values of x, we have 

[-a+V(*+^*)]+[-«-V(^ + *")] = -««» 
and their product is (?) 

[- a + ^(b + a»)] [~ a - ^(b + a«)] = [^ a]« - ly/{b + a«)]« 

=:a»-(& + o*) = --&. 

Cor. In a quadratic of the form (67) the sum of the values (69) 
of X, is equal to the coefficient of x^ taken with the contrary sign, 
and their product to the second member also taken with the con- 
trary sign. 

Queries, What will (67) and (68) become, when a is changed 
into — a? b into — ^ f When b is minus, what must be its value 
compared with a* in order that the value of or in (68) be impossible? 
[See (6^.)] Will change of value or sign in a ever render x imagin- 
ary? Why not? 

Scholium L We naturally inquire if the Cubic Equation can be 
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resolved into three independent equations. Ereiy equation of the 
third degree reduces to the form 

x^ + aa^ + i* + ^^« (*) 

As we must suppose x to have some yalue— one at least — let r 
be that value ; then must r satisfy the equation* 
or r* + fl^ + 6r + c s= ; 

c = — r* — ar* — hr^ 
which value of c substituted above, gires 

x^-^-ax^+hx 
— r* — ar" — 6r =» Ot 

or (x»— r') + a(ar' — f«) + 6(a? — r)aO; (ft) 

{a^+xr + r^ + a (jf+t ) + 6=0, 
dividing by :r — r, see examples under (16) ; 

a:* + (a+r) j? + r*+ar + i = 0, (c) 

whence [(57), (68)] (a) is resolvable into three equations, giving 
three values for x. 

Comparing equations (a), (6), (c), and observing that {h) is the same 
as (a), we learn that, if r be a root of the cubic equation (a), that the 
equation is divisible by :r -- r, giving a quadratic (c). 
The student is requested to prove that the equation 

X* +px* + qx^+ rar + s = 0, 
is resolvable into the factors 

* — (I, 3? — 6, x — c, a? — o, 
or that (or— a) (ar — J) (a? — c) {x — d) = x*+px^ + qj^'\-rx + e=^Of 
a, 6, <?, d, being values of ar, or a? = a, a; = ft, x = Cy x = d. 

Scholium II, Many Biquadratic Equations may be reduced as 
Quadratics ; e. g. 

P. When reducible to the form 

(x^ + Ax + B) (ar» + Ax + B') = 0, (60) 

where the conditions are 

x' + (A + A')x^ + (AA + B+B')x^ + (AB' + AB)x + BB = 0, 
or8 = BB\ g = AA + B + B'y p = A + A\ r = AB' + AB. 
2°, When reducible to the form 

(x^+Ax)^+B(x^+Axy=C, (61) 

where the conditions are 

X* 4- 2 Ax* + (j1« + jB)ar« + ABx = C, 
or p=2A, r^AB, q=A^+B. 
3°. When reducible to the form (61j) 

a:' + ;^ + ar+--. = ft, 

X* X 



• • 
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for 2 • X • — = 2a : 

X 

Example, Given x* + 4a?' + 6a:" + 4a: = IB, to find x. 

(a? • + 2x)* + 2(x* +2xy = 15, 
(ar« +2a:)« +2(i« + 2ar)^ + 1 = 16, 
jr«+2a:+l=±4, 

z + 1 = dh x^bi = db 2 or = db V^, 

x = + 1,-3,-1 + n/^ or — 1- V^. 
How munj yalues has x ? What Talues are imaginary T Verify 
by substituting these values in the first equation. 

Scholium III, When a problem embraces several unknown 
quantities, it may be solved by representing these quantities in 
difierent ways ; but the elegance and facility of the solution will 
frequently depend upon the notation which we employ. The fol- 
lowing rule, taken from the Cambridge Mathematics, (application 
of Algebra to Geometry,) will be serviceable. 

** If among the quantities which would^ when taken each (62) 
for the unknown quantity^ serve to determine all the other quan- 
titiesj there are two which would in the same way answer this 
purpose^ and it could be foreseen that each would lead to the same 
equation (the signs -|- and — excepted) ; then we ought to em* 
ploy neither of these^ but take for the unknown quantity one 
which depends equally upon both ; that is, their half sum, or their 
half difference, or a mean proportional between them, or, dLC." 

Thus, suppose it were required to find two numbers such that their 
sum should be 4 and the sum of their 4th powers 82. Instead of 
taking x and y for the numbers, we may make them both depend 
equally upon x by putting 

2 + J? = greater No., 
2 — - a: s= less No. ; 
since tlie sum would be 4 = greater No. + I^m No., 

(2+ar)« = 16 + 32a: + 24a:«+8a:» + a:*, 
and (2-a:)* = 16-32a: + 24a:*-8a:» + a:*; 

2a:* +2 . 24a:* +2 • 16== (2+ar)* + (« - a:)* = 82, 
or a:^+24a:« = 41-.16 = 25; 
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j?« + a4x* + 12* = 25 + 144 r= 109* 
x« + 12=dbl3, 

a? = ± {=t 13 - 12)* = db I, Of =^ =t (-26)* ; 
greater No. = 2+ x = 3. 1. 2+ (-26)% or2- (-26), 



• • 



and leu No. =2- ar = 1,3, 2- (-26)* or2+(-25)* 
where it must be observed that if 3 be taken for the ralne of the 
greater number, 1 must be taken for that of the less, and so on for the 
three remuning corresponding vines. 

kn a second example, suppose the equations 

a?+y + («» + ••)* + (y'+«")*-^ 

z a 

and — = — , 

a y 

given to find x any y. We shall make x and y depend equally 

upon the same unknown quantity by putting 

X a . 

a "Y" * 

a 
whence x = az^ « = — , 

which values substituted in the first equation, give 

or ^+l+(^«4.i)*+(J,+ ij*«l=.«, 

dividing by a and putting — = », to avoid fractions ; 

.-. (i+l)(z«+i)*=«-«-l, 

z z* z 

z 



or 
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a 

;r* — 8f»2r + W* = «l* — 1 = (l» + 1) (W — 1), 



jzr = i» =t [(ill + 1) (m — 1)]". 



Scholium IV, From notions derived from the practice of arith- 
metic, the student, on first being introduced to problems capable of 
double solution, is frequently inclined to question the propriety of 
the second value of x ; and, consequently, to reject or neglect the 
second or minus sign, in taking the square root of a quadratic equa- 
tion. Such neglect must never be allowed ; for the double sign 
(db) is necessary — and, so far from being any thing like an excres- 
cence or deformity in algebraical language, is a symbol of the great- 
eat utility, as will appear hereafter when we come to apply the fore- 
going principles to Geometry. The following problem, illustrative 
of the use of the double sign, will suffice for the present. 

Required the point in the line joining the centres of the earth and 
moon where their attractions are equal. 

Let £ be the earth, M the moon and C the point 
of equal attraction, and let the quantity of matter in 
the earth be represented by e and that in the moon by ^* ^' 
m, the radius of the moon's orbit, or distance from the earth, by r, the 
distance C M by tf and consequently, C £ by r — tf . 

Now it is a principle of physics that the attraction of a sphere is 
proportional to the quantity of matter directly and to the square of 
the dutance to its centre inversely, or 

^ qt of mat. . 




Earth's attraction at C will = 



(r-t*) 



«» 



m 
Moon's attraction at C will s -^ ; 






m 



yg __L v^ 



r — u u 












Uy/e=^ry/m:3^u^m, 

t£ = — : r^^— ; =- 



-y/ e i >/ m I I /e^ 

*> m 
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But the mass of the moon» inferred from her action in raising the 
tides, is -^ of that of the earth ;* 



= 75, and ^~ ^ V^ = 8*e6; 



e 

m 

r 1 1 

w = T—rsssf or = jrss • r, or = — =-33 • r, 



or the distance of the point of equal attraction from the moon, is 
nearly + -j/V of the moon's radius, or — -j^ of moon's radius, where 
it remains to interpret the — sign in the second answer. If we sub- 
tract from u (that is, from C lay off a line in the direction of M) 
a quantity less than «, the point of equal attraction will approach 
M, and the more, the greater the line subtracted, so that, when the 
line subtracted is = CM, u will = 0, and when ^ CM, as CC', u 
will become -, being = MC - CC' = MC- (CM + MC')==-MC'. 
Therefore if u = -f ifr • r, gives the point C on the left or this side, 
— ^ • r corresponds to the ^oint C on the right or beyond the 
moon. Indeed, had we supposed the point of equal attraction at C 
instead of at C, there would have resulted 

em, r 

as -r whence u = 



(r+«)* u* 



-•Vs 



The two values of u are therefore perfectly applicable, and, in 
fact, the problem would not be completely solved without them. 
The second value has revealed a truth, viz. : that there is a second 
point of equal attraction beyond the moon — which, though not con- 
templated in the statement of the problem, is yet a direct consequence 
of the equation drawn from it ; and which, when once discovered 
by the aid of algebraical symbols, recommends itself to the under- 
'standing without them, since the attraction of the earth is greater 
than that of the moon. Suppose, for a simple illustration, the 
masses of E and'^M were as 9 and 4, and their distances to C as 3 

* 9 4 

and 2 ; then their attractions at C would be as ^ and ^, and con* 

sequently equal. 

As a last example in which a single equation is equivalent to two 
independent equations, we give the following important theorem : 



* PoitsoB, Traits de M^aniqae, p. 268. 
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PROPOSITION III. 

Wheneter a problem gives an equality between constant (63) 
and variable terms^ the variables being capable of indefinite dim- 
inution so 0S to become less than any assignable quantity ; two 
independent equations will be formed^ one between the constants^ 
the other between the variables. 

Thus, let A + X::^B+Y 

represent any equation in which A, £, are the sums of the constant, 
those of the rariable terms in each member, X and Y, being capa- 
ble of continually decreasing and becoming less than any assigna- 
ble quantity, diat is less than any assignable part of A or B, Then 
wiU A = B,MdX=Y; 

for, if possible, lei A be gpreater or less than B ; first suppose Ay B 
by some quantity A or A = B + 'D; 

X=Y-D, 
or Y=D+X, 

whence it appears that Y can never be less than D, even should X 
become actually = ; therefore Y is greater than, or at least as 
great as, an assignable quantity P, which is contrary to the hypoth- 
esis, and this contradiction holds as long as D has any value, or as 
long as ^ is > JB. Again suppose 

A<B,oT A + D^B; 

or X=D+r; 

whence X is always greater than, or at least as great as D, and this 
is also contrary to the hypothesis, according to which X^ as well as 
Y, is to be capable of indefinite diminution. Therefore it is absurd 
to suppose A either greater or less than Jl, or otherwise than equal 
to B; 

-A = B, and consequently -X" = Y, 
which was to be proved. 

The me^od of proof here employed is called that of '* reductio 
ad absurdum^^* leading to an absurdity ; where, instead of showing 
directly that the proposition must be true, we show that it can not 
be otherwise than true. 

As an example, let it be required to find the sum of the repeating 
decimal fraction 

*333 &c. = *3+ HW-f •003+ ... [ad infinitum]. 
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Let A = 0um of all the terms, 

X = sum of term after the nth ; 
then A'-X will = sum of n first tennSt 

or -A — Jr= -a + *03+ *0a3+... [« terms]. 

But (*1)" may be made less than any assignable quantity by tak- 
ing n sufficiently great, which may be done since the number of 
terms is infinite. Thus, if we take 1, 2, 3, d&c, terms, or make 
successively 

91=^1, 2, 3, 4, 6v ..., 

we have ('!)" = *1, •01, KK)!, '0001, K)0001, ... ; 

.*. , \^ and X becoming < any assignable quantity, we have (63) 

.•3 3 

So for the circulate '23, 23, 23, &e., 
wehare ^-Jr= *23+'«023+ '000023+... [»], 

. y_'23 COl)-, 

or A-Ji-^--;^, 

'23_23 
.~'W~ 99* 
And generally, if C = any circulate containing c digits, we shall 
have 

^-X=C («!)'+ C(4)**+C(a)»*+... [n]; 

We observe that a quantity^ may increase constantly by an infi- 
nite number of additions, and yet never exceed a determinate finite 
quantity or limit ; as *333, &c. constantly approaches to f which it 
can never surpass. This gives us our first notion of limits. 

Def. '* When a variable magnitude A-^X can be made to (64) 
approach another A which is fixed in such a way as to render their 
difference X lessthan any given magnitude, without, however, their 
being able ever to become rigorously equal, the second A is called 
a limit of the first A — X"* 

A direct consequence of (63) and further illustrating (56), is the 
following important principle : 



* Fnncceur, Mathematiques pures, p. 166. 
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Cor, If an equation exist between terms affected by whole (66) 
additive powers of a variable quantity, x , capable of indefinite dim- 
inution, then the constant coefficients of the like powers of x^ will 
be respectively equal to each other. 

Thus, if A +Ai • x^ + A^ • x^ + A^ • x^ + .., 

= a +i»i • a?* + fla • x' + a, • a:' + ... ♦ 
where Af ^19* A^ A^, ... , a, a^, o^^, Oj, ••• , are constant and inde» 
pendent of x which is variable, then 

(63)t il = <*» and Ai • x + A^ • ar* + ... = ©i • x + a^ • ar* + ... , 

or ill + -As • a? + Jl, • x* + ••• = <*i + ^ • ^ + ^ • ^* + ••• 5 

and .*. (63) ^1 = Oj, &«., &c., ^c. ; which was to be proved. 

If, in a problem, a, Oi, a^ ... , can by any means be found, JL, 

^1, J^ ... , will become known. Applications will be given further 

on. 

EXSRCISKS. 

I. In Simple Equations. 

1^. Given a; -f 3 = 6, to find ar. Subtracting 3 from both sides, 
we have 

ar=:6 — 3 = % ihe Ans. 
2^. Oiven ar— 6 = 7, to find x. 
Adding 6, x = 7 + 6 =» 12| Ans. 

3°. Given 2ar=15 + x; 4^. Given 2a?- 26 = 3ar- 75; 

2x — x = 16, .'. 76-26 = 3a? — 2ar, 

or, found, x=16. or 3ar — 2ar = 75— 26« 

or X = 50, found. 
6^. Given X — i = 6, 6°. Given 4x+m = 3x + n, 

found x=what? found x=whatT 



♦ Read A 8ub-<me, A sub-two, Ac., or simply A first, A second, Ac. The ad- 
vantage of this notation is that it points oat the power of x Vo which the co- 
efficient belongs; thus, An would belong to 2". 

t For, denoting by Aq the greatest of the coifficients iii, A^ A9, ... , we have 

Ai.x + AA^ + As.2^+,..<:^A,.x+Aq,afl+A^.2?+... 

= il, . a; ( 1 + aj + a^ + ... -Hr^) 

which diminishes withoat limit as x approaches zero— and the same may be 
affinnedof 



»•• . 



eo 



SXKRCISBf, 



7°. Qiren (m+l)x-^pssimx+qy 
found x^p+q. 

8°. Given -_ar— — =— x+— , 
7 4 7 4 

found X = T 

9°. Given 2a: = 8, 

found X = 4 

10°. Given 3x = 9, 

found X = 3. 

16°. Given ~x = ^. 
n 9 



11°. Given4x«a 
found X » -f. 

12° Given mx ;» m 

found X = — • 

m 

13. Given axsa&, 
found X = 6. 

14. Given az^ah-^aCf 
found X =s ^ 



found 



= Z. : *^-r P t *-- ^^. 



9 f?t ^n^ 



16°. Given — = — ^, or — • x = — , 

r t r t 



found 



_ « 1 _ ^ _sr 



17°. Given ax + 6x = c, 
(a + J)x = c, 
c 



18°, iix + 6«=ta« + ix, 

X = fl -f- 6i 



• • 



x = 



a + 6* 



19°. — = a + ftt 



20°. 



a=a + ft + ^, 



.*. X = OT (a + 6) = ma + itt6. 



21°. 



= fl-fft + C, 






a + 6 — c 

x = (a + 6)«-c«. 



.'. X = (j» + ») (a + 6 4- ^) 

+ IMt + »6 + »c. 



^_ (a + b)*-(c-dy 

X -^ " 



23°. 



24°. 
26°. 
26°. 



J p + q^r^ 

X = p — ^ + r. 

13f-.|- = 2x-8f, .-. x = 9. 

2x4-7 + *x = 6x-23, .-. x=12. 

12J + 3x-6^~ = ~-5f,.-.x = 139J. 

o 4 
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II. In Elimination, 



1°. Given Sf'S'iJ!.-. \fV^tl\.'- (i-«^ = H-«, 

H-f 15-8 , . . 

8°. jr+8y + 3^=14, ^ j. V -4 

4* + 5y + 6r = 5», ¥"'"F~ 

6a; + 5y + 4? = 588 ; ^ • y _o 



• • 



a? = ? y = ? 



? 



4°. aa: + fty = c, 6°. ax^hy^hcy 

ax+b'y = c' ; px — gy^qr; 



III. In Quadratics. 

1 °. Given ar* + 4ar = 46, to find x. 

Adding 4, ar«+4p + 4=49, 

or, (x + 2)« = 49, .5 

.-. . x + 2 = :hX ^: 

ar = -2=k7 = 6, or=-9. ^ 

2°. 3x« + 6 = ar» + 24, .-. x = 9. 

3°. 0x^ — 1=^ cx^ + d, .\ x = 1 

40. 7 - ^" - 8x« = 6a:« + 3 - 21, .-. ar = ? 

50. ^ - .^ = c, .-. ar = ? 

6°. (a:-a)« + 2n(ar-a) = 6, .•. ar = a- n=t (ft + n*)"^ 
7°. re*" + f^ = fl» or y' + 2my = a, putting y = ar", 2ot = r ; 

.*. y = — m±(a+m*) , .-. ar=Ky" =1 —mif a + -j-j J . 

8°. ar«-6ar« = 16, .-. ar = ? 

IQo. z« -2a2r = 2a6 + 6«, .-. ar = ? 

11°. r«* — 2rmtt = 2rni« + p'r — 2rpm — 2»rp, .'. a: = ? 

12°. ar* + 36 + ar« + 6x - 18ar« = 0, .-. x = ? 



■xskoina. 



lY. EliminatioHa producing Quadraties. 




40. 










I X _m 

6°. <7~T 

*• + y» = 324900. ) ( «»+y»=ft. 




xy 



8°.^ — = 6 

y 

yz 



Q' 




10< 



a: + y = 500i (a; + y>=aOOO 



450-£jte [ 11°. j niO-£_17a; [ 12°. \ jTTL. \ 



I3«. 



16°. 



^ *»+y»=«6. \ j x»+y»*614 ^ * 



i 



m 



(a-»)(A-y)=p 

" I 17° S**-y*+*-y = i60 y 

(A-y)»=«.S *^ar» + y* + « + y = 3a0. S 



^ X : y = <» : 
? («-x)» + ( 

,8o^^+y=^ I ,00 i^+^y+^'=»«» ^ 

}x*-y* = xy. S " • ? a: . jry . xy» = 138S84. S 

90° n^ - y) (^' - y') = l<» ^ 210 ^a: + y + xy = 34 ) 
<(* + y)(a;* + y») = B80. i ' < x»+y'-(a>fy)=^ 5 

280 ^« + y + a;y = o > 000 5ar4-y = a ) 

•^ar» + y»-(a: + y) = 6. S '\i*+f=h. S 

^o\x + y = a > ^o\x»+y*+x->ry^a \ 

'(xy(x* + y')=b, > ' < j» (x«+y«) + na;y = 6. > 
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BOOK SECOND. 



PLANE GEOMETRY DEPENDING ON THE RIGHT LINE. 



SECTION FIRST. 

Def, 1. The doctrines of extension constitute the science of Ge* 
ometiy. 

Def. 2. Solids have three dimensions, length, breadth, and thick* 
ness. 

Def. 3. The boundaries of a solid are surfaces, the perimeter of 
a surface are lines, and the extremities of a line are points. 



PROPOSITION I. [PBIMAttY HOTIOS]. 

A Straight Line is suck that it does not change its direC' (66) 
tion at any point in its whole extent* 

This truth is not produced as a theorem, for it is incapable of de- 
monstration ; not as a problem, for there is nothing to be done ; 
neither as a corollary, for it is the consequence of nothing ; nor as 
an axiom, for it is hardly of the unconditional and absolute charac- 
ter of that enounced in the words, ** the whole is equal to the sum 
of all its parts ;" and it is not a definition, for we gain no new idea 
by the mere terms of the proposition : we only recognize by and in 
them one of those primary notions which we possess anterior to 
all instruction, and which, as they are necessary to, lie at the foun- 
dation of 9 every logical deduction. It would doubtless be out of 
place to enter here into any investigation in regard to the origin of 
our ideas ; but I think it will be apparent, that the notion of con- 
tinuity is codriginal with that of personal identity, and therefore, 
antecedent to argumentation; and continuity measured out on 
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the one hand, in the lapse of events, as the periodic return of daj 
and night, the revolutions of the celestial sphere, or the- index of 
the chronometer, becomes time, and, on the other, attached to form 
by a personal passage over the surfaces of bodies, it becomes space ; 
and, considered in regard to space and restricted by the notion of 
perfect sameness, continuity gives us the idea of direction^ or that 
of the straight line. 

Corollary 1. Two straight lines cannot intersect in more (67> 
points than one ; for having crossed once, it is obvious from (66), 
that, in order to a second intersection, one of the lines, at least, must 
change its direction. 

Cor. 2. Straight lines coinciding in two points, coincide (68) 
throughout, otherwise two straight lines would intersect in more 
points than one, which is contradictory to (67). 

Cor, 3. Straight lines coinciding in part, coincide through- (69) 
out, and form one and the same straight line (68). (Why !) 

Cor, 4. Two straight lines cannot include a space (68). (70) 
(Why !) 

Def, 4. A Plane is a surface with which a straight line may be 
made to coincide in any direction. 

Def, 5. Two straight lines are said to be parallel when, situated 
in the same plane, they do not meet how far soever they may be 
produced. 

Cor, 5. Through the same point, only one straight line can (71) 
be drawn parallel to a given line *,* for the directions of all the lines 
save one, drawn through the given point, M(ill evidently (66) be 
suth as to cause them to meet the given line if sufficiently produced. 

Scholium. The last corollary, though commonly given as an ax- 
iom, has been thought not sufficiently evident of itself. 

It is not self evident, doubtless, if regarded as a consequence of 
any mere definition that can be given of a straight line, but neceS' 
sarily follows from that idea of a straight line, viz., continuity in 
aameneas of direction, which we possess anterior to all definition. 
As such, it is, I believe, as well established as the primary truths in 
any department of human knowledge. 

Application 1. To make a straightedge. Hav- 
ing formed a ruler as straight as possible and drawn 
a line with it upon a plane surface, turn the ruler ^^* ^' 




* When the wo.d line is used alone, »traight line is to be understood. 
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OTer upon the opposite side, and, with the same edge, repeat the 
line, coinciding with, or better, very nearly coinciding with the 
first ; if the lines coincide, or appear equally distant throughout, 
the edge is sensibly straight 

Application 2. To test the parallelism of the edges of the ruler, 
place it against a second straightedge, and, having drawn a line, 
turn it end for end and draw a second, (Why ?) 

Application 3. To test a plane, apply the straightedge to it in 
different directions. 

Def, 6. When two lines intersect each other, or would intersect 
}f sufficiently produced, the inclination of the one line to the 
other is called an Angle. It is obvious that angles are of different 
and comparable magnitudes, and, therefore, like other geometrical 
quantities, solids, surfaces, and lines, are capable of addition, sub- 
traction, multiplication, and division, and, consequently, subject to 
mathematical investigation. 

PROPOSITION IL 

The 9um of the adjacent angles formed by one line meet- (72) 
ing another^ is always the same constant quantity. 

Let the line AO meet the line BOC in 0, ma* JL 

king the angle AOB any whatever, and, in like / 

manner, let the line A'O meet the line B'OC in ^ ^ ^ 

O, making the angle A'OB' any whatever. Pla- a<,^ /JH 

cing the first figure upon the second, let the point b* V- c' 

O coincide with the point O and*the line OB take ^'^' 3. 

the direction OB' then will 00 take the direction OC (69) and the 
line BOC will coincide with BOC',' also OA will take a certain di- 
rection OA", which we are at liberty to suppose between OA' and 
OC ; whence the angle AOB will be equal to the angle A"OB', the 
two becoming identical, and AOC to A"OC' ; but the angle A"OB' 
is, by hypothesis, the sum of the angles A'OB' and A'OA", and 
therefore greater than A'OB' by A'OA" (1^), while the angle A'OC 
is less than A'OC by the same quantity ; therefore the sum of the 
angles A "OB', A"OC is equal to the sum of the angles A'OB', 
A'OC (111), whence the sum of the angles AOB, AOC, is equal to 
the sum of the angles A'OB', A'OC (1,) which was to be proved. 

The same in the language of symbols ; 

Let BOC coincide with BOC, and OA take the direction OA" ; 

6 
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• • 



Z AOB = A"OB' = A'OB' + A'OA" 
and z AOC = A'OC = A'OC - A'OA" ; 

Z AOB + AOC = A'OB' + A'OC. Q. E. D.* 

The method employed in the preceding demonstration is obvi- 
ously that of superposition^ and the principles upon which it is 
grounded are the nature of the straight line, the whole is equal to 
the sum of its parts, and, equals added to equals, the sums are 
equal. 

Def. 7. If the angle AOB = AOC, then AOB and A 

AOC arc called Right Angles ; hence, AOB or AOC ^ j^ 

being the half of AOB + AOC = a constant quantity m^a. 
(72), is also a constant quantity, or, 

■ 

Cor. 1. All right angles are equal to each other. (73) 

Cor, 2. The sum of the adjacent angles formed by one (74) 
line meeting another is equivalent to two right angles. 

Cor. 3. Conversely ; two lines met by a third, so as to (75) 
make the sum of the adjacent angles equal to two right angles, 
form one and the- same straight line. 

For if not, let BOX be a straight line, while 

Z AOB + AOC = -J-,t [by hypothesis;] 
then (74) zAOB + AOX = -L; * X 

.*. subtracting AOX — AOC = 0, Fig. 3b. 

therefore BOC does not difler from the straight line BOX. 

Cor. 4. The vertical angles formed by intersecting lines (76) 
are equal. 

If a and h be vertical angles^ while c is adjacent to ^-^^^/^ 
both, we have (74) a + c = -*-, y^^^^--^ 

and 6 + c = J- ; PJ«- 34. 

and (111) a = h. 

Cor. 6. The sum of all the angles that can be formed at a (77) 
given point and on the same side of a straight line, is equal vM/ 
to two right angles (2). Pi^, 3^^ 

Cor. 6. The sum of all the angles that can be formed (78) 
round a given point, is equivalent to four right angles.* jjb^ 

Fig. 81. 

• "Qwxf trot demorutranduTnt" which waa to be proved. ' 

t We shall use the symbol -»- for two right angles, and -(- for four, while L will sig^ I 

nify a single right angle. ' 
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Fig. 4. 



Application 1. To make a Rightangle for drawing perpen- 
diculars. Form a triangle, having one angle as 
nearly right as possible ; set its base upon a straight 
edge and draw a line by its perpendicular, turn the 
triangle over upon the opposite face, and repeat the 
line. The instrument may be three inches in base 
and six in altitude, and cut from pasteboard, brass, 
or ivory, or framed of wood. 

Application 2. To make a right angle in the field. Take a 
piece of board about 10 inches square, bore a hole through the 
centre, and fit to it a staff 4^ feet long, so that, when the stafif is 
stuck vertically in the ground, the board shall turn freely upon its 
top and continue during a complete revolution in the same plane, 
which will be determined by sighting its upper surface at a given 
object ; draw two lines at right angles to each other through the 
centre and from comer to comer. In these lines at the comers 
may be stuck four needles — and to know whether they are accu- 
rately at right angles, we have only to place the board as nearly as 
possible in a horizontal position, and then to sight at two marks in 
range with the needles, in the lines drawn at right angles, and to 
see if we hit the same marks when the board is tumed a quarter 
round. Why? 

The Surveyor's Cross is the same instmment, 
only better finished. 

The sight vanes {fig* 5^) are hairs opposite slits, 
and vice versa ; and the piece that turns upon the 
staff is represented in fig, 5^. 

To survey with the cross, it is necessary to be 
provided with two straight flag-staffs, which should 
be wound with a red flag ; or they may be square, and the adjoin- 
ing faces painted red and white. In running a line, one staff is to 
go before and the other is to be left at the last position of the cross 
for a back sight.' A measuring rod, tape line, or Gunter^s chain 
is also to be provided. The chain is 4 rods or 66 feet in length, 
and centesimally divided by a hundred links, each, consequently, 
equal to 7^92 inches. It is a maxim in surveying land that all in- 
struments, whether for measuring lines or angles, must be kept in 
a horizontal position ; for it is the base, or the projection of the 
field upon the same horizontal plane that is required. 



Fig. 5. 
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Let it be required to surrey the ield ABCDE* 
We set the cross at B' in the line AE so as to make 
BB'A a right angle, and in the same way we find ^ 
the points C\ D' ; we then measure the lines AB'9 ^^* ^* 

B'C, CD', D'E, and the offsets B'B, CO, D D, when the field is 
surveyed. This is a good method of determining 
an irregular bomidary, ABODE, as that of a river. 
Frequently it will be better to take the offsets from 
a diagonal, AC. 

Sometimes it will be preferable, especially if the comers cannot 
be seen from each other, to measure AB then BB' 
at right angles to BA, then B'C at right angles to 

B'B, then CC at right angles to CB', and finally A^— Vj^ 

CD at right angles to CC. The student should ^^- ^ 

now make an actual survey and draw an accurate plot of it on pa- 
pen This may be done by aid of the ruler, rightangle, and a line 
of equal parts, which are to be run [ '} { [ f { f ? 'f " " " " 
off of any convenient magnitude by Fig. 7. 

a pair of dividers. 

PROPOSITION III. 

Teoo lines intersected by a thirds making the alternate (79) 
angles equal to each other^ are parallel. 

Let the lines AB, CD be inter- 
sected by EF in O and O', making 
Z AOO = OO'D ; then will AB, 
CD, be parallel. If not, let AB, CD, "^ /v 

produced, meet on the right in I, V\g. 8. 

then it may be shown that th^ will meet on the left in a point I', 
and consequently that two straight lines, IBAI', IDCI', may inter- 
sect in two points, which is contrary to (67). 

For, since Z BOO' + AOO' = -^ = COO + DCO, 

and by hypothesis, ^ AOO' = DO'O, 

.-. subtracting, Z BOO' =C0'0; 

from which it follows that the figure BOO'D may be reversed and 
applied to the figure CO'OA ; for the line 00' being reversed and 
applied in 0, the line O'D will take the direction OA and there- 
fore coincide with OA through its whole extent, and, for a like 
reason, OB will coincide with O'C. 
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Hence, if the lines OB, O'D, intersected in I, the lines OA, 
O'C, now coinciding with them in their reversed position, would 
have the same point of iatersection in I'. 

Cor, 1. Conversely, two parallel lines intersected by a (80) 
third, make the alternate angles equal. 

For, if the lines AB, CD, being parallel, do not make I fig* 8.] 
the angles AOO', OO'D equal, draw A'OB' (the student will draw 
the line) making Z AOO' = OO'D, then wiU (79) AB' be parallel 
to CD, but, by hypothesis, AB is parallel to CD, .*• through the 
same point O two lines AB, A'B', have been drawn parallel to the 
same line CD, which is contrary to (71). 

Cor. 2i. The equality of two alternate angles determines: (81) 

1^. The equality of all the other alternate angles, whether in- 
ternal or external. (Where b this shown ?) 

2^. The equality of the external to the opposite mtemai on the 
same side of the secant line. (Why ?) 

3^. The sum of the intemid angles, or the sum of the external, 
on the same side of the pecant line, to be equal to two right angles. 

For, if the angle DO'E =^ AOF, adding / BOF to both sides, we 
have 

Z DO'E+ BOF = AOF + BOF = J-. 

Cor, 3. If the secant line be perpendicular to one of two (82) 
parallel lines, it will be perpendicular to the other also. 

Cor. 4. Two lines paraUel to the same line, are parallel to (83) 
each other. [How can this be shown from (82) ?] 

Cor. 5. Two angles having their sides parallel, and lying (84) 
in the same direction, are equal. For, producing the /c_ la 
sides of the angles a, 6, till they meet, forming the an- / 

111 



gle c, we have (81, 2°), a^c = h. ™ q_ 

Fig. a!3> 

Cor. 6. The opposite angles of a Parallelogram are equal. (85J 

It is scarcely necessary to remark that a parallelo- I y 

gram is a quadrilateral, or four-sided figure, having its ^ ^ — 

opposite sides paraltel. ^' 



Application. Draw parallel lines upon paper with 
the straightedge and rightangle, and construct them 
in the field by aid of the cross. 






Fig. 8. 
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PROPOSITION IV. 





The sum of the external angles of a Polygon^ formed by (86) 
producing the sides outward, is equal to four right angles. 

Let a, 5, Cy <2y e, be the external angles of a 
polygon ; through any point, either within or oat 
of the polygon, draw lines parallel to the indes of 
the polygon, forming the angles a\ b\ c\ d\ e\ 
corresponding severally to the angles a, &, c, d^ 
e ; then (84) we have 

la^d^ h^h\c^c\d^d!, c = c'; Pig.9. 

.-.adding, a + ^ + c+'d + c=:a' + 6' + c'+d' + c'=+. Q.E.D. 

If we denote the corresponding internal angles by 
A, B, C, ... , of which we will suppose there are », 
we shall have (74), 

JL4-JJ+C + ... + a-h6 + c + ... = n(-J-), 
^^H^) a+6 + c+...=2(:i.); pj^.j^. 

••. subtracting, ^1 + B + C + ... [n] = (» - 2) (-i^). .-. 
Cor. 1. The sum of the angles of a polygon is equal to (87) 
two right angles taken as many times as there are sides less two. 
Making successively n 3= 6, 5, 4, 3, we have 

(n -2) (-L) = 4 (-L), 3 (J-), 2 (^), (-L) ; therefore 

Cor, 2. The sum of the angles of a Hexagon is equal to (88) 
eight right angles. * 

Cor. 3. The sum of the angles of a Pentagon is equal to (80) 
the sum of six right angles. 

Cor. 4. The sum of the angles of a Quadrilateral is equiv- (90) 
alent to four right angles. .*. 

Cor. 5. All the angles of a quadrilateral may be right an- (91) 
gles ; such a figure is called a Rectangle. 

Cor. 6. The sum of the angles of a Triangle is equal to (92) 
two right angles. 

Cor. 7. The sum of the acute angles of a Right angled (93) 
Triangle is equal to a right angle 

Cor. 8. The external angle formed by producing one of (94) 

the sides of a triangle, is equal to the sum of the two opposite in- 

ternal angles. Let a, 6, c, be the three angles of any tri- j\ 

angle, and c adjacent to the external angle d ; we have ./ / \^ 

Pig. 93. 
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and(?) d + c = -J-; 

.-.(?) Zd^a + b. 

Scholium, The angles of a triangle will be determined : 

1^. When the three angles are equal ; (how?) 

2°, When two angles are equal and the third known ; (how ?) 

3^, When two angles are given. (How ?) 

What is a hexagon ? pentagon T quadrilateral ? triangle ? right 
angled triangle ? 



EXERCISES. 

1^. By aid of the straightedge and rightangle^ construct 
about the rertex of a triangle angles equal to those at the 
base, and do this for triangles of different forms. 

2°, Through the vertex of any triangle draw a line paral- ^^' ^! 
lei to the base and prove (92). 

3^. The same by drawing a parallel to one of the oblique sides. 

4^. The same by drawing perpendiculars to the base. 

5^. From any angle of a polygon, draw diagonals to all the other 
angles and prove (87). 

6P. From any point within a polygon, draw lines to the several 
angles and prove the same. 

7°. Let fall a perpendicular from the right angle of a ^y^f\ 
right angled triangle upon the hypothenuse, and prove \^. ^ 
that the three triangles thus formed are equiangular. 

8°. Having drawn the sides of two angles respectively v L^^^ 
perpendicular to each other, prove that the angles are / ^^"^ 
either equal or that one is what the other wants of two ^* ^^ 
right angles. 

0°. Prove that two triangles are mutually equiangular 
when the sides of the one are severally perpendicular to the 
sides of the other. ' Pig. 13.^ 





SECTION SECOND. 

■««al FoljrgmM*— First R«l«Ctoiu «f IdmtB mmM. AmgUm, 

PROPOSITION I. 

If, in two Polygons^ excepting three parts which are (95) 
adjax;ent^ viz.^ two angles and an included side^ or two sides and 
an included angle^ the remaining parts, taken in the same order ^ 
are severally equal, the Polygons will be equal throughout^ and 
the excepted parts will be equal, each to each. 

First. Let AB = A'B', Z B = B', BC = B'C, B c 

Z C = C, CD =C'D' : then, applying the figure / \^ 

'ABCD to A'B'C'D', let the point A fall on A' and ^ j^ ,^ 

the line AB take the direction A'B' ; the point B /" N. 

wOl fall on B', since AB = A'B' hy hypothesis, and -^ ^^' 

BC will take the direction B'C, because the angle ^' 
B = B', by hypothesis, and the point C will fall on C ; (why ?) 
and finally, the line CD will coincide with CD', (why ?) so that 
the points A and D coinciding with A' and D', the line AD will 
coincide with A'D', and the polygons will coincide throughout, and 
Z A will = A', AD = AD', D = D'. 

Second. Let z A = A', AB = AB', Z B = B, BC ^ B C, Z C 
= C ; then by a superposition altogether similar to that above, it 
ma}'' be made to appear that the polygons will coincide throughout, 
and that the three adjacent parts, CD, Z D, DA, will be sererally 
equal to the three, CD', Z D', D' A' ; and it is obvious that the same 
reasoning may be extended to polygons of any number of sides. 
Q. E. D. 

Cor. V. If two triangles have two sides and the included (96) 
angle of the one, equal to the two sides and included angle of the 
other, each to each, the triangles will be equal, and the remaining 
three parts of the one respectively equal to the remaining three 
parts of the other. y^ y/\ 

[The student should letter the figure and explain.] Fig.i4t 

Cor. 2. If two triangles have two angles and the included (97) 
side of the one, severally equal to the two angles and the included 
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side of the other, the triangles will he equal throughout. [By 
what figure, and how, may this he illustrated ?] 

Cor. 3. The diagonal divides the parallelogram into two (98) 
equal triangles ; .*. 

1^, The opposite sides of a parallelogram are equal. 

2°. Parallels are everywhere equally distant. Fig, Ha. 

[Letter the figure and explain carefully. What condition must 
be imposed upon the parallelogram in order to illustrate the last 
part of the corollary ?] 

Cor, 4. The diagonals of a parallelogram mutually bisect, (99) 
or divide each other into equal parts (98, P), (80), 





(97). ^-r-^r '>i i/ 

Fig. 144. 

Cor, 5. An Isosceles triangle is bisected by the line (100) 
which bisects the angle embraced by the equal sides.' 

For let CA = CB and Z ACD = BCD ; y^^^^V 

then (96) will a ACD = BCD ; .-. ^ ^ 

Fig. 146, 

Cor. 6. In an isosceles triangle, the angles opposite the (101) 
equal sides are themselves equal ; as Z A = B, and 

Cor, 7. The line bisecting the vertical angle of an isos- (102) 
celes triangle bisects the base, to which it is also at right angles or 
perpendicular. 

Cor. 8. Equilateral triangles are equiangular (100). (1^3) 

PROPOSITION II. 

In any triangle^ that angle is the greater which is op' (104) 
posite the greater side. 

Let CB be > CA ; then will Z CAB > CBA. c? 

For, taking CD, a part of CB, equal to CA and join- / \ 
ing AD, we have / \ 

Z CAB > CAD = CDA ^ ABD + BAD > ABD. Afe::::;;-^ 

Q. E. D. » 

[Give the reasons. Consult (?), (101), (94), (?).] Fig. 15. 

dor, 1. Conversely, the side opposite the greater angle, (105) 
is the greater. For if the side opposite the greater angle be not 
the greater, it fhust be equal or less ; it cannot be equal, for 
then would the angles be equal (?), neither can it be less, for 
then would the opposite angle be the less (104), which is contrary to 
the hypothesis. 
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Car. a. A triangle haTing two equal angles, is isosceles (106) 

(106). 

Cor. 3. An equiangular triangle is eqnflateral (106). (107) 

What is an Isosceles triangle ? What an Equilateral triangle ? 
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Any two sides of a triangle are together greater than (108) 
\he third. 

Let ABC be any triangle ; then will the sum of 
any two sides, as AC + CB, be > the third AB. 
Produce AC to D, making CD = CB, and join 

DB. 

then (101) zCDB = CBD<ABD; ^ 

.-.(106) AB<AD = AC + CD = AC + CB. ^*«^^- 

Q. £. D. 

Cor. 1. The sum of the lines joining any point within a (109) 
triangle and the extremities of one of ito ^ides, is less than the 
sum of the other two sides. 

Let D be any point in the triangle ABC ; produce 
AD to meet CB in E, then 
AD + DB<AD + DE + EB<AC + CE + EB. 

(Whyt) Q.E.D. ^^^^^» 

Cor. 2. Any side of a polygon is less than the sum of all (110) 
the other sides. 

[Letter and show how.] 

Fig. 168. 

.'. Cor. 3. Of two polygons, standing upon the same (111) 
base and one embracing the other, the perimeter of the enreloping 
is greater than that of the enreloped. 
[See the last figure and explain.] 

Cor. 4. The straight line is the shortest that can be (112) 
drawn from one point to another. 

first. Let APB be any line, whether curved 
or broken, but concave toward the straight line 
AB , then APB will be greater than AB. For, ^ 
taking any point P, in the line APB, and revolv- • Fig. 164. 






^^ 
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ing the branches AP, BP, about A and B till the point P coincides 
with the straight line AB, first in Q, then in R, the straight lines 
AP, BP, in the positions AQ, BR, wilt overlap each other by a 
certain line RQ, since the st. line AP + st. I BP > AB — and there- 
fore, the branches AP, BP, falling on the same side of AB, since, 
by hypothesis, the path APB is concave toward AB, will intersect 
each other in some point E ; whence the path APB, being equal 
to the sum of the paths AE + EQ andRE+EB, will be longer 
than the path AEB by the sum of the parts RE and QE. The 
same may be shown of any other path that is concave toward AB 
except AB. 

Second. Let the path AcdefghB be any what- 
ever, having flexures either continuous or abrupt 
in c, d^ Ctf, gf h; then drawing the straight lines 2r 
Ac, ctf, de, c/, fg, gh, AB, ^' 165. 

we have (110) AB < polygonal perimeter ( Ac + cd + de + e/ 

+/§' + g^ + ^B) < the path (XcdefghB), 
as shown above, since all the parts of AcdefghB are concave to- 
ward the several sides of the polygon. Q. E. D. 

Cor. b. *^ Hence also, we may infer, that of any two (113) 
paths, ACB, ADB, leading from A to B, and every- 
where concave toward the straight line AB, that 
which is enveloped by the other, as ADB, is the 
shorter. For of all the paths not lying between ^' l^*- 
ADB and the straight line AB, there is none, ADB excepted, than 
which a shorter may not be found. And this is the case whether 
the paths ACB, ADB, be both of them curvilineal, or one of them, 
(ACB or ADB), rectilineal." • 

Cor. 6. The perpendicular is the shortest distance from (114) 
a point to a straight line ; and of oblique lines, that is the shorter 
which is nearer the perpendicular — and those equally distant are 
equal 

¥*or let PA be perpendicular to CBAB\ and AB' P 

= AB < AC, and produce PA in Q, making AQ = AP ; yy \ 




joining QB, QB', QC, we have cbjSTw 

PC + QC>PB + QB>PA+QA (?) ^ 

.-. dividing by 2 PC>PB>PA, (?) Pig.l6T. 

also PB = PB . (?) 

* Library of Useful Knowledge, Geometry. 
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Car* 7. All points equally distaat from the eztremilies (115) 
of a stndght line are situated in the same perpendicular passing 
through the middle of that line. 

The pointo C, B* A, B', are equally distant from P and Q. 



PROPOSITION IV. 

If two triangles have two sides of the one equal to two (116) 
sides of the other, each to each^ but the included angles unequal^ 
then the third sides will he unequal^ and the greater side will be 
that opposite the greater angle. 

Let two of the equal sides be made common 
in AB, and the other two, AC, AD lie on oppo- 
site sides of AB ; draw AI bisecting the angle 
CAD and terminating in I, which will be a point 
in CB on the hypothesis that CAB is the great- pig. 17. 

er angle, since then we hare Z CAB > CAI = DAI > DAB ; — 
finally, join ID. We hare (96), (106), 

BC = BI + IC = BI + 1D>BD. Q. K D. 

Cor. 1. Conversely, if two triangles have two mdes of (117) 
the one equal to two sides of the other, ea^ to each, but the 
third sides unequal, the opposite angles will be unequal and that 
will be the greater which is opposite the greater side. For it can 
be neither equal nor less. (Why ?) 

Cor, 2. If two triangles have the sides of the oneseve- (118) 
rally equal to the sides of the other, the angles opposite the equal 
sides will be severally equal. 

For, if AB = AB', BC = B'C, AC = AC ; o C> 

,•. Z C cannot be ^ C, for then would AB ^ A'B' ; y\ y/\ 

.'. Z C = C, and, for a like reason^ I k=^ K\ ^ — » "s: w 

B = B'. Fig. 178. 

Cor. 3. When the opposite sides of a quadrilateral are (119) 
equal, each to each, the figure will be a parallelogram [fig. 14,]. 



EXERCISES. 



T7 




M_ 



Fig. 18. 



EXERCISES. 

1°. It is a principle in Optics that a ray of 
light, AP, impinging upon a reflecting surface, 
MM', makes the angle of reflection BPP', equal 
to the angle of incidence APP', PP' being per- 
pendicular to MM' at P. Given in position the 
luminous point A, the eye, B, and the mirror, 
MM', to find the point P from which the light is reflected to B, and 
to prove that APB is the shortest path from A to B by way of 
the mirror, or that AP + PB < AQ + QB. 

2P, Having given in position the elastic planes 
PQ, QR, and the points A, B ; it is required to find 
the track of an elastic ball projected from A upon 
PQ and rebounding from QR so as to hit a pin 
atB. 



? 




-3^. Given in position the straight line MN and the 
points A, B ; required the point O in MN such that 
AO shall ^ BO. 



Fig. 18t 
1. ^ 




\. 



4°. Prove that the perpendiculars drawn through 
the middle points of the three sides of a triangle, will 
intersect in the same point. 

5^. Having given in position the lines AB, CD, 
and the point P, it is required to draw through P a 
line mn^ which shall make equal angles with AB, 
CD. 

6^. Let AOB be a right angle, COB an equilateral 
triangle, and OP perpendicular to CB. Prove that 
the angles AOC, COP, POB are all equal. How 
could you trisect a right angle ? . 




Fig. 21. 




Fig. 22. 



7^. Let Ai B, two angles of an equilateral triangle, be bisected 
by the lines AO, BO, and from O draw OP, OQ, parallel to the 
sides CA, CB, and terminating in the base in P and Q. Prove 
that AP = PQ = QB« [The student will construct the figure.] 
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8^. Prove that any side of a triangle i» greater than the differ- 
ence of the other two. 

0^. Prove that the angle included between two lines drawn from 
the vertex of any triangle, the one bisecting the vertical angle and 
the other perpendicular to the base, is half the difference of the 
basic angles. 

10^. Prove that if a line be drawn from one of the equal angles 
of an isosceles triangle upon the opposite side and equal to it, the 
angle embraced by this line and the production of the base, or un- 
equal side, will be three times one of the equal angles of the 
triangle. 

11^. Draw three lines from the acute angles of aright angled 
triangle — two bisecting these angles and the third a perpendicular 
to one of the bisecting lines — and prove that the triangle embraced 
by these lines will be isosceles. 



SECTION THIRD. 

Proportional Ii1m«s« 

PROPOSITION I. 

The segments of lines intercepted by parallels are pro- (120) 
portionaL 

In the first place, let the secant 
line AC be divided into commensu- 
rable parts by the parallels AA', 
BB', CC\ for instance, such that AB 
containing three measures, BC shall 
contain two of the same ; it may be 
shown that any other secant line, 
A'B'C will be divided in the same ratio. For, dividing AB, BC, 
into 3 and 2 parts in a, 6, c, and drawing aa\ hh\ cc'^ through the 
points of division parallel to AA' and through A', a', b\ 6lc. (points 
of A'C), drawing A'a", a'b'\ 6lc,, parallel to AC and terminating 
severally in the parallels aa\ bb\ d&c, we have (?) (?), 
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and Z a"A'a' = Valh', I a"a'M = V'h'a' ; 
.-. A'a' = a!h\ and for a like reason, a!h' = 6'B' = Be' = eC. 
/. AB : EC : : 3 : 2, and A'B' : B'C : : 3 : 2. 
.-. AB : BC : : A'B' : B'C. 

The same reasoning will be applicable, it is obvious, whatever 
n{ay be the number of parts into which AB, BC, may be divided, or 
whenever AB, BC are commensurable. 

Next, let the segments a, &, be incommensurable. — 7- 
Produce h so that h + x shall be co,mmensurable 
witn a, and through the ezto'emity of x draw a >^y 
parallel increasing the corresponding segment h' by 
x' ; then will h' -^-x' be commensurable with a' \ PifiT* 23 s. 
and, by what has already been demonstrated, we shall have the 
proportion 

6 + ar ft' + aj' h , x h' x' 
a a a a a a 

but X can be made less than any assignable quantity, since it is less 
than the measure of a, which, may be diminished at pleasure; 

whence it follows that — , —7 , are variable quantities capable of 

indefinite diminution, and, consequently (63), that 

h h' 

— = — 7 or a : 6 : : a' : i'. Q. E. D, 

a a 

Cor, 1. When three lines, two of which are parallel, are (121) 
cut by two others so as to make the segments of the secant lines pro- 
portional, the third line is parallel to the other two. 
For, if the line CC be not parallel to AA', let CC" 
be so ; then there will result (120) 

AB : BC : : AB' : BC", Jp / g. 

" ^^ AB— ♦ 

but, by hyp., AB : BC : : AB' : B'C, or B'C = 

AB 

.*. B'C" =: B'C, which is absurd ; therefore CC is not otherwise 
than parallel to AA'. 

Cor, 2. The sides of mutually equiangular triangles are (122) 
proportional. 
For, let any two of the equal angles be made vertical, then will 
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the bases m, n, be parallel, and, if through the 
common vertex a line be drawn parallel to m, n, 
dividing their intercepted perpendicular into the 
parts a ', h'\ we shall find (120) 

a:b::a":h''.:a:b'. HKD. 




Fig. 23 



Remark. The homologous sides are opposite equal angles. 

Cor. 3. If two triangles have an angle of the one equal to (1^) 
an angle of the other and the sides about the equal angles propor- 
tional, the triangles will be mutually equiangular and consequently 
similar. Draw a line through the extremity of h [jig. ^4]* ^^^ 
(122), and imitate the reasoning under (121). 

Def. Figures which have their angles respectively equal when 
taken in the same order, and their sides proportional, also taken in 
the same order, are called similar. 

Cor, 4. The altitudes of similar triangles are to each oth- (1^) 
er as their bases. For we have (122) 

a" I h" I I a I h I I m \ n. 

Cor. 5. If lines be drawn from the vertex of a triangle to (125) 
points in the base, all lines parallel to the base will 
be divided into parts proportional to the segments 
of the base. 

For the segments a5, 6c, C(2, have to AB, BC, 
CD, the constant ratio of the perpendiculars 0/>, Fig. 236. 
OP. 

Cor, 6. Triangles having their sides severally parallel are (12C) 
similar. 





Cor. 7. Triangles which have their sides respectively per- (127) 
pendicular, are similar. Thus, a, 5, c, are to each 
other as a', 6', c', where it is obvious that the homol- ^ ^ 

ogous sides are those that are perpendicular to each 
other. 




PROPOSITION II. 



Fig. 23 



A right angled triangle^ by a perpendicular let fall from ( 1 28) 
the right angle, is divided into two partial triangles, similar to 
itself and consequently to each other. 



HTPOTHENVSE. 



81 




Let a, 5, denote die sides about the right angle, 
k the side opposite, or the hypothenuse, and m, n, 
the segments of h made hy the perpendicular, p. 
The angle (a, h) is common to the triangles (a, 5, 
A), (a, m, p)f which also hare a right angle in each, and are there- 
fore equiangular, (/ (6, k) being = Z (pt a),) and consequently sinv- 
ilar. So it may be shown that A (5, n, p) is similar to A (A, 5, tf), 
and the proposition is demonstrated. 

Cor, 1. The perpendicular is a mean proportional be- . (15W) 
tween the segments of the hypothenuse. 

For we have m : p : : p : n. 



Cor, 2. The sides about' the right angle are mean pro- (130) 

portionak between the' hypothenuse and the adjacent segments. 

For we hay^ (1^) 

k a . k b 
— = — , and -=- = — . 
am on 

Cor. 3. The segments of the hypothenuse are to each (131) 
other as the squares of the sides opposite them ; for, from the above 
we have 

Am=3a^ 
and kn =ib*; 

.-. by div., w : n = a* : 6*. 

Cor, 4. The square of the hypothenuse is equal to the (132) 
sum of die squares of the other two sides. For we have 

(m + n)k = tt* + ft*, 
or AA«*« = i»« + ft*. 

Sckolium. This proposition, the celebrated 'H'th of Euclid, is 
obviously a direct consequence of (122), and with that theorem, 
which embraces the characteristic property of the triangle, consti- 
tutes the working rules of all geometry. 

Cor, 5. Conversely, if the square of one side of a tri- (133) 
angle is equal to the sum of the squares of the other two, the trian- 
gle is right angled. 

For suppose the triangle (A, a, h) to be sudi that 
k^=a^-\-b*; then if on a we construct the triangle 
(A', a, b') making ft' = 6 and the z (a, ft) = "-, there 
will result k'^ = a«+ ft'« = a"-f ft" = A«, .-. A' = A, and 

Z(a,b)^{a,b')^^, 
6 




Fig. 24». 
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Cot. 6. The diagonal of a square ia incommensiirable (134) 
with its aide, the former being to the latter as ^2 to 1. 
For we have x^^a^ + a^^ 2a* 

x^a s/% or X : a = U2 : 1. 

Fig. 24 1. 
The student might rery natarallf suppose that a common mea- 
sure to any two lines could be found by taking the measuring unit 
sufficiently small ; but, from this corollary, it is shown that the con- 
trary may be true, and we are therefore taught the necessity of 
extending our demonatratkms to the ease of incommensurability. 



PROPOSITION IIL 

To find ike relatiom between ike okliqne eiiee^ 
a, b, o/ a triangle^ tke line c draum from tke 
vertex to the hase^ and tke aegmenta^ m, n, of 
tke hose made by tkis line. 

Drop the perpendicular p^ intercepting the seg- 
ment X between the foot of p and that of c ; we 
hare (132), (8), (9), 

o« = ;i* -f- (m + ar)* =. p* + »• + 2«ia? + »«, 
J«=p« + (ii-a:)«r-p» + ii«-2ji«+ar% 
c* = p* +x*; 
.% subtracting the 3d from the 1st, we have 

a* — c* = m*+%mxj 
from the 2d ft' — c* = n» — 2»j?; 

.*. dividing one by m and the other by ii, 

a*— c* 




Fig. 2S 



m 

n 
a* — c* 



=m-f 2a:, 



= n 



+ 






= m + n; i, e., 



(135) 



m n 

If in any triangle, a line be drawn from one of tke angles^ 
terminating in tke opposite side, and tke squares of tke sides 
embracing the divided angle be severally diminished by the 
square of the dividing line, then the sum of the quotients arising 
from dividing these remainders by the corresponding subjacent 
segments, will be equal to the divided side. 



^ 



If we take the pertieiilar ooae in which m and n are equal, there 
will result 

fl«_^« 6« — c» 
— — -f- — — — ^m-f- 111, 
m m 

whence a' -f 6* = 2c" +%m\ or. 

Cor. 1. If a line be drawn from the vertex of a triangle (136) 
to the middle of the base, the sum of the squares of the oblique 
sides will be double the sum of the squares of the middle line and 
the half hase. 

If the triangle be isoaeeles, there will result 

a* — c* a* — c* 

— --— -) — w*- — ^m+fh 

or a* — c* = mn. 

Cor. 2. In an isosceles triangle, the square of the oblique (137) 
side diminished by the square of the middle line, is equal to the 
product of the segments of the base. By 

Let ABCD be any quadrilateral, M, N, the middle 
points of its cUagonals, AC, 3D ; join AN, NG ; 

then (136) 

AB» + AD« = 2AN« + 2BN», a if 

and CB» + CD« = 2CN« + 2BN» ; Pig. 25a. 

AB^ + BC + CD* + DA« = 4SN» + 2( AN« + CN«) 

= 4BN« + 2(2 AM« + 2MN») 
« (2AM)« + (2BN)« + 4MN» 
«AC«4-BD« + 4MN«, 

.% Cor. 3. The sum of the squared^ of the sides of a (138) 
quadrilateral, exceeds the sum of the squares of its diagonals by 
four times the square of the line joining the middle points of the 
diagonals. 

Cor, 4. The sum of the squares of the sides of a parallelo- (130) 
gram, is equal to the sum of the squares of its diagonals. 
Fqr (99) the diagonals bisect each other. 

PROPOSITION IV. 

To find the distance of the foot of the perpendicular of a trian^ 
glefrom the middle of its hose* 

Let a, ft, be the oblique sides of a triangle, and p its perpen- 
dicular, diyiding the base 2m into two parts, m + ^9 m^ x\ 
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Fig. 25s. 



where, consequently, x if the distanee of the foot 
of the perpendicular to the middle point of the 
hue. We have (132) 

««=;,■ + (»» + »)■ 

and 6*'=p' + (m— j:)*; 

«• — 6" = 4iiij?, 
or (10), (a + &) (a- 6) = 2m • dx ; 

.-.(43) 2»i: a + h = a^hi2x. 

The hose of any triangle ie to the sum of the Mique (140) 
sides as their difference to the double distance of the foot of the 
perpendicular from the middle point of the base. 

This theorem is conrenient for finding the perpendicular let hUl 
upon any side of a triangle ; for we have 

p^[a*-- (TO + a?)*]* = [(a + » + jr) (a- « - j:)]* (141) 



PBOPOsrnoN v. 

If a line be drawn bisecting the vertical angle of a (142) 
triangle^ the segments of the base thus formed^ wiU be to each 
other as the sides opposite them. 

In figure 16, draw CE parallel to DB, E being a point [fig. 16] 
in AB; then (81), (80), 

Z ACE « CDB = CBD = BCE, 
and (120) AE : EB : : AC : CD :^ CB. Q. E. D. 



EXERCISES. 

F. Wishing to 
ascertain'^ the dis- 
tance AB of an in- 
accessible object B, 
I measure a line 
AC at right angles £ 

to AB, equal to 12 Fig. 26. 

chains, then I take CD back and at right angles to AC, equal to 6 
chains ; and find that a line sighted from D to B intersects AC 
at O, distant from C 3'2& chains. What is the distance from 
A to B ? 
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We have AB : AO==:CD :C0, 

How can the same thing be done by (120) % 

7P. What must be the length of a ladder to turn between two 
buildings, one 90, the other 30 feet, high, and 40 feet apart ; and 
what muBt be the distance of its foot from the first-mentioned 
building! 

Let the length of the ladder be denoted by y, and 
the distances of its foot from the buildings by 5M) + :r 
and20'— :r; then 

(20+ar)»+20»=y« = («0^x)»+30», ^%u,T^ 

or W+a*«)ar + a:« + 90»^»»-2*90a? + «* *' * 

.-. 4.a0ar = 30»-90««(30 + 20)(30-90), 

. 50*10 60 ^^^ 

and X- ^ =-g. = 6*26; 

and the distance required is 20 + ^ ==» 26HS5 ; 

.-. length of ladder = y = (20* + 26«25^)* = \ 

3^. Wishing to ascertain the distance from A to D (jig. 69), 
rendered inaccessible by the interrention of a ledge of rocks, I 
fetch a compass, ABB'CC'D, viz., AB=:11 chs., BB' ==8, B'C = 3, 
CC =r 4, and CD = 5. What is the distance from A to D ? 

Ans. 15 chs. 

4^. Given the perpendiculars let fall from A and B [/^. 18] 
upon the plane MM', the one 7 the other 5 feet, and the distance 
of these perpendiculars = 10 feet ; to find the distance of P from 
the greater perpendicular. Ana. 5 feet 10 in. 

5^. Given AB = a and the distances of A and B from [jig*, 19] 
MN, = p, p' ; to find AO = x. 

6^. Given the hypothenuse of a right angled triangle, /k, and the 
sum of the sides about the right angle, = 2iii ; to find these sides. 

Denote them by m + ar, m ^ j; ; *.^''^% 

then(132) a? = =fc (iA« - «•)* ; W^2Sr 

and m-^x-msfz (^A* — mY ;— where it is ob- /^ ^^ 

vious that both values given by the double sign it Fig. 289. 
equally satisfy the conditions of the problem. 
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7^. GiTen the hypothenuse of a right angiel trkngle and Ae ^f- 
ferenee of the sides about the right angle, to determine the triangle. 

If the hypothenuse be denoted by 3a and the difference of the 
legs by dm, the answers will be 

a: + m=:i(2<^-iii*)*-f m,ar -111 = db(2a«- »•)* — »• 

8^. Given the base of a right angled triangte* &t and the awn 
of the hypothenuse and perpendicular dm, to find these sidea. ^ 

9°. Given the base of a right angled triaagle and <the diflerence 
of the hypothenuse and perpendienkr* lo Aetenmne Uie Iriangle. 

10^. A liberty-pole 100 feet long was brokeut and, resting iqpon 
the stump, its top fell at the distance of 40 feet Required the 
length of a ladder, planted 10 feet distant, that ahaH yeach die 
break. 

11^. A greyhound is 10 rods distant from a hare;« ibe hare 
starts off at right angles to the line joining them and the bound 
pursues in the hypothenuse of a right angled triangle to intercept her. 
Now the velocity of the dog is to thai of the hare as ato2. Hew 
far does each run T 

12^. The same conditions as in the preceding only that die hare 
runs obliquely from the hound at half a right angle. 

Ans. The hound runs 00 (V^ + V2<05), 

the hare 40 ( V^+ V^^)' ^^^' 

13^. Given the perimeter 4a, of a rectangle (right angled par- 
allelogram) and the diagonal, d, to determine the figure. 

14^ Given the perimeter, ita, of a right angled triangle, and the 
perpendicular, a, let fall from the right angle on the hypothenuse, 
to determine the triangle. 

Let the segments of the hypothenuse be re- 
presented by X and y ; then shall we have 



^:^ 



and — = — , which ratio may be put = z ; 

a y 

a 
then jr will = ajzr and y=: — , 

a i /a' \i 

whence az^ 1- (aV + a*) + \-5 -f ««/ = m. 
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2 1 2« I 

and i^+9z+l + l + -±+^ = n*-9mz-—+z'+l+l+X, 

z z* z r 

or (»»+a)z+?^^=i«». 



• • 



'•-SJTFa *'="*• 



n* n* n* 



.•.(58).^-^j^.z+^^^4j.-j^^^_^_jji-l 



16(«4-1)«* 






U+i~ 4(n+l) 



^ -. ny=[n^-16(>H-lrf _ »'=fc}[«'-H(iH-l)] ■ [n«-4(i>:H)]|* 
'*'\*^'^ 4(»+l) 4(^+1) 

n«:fc|[n«+4(n + l)3>[n'-4(n+l)]|* 



and y» 



4(«+l) 

15^. Giren the two lines, m, n, drawn A*om the acute angles of 
a right angled triangle to the middle points of the opposite sides, 
to determine the triangle. 

16°. In a triangle, given the segments a, b, of the hase formed 
by the perpendicular let fall from the vertex, and the ratio, m : n, 
of the oblique sides, to determine the triangle. 



Arts 



' ^L (m+n)(m-.n) J ^ ^L (m+4U-n)J • oblique sides. 

17^. In a triangle, given the base, by the perpendicular, p, and 
the difference, 9m, of the oblique sides, i; + ^9 ^ -— ^t to determine 
these sides. Am. x + m^t a? — «» = ? 

18^. In a triangle, given the segments, a, &, of the base made 
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by the line bwecting the vertical angle, and the aam, Sm, of the 
oblique sides, to determine the triangle. 

2am 2bfn 

a+0 a+b 

19^. The same as in the preceding, only the difference of the 
oblique sides is given instead of their sum. 

20^. Given the three sides of a triangle, 11^ 18, and 90 chains, to 
find the perpendicular let &11 on the last*named side from the op- 
posite angle. Ans. 10^66 diaina. 

21^. Given the base« &, and altitude, A, of a triangle, to determine 
the inscribed rectangle, the base of which shall be to the altitude as 

Ans. The sides of the rectangle are ,^^ , a«jJu * 

22^. The same as the preceding, except that the sum of the sides 
containing the rectangle is -given. 

23^. The same, only the difference is given* 

24^. Being on the bank of a river and wishing to ascertain its 
breadth, for the want of instruments I set up a stick at A and thea 
take 25 measures with a rod happening to be at hand, from A in s 
straight line to B, where I set up a second stick ; I then take 5 
measures of the same rod directly back from A in line with X, an 
object on the opposite bank, to C i also from B backward in line 
with X, 5 measures to D ; and finally I find BC to be = 26 mea- 
sures and a remainder, abo AD == 264- & remainder. Now to de-» 

termine these remainders, I proceed as follows : -^ ■ ^ 

For the fractional part of BC, I apply to the mea- j . ■ .-i**^ 
suring rod, m, a second rod, r, = the excess of BC -^ 
over 25m, and find r contained in m once, with a ^' 

remainder, r'; therefore — = 14- — , Again, applying r' to r, I 
find it contained once with a remainder, r" ; .•.— = 14-—,, Ap^ 

T T 

plying r" to r\ I find it contained 4 times with a remainder, r'"i 

r' r" 

.'. -77 = 4 4- —ij- , Finally, I find r'" contained in r" just twice ; 



r" 



T 
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Whence — = 



« , + L 1 + 1 i+_U 

r' ^ r' 

1 1 1 



r 



1+7 1+— V'- 1+ — r 

— 44-— 4 + — 

' 1 1 _ 1 _" 

.\ J?C= 26*56; 

by ft like process I find A© = 26 H = = 26'66. 

^+ i- 

1 + - 



'+i 



We have then (136) putting AX = ar, BX = y, 

26'66«-.25» , y«-25» ^ , 

g +' — - — = D + ar, 

26*65?-25« , ar«-25« ^ , 
and g 1 — = 6+y; 

25°. Given the hypothenuse of a right angled triangle = 35 rods, 
and the side of the inscribed square = 12 rods, to determine the 
triangle. Ans. base = 28, or = 21 ; 

perpendicular = 21, or = 28. 



SECTION FOURTH. 



CMMpAvla^a of Vimmm Itgm— ■> 



PROPOSniON I. 




Rectangles are to each other a$ the proimcto of their di" (143) 
meneione. 

We will take the general ease at once, and rap- 
pose the containing sides, a, a\ of the rectangle A 
are incommensnrable with 5« &, those of B. Let ^ 
h be increased by x^ and V by x'* so as to make 
h-^x commensurable with a, and V + j?' with a. ^^ 
Suppose, for instance, that while a is divided into 
m parts, that h-^x contains n of the same parts, 
or that (8|) 

a _• ^ 

and that, while a! is divided into m' equal parts, which may be diA 
ferent from those of a, fr' + a;' contains n' of die same parts, or that 

a 191 

Through the points of division draw lines parallel to the sides of 
the rectangles and denote the part added to J9 by JT. Then will 
the partial rectangles be all equal (95) ; and the number constructed 
on the base a being = to m, and the number of tiers corresponding 
to the divisions in a\ = n', we have mm for the total number of 
partial rectangles in A ; so the rectangle B -f* ^ contains nn' of the 
same. Hence {^^ 

A : B-\-X=mm* : nn \ 
but mm' : nn' : i aa' : {b'\-x) {h' +a?'), 

since a^ a' ; b-^x^b' -{- x'^ are as their measures us, m' ; it, »' ; 

B+X (b + x){b' + x') bb' + bx' + h'x+xx' 
whence — 3 — = ^ — -^ 



aa 



aa 



or 



B , Xbb' ^ bx' + b'x + xx' 
A'^A aa''^ aS 



• 



(63) -j- = 



A 



aa' 



Q. E. D. 
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F6r it is obnons that X depends for its yalne upon :r, x\ decreas- 
ing as these decrease so as to become nothing if these were to be- 
come ss Oy and that or, x\ being less than the parts into which a, i£ 
are divided, may be made less than any assignable quantity, by suf- 
ficiently increasing the points oi division. Therefore 

X , 6a?' + h'x + xx' 
and ' r^ , 

may be made less than any assignable quantity. 

. Car. 1. The rectangle is measured by the product of its 
dimensions. For suppose A to become a measuring square, 
or that while A = 1 is taken as the unit of surface, a == a' = 1 
becomes the linear unit, we have 

B _ bb' 

T*TTf 



(144) 




Fig.31s. 



or J? = bb'. 



Cor* % The right angled triangle is measured by half (145) 
the product of its base into its altitude. Thus T = jfih. 





PROPOSITION U. 

The Trapezoid is measured by half the sum of its par- (146) 
allel sides multiplied into their perpendicular distance. 

Let 0, 5, be the parallel sides and from their ex- , £ 

tremities drop the perpendiculars h^ A, on a, 6, pro- 
duced, forming the rectangle 

X+Trj^Y, . 

Fig. 32. 
composed of the trapezoid Trp and the right angled triangles JT, 
y, having the bases ar, y. We have (144), (146), 

X+Trp+Y=(x + a)*h=^jf2(x + a).h • 'r 

= i(i:+a + i + y).A, 

and X +Y=itxh+iyh; 

.-. Trp:^i(a + b).k. Q.E. D. 

Cfor. 1. The parallelogram is measured by the product (147) 

of its base into its altitiide. For, when & = a, the i^r — ^ . 

trapesoid becomes a trapezium or parallelogram, ^ \ P \ 

Trp^i(a+b).h, pi,.^,. 



and 
becomes. 



•P = i (<* + «) • h = ah. 
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Por. 2. The triangle is meaaored by half the product of (148) 
its base and altitude. « 

For iyp = i(a + 6).*, }| 

becomes T = ^ah. 

Pig. 32»: 

Cor. 3. Parallelograms are to each other, and triangles (149) 
are to each other, as the product of their bases and altitudes. 

Cor. 4. Parallelograms of the same or equal altitudes are (150) 
to each other as their bases. 

Cor. 5. Triangles of the same or equal altitudes are to (151) 
each other as their bases. jf. 

Fig. 324. 
Cor. 6. Parallelograms of the same or equal bases are to (152) 
each other as their altitudes. 

Cor. 7. Triangles of equal bases are to each other as (153) 
their altitudes. 

Cor. 8. Parallelograms of equal bases and altitudes, are (154) 
equiralent. \\\J[ /" 



Fig. 32s. 

Car, 9. Triangles of equal bases and altitudes, are equir- (165) 
alent. 




Fig. 326. 
Cor. 10. Parallelograms, or triangles, between the same (150) 
parallels, and on the same or equal bases, are equiralent. 

Cor. 11. Conversely, if parallelograms or triangles, stand* (157) 
ing on equal bases in the same straight line, and having their ver- 
tices turned in the same direction, be equivalent, the line of ver- 
tices will be parallel to the line of bases. 

For if the triangles, having the bases a, a, and V ' a — yr^' 
the perpendiculars/), p', be equivalent, there results j /^l) /^\ r{ 

whence the line of vertices \Y is parallel to the lipe of bases BB'. 
Cor. 12. The parallelogram is double the triangle of the (158) 

same base and altitude. VlWl TV 

[Compare (147) with (148).] \oL _/ \ 



Fig. 32t. 
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PROPOSITION III. 

7}wo triangles^ Having an angle of the one equal to an (159) 
angle of the other ^ are to each other as the products of the sides 
about the equal angles. 

Let the equal angles of the triangles A, B, be 
made vertical, and join the extremities of the sides 
a, 5, forming the triangle X; then (151) PI 33 




and 



A 


a 


X" 


h ' 


X 


a 


B 


T' 


A 


lui 


5" 


W 



^ = 1T7- Q. E. D. 




Fig. 33s. 



Cor^ 1. Equiangular parallelograms are to each other (I593) 
as the products of their dimensions (158). 

Cot. 2. Similar triangles are to each other as the squares (160) 

of their homologous sides. For, then we have ^1 

(182) /i>>^ 

d ^a 

A aa' a a' A a a* 

Cor. 3. If figures, resolvable into the same number of (161) 
similar triangles, be constructed upon the three sides 
of a right angled triangle, that on the hypothenuse 
will be equal to the sum of those described upon the 
other two sides. . For we have 

B+C 6'4^ 







Fig. 338. 



= ^=1 



A a^' '' A a^ 

Scholium, It is obvious that (133) is but a partici^lar case of 
this more general theorem. 



EXERCISES. 



P. Demonstrate (133) by turning two squares into one. 



Fig.34: 
9P* On the oblique sides of any triangle describe parallelo- 




tnict a par- yK 
line drawn y/yjf\ 
led by pro- A/lM/ 
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grams, any whaterer ; and on the base, construct a par- 
allelogram having its sides parallel to the line 
through' the vertex and the intersection formed 
ducing the sides of the parallelograms described on the ^^' ^' 
oblique sides of the triangle, and terminating in these same. sides. 

Prove that the parallelogram on the base of the triangle will be 
equal to the sum of the other two ; and that, if the vertical angle 
become right, and the parallelograms squares, (132) will be 
proved. 

3^. It is required to straighten the line ABC, sepa- 
rating the estates of two gentlemen, by aid of the 
cross alone. 

Draw BD parallel to CA, then DC will be the re- ^' 
quired line. (Why T) 

4°. Straighten the line in figure 36,. P^ 

Fig. 96t. 
5^. It is required to change the direction of the line 
AB, so that the extremity A shall be at A\ still retaining 

the same amount of land on each side. „. ^ 

Fig. 36 1. 

6°. To turn a quadrilateral into a triangle, 
either by the cross in the field, or by the right- 
angle straightedge on papen ^- 3^4. 

7°« To turn a pentagon into a triangle 



t^ 





£:\ 




8°. To turn a triangle into a rectangle, 

9^. To turn a reotangle. A, into a square, B. 



Pig. 367. 

10°. Draw any polygon on paper, and find a square Uiat shall be 
equal to it in area. 

11°. There is a well at P, in the side of a triangular p^^ 
field ; it is required to draw a line from P so as to ^/"^^^ 
divide the field into two equal parts. Fig. 368. 

12°. What is the area of a parallelogram, 20 chains in length 
and 15 in breadth ? Ans. 30 acres. 

13°. The longer side of a rectangle is r times the shorter, and 
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the area is ^ m\ or to a square having m for its side. What are 

its dimeDsions ? 

We have . rx • ssb i»«, 

"" ^r"^ r ' > Jin*, 
and Tx = m y/r, ) 

14^. A surrey or would lay out a rectangular field of 20 acres, 
such that the length may be three times the breadth. Required, 
the dimensions. [Solve and prove.] 

16°. The area of a parallelogram being represented by m', and 
the base by by how shall we find the height, h ? — given ky how shall 

we find 5! . i»»*l^*m j* a o 

Ans. A = L~ t ^ ^ -T~ * ^^^ expressed m words ? 

16°. A man has 10 acres to put in a parallelogram, having one 

side 12 chains. How wide must it be ? A%$. 8 chs. 33i links. 

.17°. If the area of a triangle be m^, and its base bj how shall 

we find its height, & ! . . 2m* .^ . ^ 

° Ans, h = -T— . [Enounce m words.] 

18°. A. surveyor wottld lay out« triangle of one hundred acres 
on a base of 25 chains. Required, the altitude. 

19°. A joiner has a board 10 feet long, 2 feet wide at one end, 
and 2 feet 6 inches at the other. How many square feet in the 
board? (140) Ana. 22i feet. 

20°. Given the sides of a triangle, 15, 16, 17 chs. Required, 
the area. 

Taking 16 for base, we have (140) 
16 : 17+15:: 17-15 : 2x, 
or , 8 : 32:: 1 : 22r, .'. =4; 

.-. (141) p = [(17 + 8 + 2) (17-8-2)]* = [9 • S • 7]* = 3 V^ 
Area == 8|p = 24 V21 sq. chs. =s 11 — tot acres, nearly. 

21°. What is the area of a triangle, the sides of which are 13, 
19, 34 chs. ? 

What difficulty arises in attempting to solve this problem ? and 
why? 

22°. Wishing to ascertain the area of the quadrilateral field 
ABCD {jig, 6^), I avail myself of the measures in the third exer- 
cise of the preceding section, and find it to be nine acres and one-* 
fifth. 

23°. In order to obtain the area of a pentagon ABODE, I mea- 
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•are the sides BC, CD, DE, and find them BC = 6, CD = 4, DE 
= 10 chains ; and, by aid of the cross, determine the perpendica* 
lars AP = 3, AP, - 8, AP, = 1 1*8, let fall npon CB, DC, DE, pro- 
duced. The area will be found to be eight acres and tiro-fifths. - 

^^, Given the sides of a triangle ABC, 

AB =90, AC = 40, BC = 60 chs., 

to cut ofi* a triangle ABD (D being a point in AC) equal to 45 
acres. 

We find the area of the triangle ABC = 00 acres ; therefore (151) 

AD = 90 chs.9 the line required. 

35^. The triangle being the same as in the above, it is required 
to cut off the 45 acres by a line B'C parallel to BC — ^B' being a 
point in AB, and C a point in AC. 

We find (160) 

AB' = 25^96, AC =- 34*64 chs. 

26^. The same conditions as in the preceding, except that 90 
acres arc to be cut off by a line PQ, P being a point in AB, 20 
chs. distant from A. Required AQ, measured off from A towards C. 

Join PC, then 

80 chs. : 20 chs. : : 60 acres : APC, .*. = 40 acres ; 
and 40 acres : 90 acres : : 40 chs. : AQ, .*. = 30 chs. 

27^. To draw a line through a given point in the plane of a given 
angle so as to include a given area. 

Let the given point P be embraced by the sides 
of the given angle CAB. Suppose the problem 
solved, and that YPX is the required line : we are 
to find X = AX, a portion of AB. As the position 
of the point P, in regard to the lines AB, AC, is 
given, we may suppose the perpendicular p, let fall from P upon x 
and a, the distance of P from the line AC, measured parallel to 
AB, to be known. Further, let the area of the triangle AXY be 
denoted by m', that is, by a square whose side is m. 

We have, y being a perpendiculariet fall from Y upon a, 

^(y+p)=2i»s 

and i=?!±2=i+Z, 

ay y 

p X ^ X — a 

or ~ = 1= , 

y a a 
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— — ra - • •'• y — — — — 



x(y +p) = a: (^ + p) = l^ + px = am», 



or />aa? + P^* •- /wm? = 3m*a? — ^Im^a^ 
a:* -^ • X = — 



• ■ 



• • 



P P 

P \pfP^ P P' ^ 

/. :t? = ± — (m* — 2pa) , 

P P 

ai»d a: = — ± — («»» — ^<i) * ~ [i» ± (iii* — 2|pfl)"4« 
Since (i»* — 2pa) is < m, the two values of x, 



^^^^ 



and a: = — [m — (m* — 2pa)^], 

are both plus ; and, therefore, equally applicable to the problem, 
as shown in jig. 37s, where we have 

We observe here since 

the tr. AXY = w* = AX'Y', ^^' ^** 

that subtracting the quadrilateral AXTY from both, diere results 
the triangle XPX' = YPT. 

But if we take the difference of the values of X, we have 

XX = AX^ iiX = — . 2 (m« - 2pa)* 

which is the solution of the following problem : 

4 

27^3* Through a given point, P, in the side of a given triangle, 
AXY, to draw a line X'Y', terminating in AX, AY, produced, if 
necessary, so that ^e areas PXX',PYY', shall be equal. 

We remark that m* must be at least as great as 2pa; for, were 

\ 
m' <[ 2p«, (m* — 2/Mi) would be imaginary (65), and the values of 

or, 0? = AX, X = AX' unreal, or the problem impossible. That is, 

the area to be cut off cannot be greater than the double inscribed 

rectangle standing upon a. 

7 
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We have here an example of a quantity capable of a minimum^ 
or least value ; and» in order to find this minimum, it ib obrious 
that we ha?e only to solve the quadratic and put the part under the 
radical equal to zero. 

Thus i»" — 2pa = 0, 

gives m* = %>a, for the minimum of m*. 

If we inquire what is the greatest value of nt' in this problem, 
we shall find it infinite, or that m' has no maximum, / y -^ 

[See the value of x and f,g. STj.] / , ' ^ t 

If now we subtract from a by insensible degrees, fQ. 37 s. 

or, as it is commonly expressed, diminish a according to the Law 

OF CoiCTiNuiTT, a will at length become = 0, 

fit il' 

when a? = ^- [m db (m* — 5^a)*], 

m 2^' 
ffives ar = — [m ± ml = , cnr =» 0. 

. V •* p • ^ Pig. 374. 

where the first value only is applicable. 

Continuing the same motion, a will evidently become minus^ and 
the point P will at the same time take up 4l8 position on the left of 

ar = — [w i (7»' + ^aY\ ' ^ J^i^ 

P Pig.37». 

where both values of x are applicable, only that the second, being 

minus, requires the area m^ to be laid off on the left. 

If, in like manner, we make p pass through the value it will 

change its sign, and P will take ,up a position be* 

low the line AB, 

m 4" 

whence a? = — [mi («»•— Spa) ], 

m -^ 

becomes x = [i»i(wi*— 2<—pa) ] 

— p 

or ar=i-- [-m =p («« + 2|pa)t], 

where both values are applicable, as indicated in the figure. 

If, at the same time, we make a and p both minus, there will 
result 

X = — Im =b (m* — 2 • — p • — a)«3. 



the line AC, or without the angle, and we shall have 
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or X = . t^ ± (w* — %>a)»], , 

wbere we have the same values as in the original solution, only 
changing + x into — x^ as we evidently ought to do, since x is 
measured from A in an opposite direction. This is obvious also 
from the comparison of the figures 37? and S7» where all the parts 
of the one correspond to all the parts of the other. ' The figure ST? 
will have the same double construction that 37 has in 372. 

What would be the result of making p = ? what, when /» =- 0, 
a = 0? 

The problem we have just been discussing is admirably adapted 
to show the correlation of algebraical signs ^nd geometrical figures. 
Thb problem will also enable us to divide any polygon into any 
required parts. 

28^. The parallel sides of a trapezoid are a, 6, and the altitude, 
A, it is required to cut ofif an area m^ adjacent to 5 by a line paral- 
lel thereto. What will be its breadth ? 



-"■ '=- A-K+(j^)']*- 



20^. Given the sides of a triangle, ABC, viz., AB = 10 chains, 
AC = 8 chains 43 links, BC 3= 4*70 ; also the position of a point, 
P, viz., distant from AB by 1*80, and from AC by one chain. Re- 
quired to draw a line through the point P, that shaU divide the tri- 
angle into two equal parts. 

The student will solve and verify. 

30°. What is the greatest rectangle with a given perimeter ? 

We vax^ denote the sides by a + 2r and a — x^ then will the peri- 
meter be = 4a, and we shall find 

m^ denoting the area ; whence it is obvious that m* cannot exceed 
a* ; and therefore that ±=0, when the aream' is a maximum) or 
that among rectangles of the same perimeteri the square is the 
maximum. 

31°. What is the maximum triangle that can be constructed on a 
given base, and pi a given perimeter ? 

An9: The triangle must be isosceles. 

33°. Given the area and diagonal of a rectangle, to determine its 
sides. 

33°. Let ABCD be a quadrilateral field, of which the sides AB, 
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BC, CD, DA, tre, respecthrelj, 16, S4, 80, 20 rods in length $ also, 
lei the diagonal BD » 37i rods. It is required to dxTide the field 
into two equal-parts, hj a line catting the opposite sides, AB, CD, 
so that the ratio of the segments of the one shall be equal to that 
of the corresponding segments of the other. 

An9. AX = ! DY»? 
[Produce AB, CD, until they meet, and consult (140), (141), 
(132), (169).] 
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So in general^ if a, % be any commensurable an- 
gles, or such that when a is divided into any num- 
ber, m, of equal parts, b shall also be exactly divisible 
into some number, n, of the same equal parts ; then 
it will follow, by superposing one of these equal ^^^ ^ 
angles m times upon a and n times upon &, that the 
corresponding arcs A and B will be divided into m and n equal 
arcs. The same of the sectors K, L. 

a I h : : A : B : : K : L^ being as «i to n. 

Finally, let us take the most general case, or that 
of incommensurability, where a and b having no 
common measure, are incapable of being divided into 
the same equal parts. Let b be increased by the 
angle x, so that & -f ^ shall be commensurable with *pig. ^* 
a, then will the corresponding arc B-fX be com- 
mensurable with A ; and, from what has just been proved, there 
results the proportion 

b + x _ B+X 
a ' A ' 
b , X B ^ X 

.'. (68) — = — , or-Y = -5-, or a : b : : A : B, 
a A 00 

and the same is equally true of the sectors. Q. E. D. 

Cor, 1. In the same or equal circles, arcs may be taken (164) 
as the measures of their angles at the centre. 
Thus, if b be taken for the unh of angles and B for 
that of arcs, 

the proportion T ^ »" * Fig. 384. 

becomes -- = — 

1 1 

or a = ii. 

Scholium, As the right angle seems the most suitable for com- 
paring anglesr so its measure, the Quadrant^ or quarter circumfer- 
ence, would appear to be the appropriate unit of arcs, and for this 
purpose the French have sometimes employed it, dividing the quad- 
rant into a hundred equal parts, which they called degrees : but 
custom has established a different unit, the -^\\\ part of the quad- 
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raat, which is denominated a de^e, arid written 1°. The degree 
ia divided into 60 minutes, marked 1' and the minute into flO leo- 
ondB, written I'l 2", 3", .... 

Cor. 3. A qaarter circumferftnce is the measure of a right (16S) 
angle, a semicircumference of two right angles, and a circumfer- 
ence of four right angles. 

How* many degrees tn half a quadrant? in one third of a qnad- 
rant? in^-T fl f! +t +1 +? iVT 

Cor, 8. In the same or equ^ circles, the greater arc (106) 
subtends the greater angle at the centre, and, conversely, jhe greater 
ang^e is subtended by the greater arc. 

Cor. i. In the same or equal circles, equal arcs snb- (167) 
tend equal angles at the centre, and the converse. 

Cor. 6. In the same or equal circles, the greater arc sob- (166) 
tends the greater chord, and coaversely, the greater chord is snb* 
tended by the greater arc. 

Far, let the are B > A, .•. (166) ihya 
(116) chord d > c. Conrersely. let chord d 
.-. / 6 > fl ; .'. arc B > A, / Z,-^ 

Pig. 38i. 

Cor. 6. In the same or equal circles, equal an» subtend (169) 
equal chords, and the converse. 

Cor. 7. The Diameter, or chord passing through the (170) 
centre, is the greatest straight line that can be 
drawn in a circle. Why I 



Kg. 38.. ■ 
Cor. 8. The diameter bisects the circle, and its circum- (171) 
ference. 



PBOPOsmON II. 

An angle inscribed in a, circle, is measured hy haif its (ITS) 
subtendiTig arc. 

Let AOB be any diameter, and G any point of the circumfer- 
ence: join CA, CO, then (94), (162), (101), 
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Z COB = OAC + OCA = 2 / OAC ; 
.% (164), measure of z OAC 3= meM. of i /. COB 

== i arc CB ; 
80 meas. of Z DAB ~ i arc DB, 

aad meas. of Z E AB =« i arc £B ; 

•*. 9 by addition and subs traction, 
meas. of Z CAD =: i arc CD, [Centre where T] Fig. 39. 

and meas. of Z DAE = i arc DE. [ ? ] Q. E. D. 

Cot, 1. In the same or equal circles, angles, at the cir* (1^) 
cumference, subtended by the same or equal arcs, 
are equal. 






Fig. 39s. 

C(tr, 2. Of angles inscribed in the same or equaLcircles : (174) 
1^. An angle subtended by an arc less than a semi- (jig* 99s.) 

circumference is less than a right angle ; 
^. An angle subtended by an arc greater than a (fig. 30||.) 

semicircumference is greater than a right angle ; 



3^. An angle subtended by a semicircumference 
is a right angle. 



Fig. 39s. 
Cor. 3. The sum of the opposite angles of a quadrilate- (175) 
ral inscribed in a circle is equal to two right angles. (fig* 3^) 

Cor, 4. A Secant line is always oblique to the diameter (176) 
drawn through either point, in which it cuts the circumference ; 
and, conversely, a line drawn through the extremity of a diameter, 
and oblique to it, is a secant line, or cuts the circle. 

For, let SS' be any secant line. Cutting the cir- 
cumference in any points A, X, and draw the diame- 
ter AB ; then the z BAX is <[ l. , being measured 
by the arc BX < semicircumference. ConTCrsely, 
let the line SAS' be oblique to the diameter AB, 
and suppose that BAS' is the acute angle, then will 
SS' cut the circle. For, lake the point X in the Fig. 394* 
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semicircumfereDce on the iunc side of the diameter AB with the 
SDgle BAS', BO that the angle BAX shall be equal to the an^fle 
BAS', which ro&y always be done, since, br taking the point X 
nearer and nearer lo A, the angle BAX may be made any wbat* 
ever less than a right angle ; then will the line AX coincide with 
the line AS', and the point X will be a point of the line AS', 
Therefore AS' will cut the circumference a second time in X, and 
be secant to the circle. 

Cor, 5. A Tangent, that is a line which touches a circle (177) 
without cutting it, is at right angles to the diameter drawn through 
the point of tangency, and the converse. 

Let TAT' be tangent to the circle at A ; 
then will TT' be perpendicular to the diameter 
AB; for, if TAT were oblique to AB, it 
would be a secant line (176). Again, let TAT' 
be perpendicular to AB, then is TT' tangent 
to the circle ; for, if AT were a secant, then 
would ^ BAT < ^ , whi<^ is contrary to the 
hypothesis. 

Illustration. Imagine a line to reTolre about a 
point in the circumference of a circle, there will 
be hut one position in which it will be a tangent, or 
in which it will not cut the circle. 

Kg. S9.. 

Cor. 6. The angle farmed by a tangent and secant is (178) 
measured by half the included arc. 

For the z BAT, = >- , is measured by i arc BXA, {fig. 39^) 
and / BAX is measured by i arc BX ; 

.'■[ — ] / XAT is measured by i arc XA. 



PROPOSITION IIL 

The angle formed hy the intersection of two secant (179) 
tines is measured hy ike half sum or the half difference of the 
included arcs, according as the point of intersection is within or 
without the circle. 

First, let the lines AY, BZ, intersect in X, a point within the dr- 
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ele ABYZY ; join BT, then the measure of Z BXA » die meas. 
of(BYX+YBX) 

s= the meas. of BYX + oiqim* of YBX, 

s^arc AB + iarc ZY, 

ss ^ (arc AB + arc Z Y). 

Now let the point X glide along the 
line BXZX' until it take up a position 
X' without the circle ; as a consequence pig. 40. 

of this motion of X, the arc ZY will diminish, vauish, and finaUy re* 
appear - measured in the opposite direction from Z, as Z Y^ But 
this diminution of the arc ZY may be regarded as produced by 
subtracting from ZY, a quantity greater than itself; therefore, the 
remainder ZY' must be a minus quantity, ZY being plus : 

Thus ZY' + Z Y = YY', .-. ZY' = Y Y' - Z Y, 

or -ZY'=ZY-YY'. 

Whence the measure of Z BX'A = i (arc AB — arc ZY'). 

Q.E. D. 

Remark, The second part of the demonstration may be made 
independently by joining AZ ; for the measure of / BX'A = meas. 
of (BZA - X'AZ) = i (AB - ZY') ; but it is important to arrive at 
a principle by the aid of which we may be enabled, as above, to 
comprehend the mutual decadencies of all the particular cases of 
a general proposition. 

PRINCIPIE.— VhencTer a Geometrical Hagnitnde aid its Algebni- (180) 
eal Repreientattoii can be made, by COHTINUOUS Diminntloii, to pass throngh 
the value nothin;, ami, by the same '' law of Continiiity," to re-appear— tfeei 
will the Geometrieal Hagnitnde be opposite in position, and its Algebraieal le- 
pmentatioa be afheted ty the eontrary sip. 

For it is evident that the magnitude, whether line, surface, solid 
or angle, on passing through " zero, will change direction, and it is 
equally obvious, from the theory of algebra, that any algebraical 
expression, as a — 6, by which it may be represented, will at the 
same time change from plus to minus or vice versd. 

Scholium, Hence magnitudes, as two lines measured in oppo- 
site directions, are usually affected by contrary signs, but not al- 
ways. Thus, two radii of the same circle, though measured from 
the same point, the centre, in opposite directions, constituting a 
diameter, are not to be regarded the one as -f- fti^d the other as — ; 
since the one cannot be derived from the other by passing through 0« 
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Cor. Parallel lines inUrcept equal arcs ; and, convef^ely* (181) 
lines intercepting equal arcs are parallel. 

For the lines AY' and BZ being parallel, the angle (fig. 40.) 
X = 0, .'. meas. of X' = 0, or i (arc AB — arc « 
ZY) = 0, .-. arc AB = ZY'. 

Again, if AB = ZY' then Z -T = i (arc AB - arc ' ^ 

ZY') = 0, and .-. AY' is parallel to BZ. This 

corollary might have been placed under the pre- Fig. 40s. 
ceding proposition. How ? Join AZ. 



PROPOSITION IV. 

When two hvterBecting lines cut a circle^ the product of (182) 
the segments of the one, included between the point of inter seC' 
tion and the circumference^ is equal to the product of the cor* 
responding segments of the other. 

Let the chords AY, BZ, intersect in X ; join BY, AZ, {fig. 40.) 
then the triangles AXZ, BXY, are equiangular and similar, whence 
the proportion 

AX BX 

and the theorem is proved when the point X of intersection falls 
within the circle. Now let the point X glide along the line 
BXZX' till it takes up a position X' without the circle ; then will 
the segments XY, XZ, decrease, pass the value nothing, and re- 
appear as X'Y', X'Z, measured in the contrary direction ; 

.-. (180), AX . XY = BX . XZ, 
becomes AX' . - XT' = BX' • - X'Z, 

or AX' . XY' = BX' • X Z. Q. E. D. 

Cor. 1; Through three points not in the same straight (183) 
line, a circumference of a circle may be made to pass, and but one. 

Let A, B, Y, be three points not in the same straight (fig. 40.) 
line ; join BY, YA, then draw BX' at pleasure, and make the 
angle YAZ = YBZ ; it follows, from what has been proved, that 
Z will be a point of the circumference. In the same way any 
other point may be found ; therefore the position of the three 
points A, B, Y, determines the positions of all the points of the 
circumference. 

Cor, 2. A straight line cannot cut ibe circumference of a (184) 
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Fig. 40 s. 



circle in more points than two ; since through three points of m 
straight line no circumference can be made to pass. 

Cor. 3. If from anj point without a circle a tangent and (186) 
secant line be drawn, the portion of the tangent intercepted between 
that point and the point of tangency will be a mean proportional 
between the segments of the secant line. 

For, let the points A, Y' approach each other so as to (fiff. 40.) 
become united in ^Ty- ; then will the chord AY' 
vanish, and X' Y'A become a tangent X' ^Ty. ; 
further XT' will = X'A = X' ^Ty. ; 
.-. X'B . X'Z = X'A . X'Y' = X\Ty. . X ^Ty^ 
or X'B : X'^Ty. : : X' ^Ty. : X'Z. 

Cor, 4. From the same point two equal tangents can be (186) 
drawn to a circle. 

[Unite B, Z.] 

Cor. 5. If a line be drawn bisecting the vertical angle (187) 
(a, h) of a triangle, and terminating in the base, the product of the 
oblique sides a, 5, will be equal to the product of the segments m^ 
n, of the base, increased by the square of the bisecting line c. 

Suppose a circle described about the triangle, pro- 
duce the bisecting line c, so as to form the chord 
c + x^ and join the extremities of c + x and b ; then, 
. by similar triangles, we hare 

a _c + x 
T T^' Fig. 404. 




• • 



ab^c* + ex=^ mn + c*. 



PROPOSITION V. 

The continued product of the three sides of any triangle (186) 
is equal to its double area multiplied into the diameter of the cir' 
cumscribing circle. 

Let ABC be any triangle ; suppose a circle cir- 
cumscribed, and draw the diameter BD, also CP 
perpendicular to AB ; then, by similar triangles, 

CPCB AC^CB 




2AABC = CP. AB = 



AB * AC > CB 
BD 



Fig. 41. 



or AB«BC« CA = dA ABCxBD. Q. E. D. 
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PROPOSITION VI. 

To fsid the EquaUan of the Circle referred to Rectangular 
Coordinates, . 

Let OX, OY, be two lines, intenecting each 
other at right angles in O ; also let o, situated at 
the distance b from OX and a from OY, be the 
centre of any circle ; further, let P be any point of 
the circumference, distant from OX and OY by 
Ihe variable lines y and x ; then will the radius, r, 
be the hypothenuse of a right angled triangle, of which the base 
will he x — Of and the perpendicular if—b^ whence 

The Equation of the Circle 

u (y - i)* + (^ - «)* =* rK (189) 

Scholium. The Tariables x^ y, are called Coordinates of the 
point, P, or of the circumference, when spoken of together ; when 
one is to be distinguished from the other, y is denominated the 
ordinate and x the abscissa ; OX, OY, are called the axes of co* 
ordinates, OX is the axis of x, OY that of y — O is their origin. 

If the centre o of the circle be on OX, the axis of or, 6 = 0, and 
the equation (189) becomes 

y« + (a? - a)» :^ r«. (190) 




Fig. 42s. 

If, in addition to & == 0, we make a = 0, the centre, o, will be 
transported to the origin, O, and the equation becomes 

y« + a:a=r«. (191) 

Y 

Resolying (191) in reference to y, we find two 

equal values of y for every value of x^ 
y = =b (r* — x*)"*, 

i. e. y = + (r* — a:*)*, or y = - (r» — j?«)+. ^ 

Fig. 42s. 
Now, if we diminish the arc AD, its ordinate AB = y diminishes 

also, and becomes = when AD = Q; finally AD reappearing 
as A'D measured in the opposite direction, its ordinate A'B reap- 
pears, likewise measured in the opposite direction from B, and 
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b therefore » — y^ according to the principle laid down in (180)* 
Whence, 

Cor, 1. The circle is perfect«y symmetrical, any diameter, (1%) 
as DD'ybisecting all the chords to which it b perpendicular [ji^. 42,}«, 

Cor. 2. The perpendicular which bisects a chord passes (193) 
through the centre of the circle and Insects the are* 

Cor. Z. The greater chord is less distant from the centre, (IM) 
since the semichord y increases as x diminishes ; and the diameter 
is, therefore, the greatest straight line that can be drawn in a cir^e. 

By comparing equations (189), (190), (191), with the figures 
(42), (42^), (42j), which illustrate them, it is obrious that the co- 
ordinates y, or, represent, in general, totally different quantities in 
these different forms, so that one cannot be combined with another, 
as in ordinary algebraical operattona* But if the circles intersect, 
as in figure 42i|, then the point of intersection, I, being the same 
for both circumfer^ces, the coordinates of this point, yj, x^ will 
satisfy the equations of both cirdes, «nd firom (191) and (190) de- 
noting the different radii by r, r„ we have 

y,*+ar4» = rS 
y' + (a?i-fl)'«rs*; 
whence 2aXi ~~a* ^r^ — r^K 

Resolving the last equation in reference to a, we find 

a = Xi± {Xi* + ra" — r»)*5 
whence, for any compatible values of Xj, rg, r, we find two values 
for the distance of the centres, a ; or, for any given radii and a giv- 
en chord, the circles can be made to intersect in two ways. 

If rs<r, the values of a will be both -|-, the one greater than 
X0 the other less, and the centres will be 



on opposite sides of the ordinate, yi. 




Fig. 424. 



or on the same side, accordingly. 




Fig,Ut. 
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If r» > r, the values 
of a will be. 



one plus, 



"as rep. in 



>< 




Fig. 426. 



the other 
(.minus; . 



and 




Fig.42T. 
If we take — Xi instead of + jt,, a = ar^ =b (x^+ra*— r*)^ 

becomes a = ~ a?, ± (ari'+r,*— r')*, or — a = or, :p (z,* + r^* — r") * ; 
whence we have the same constructions orer again, only on the op- 
posite side of the origin* 

If we substitute the value of ar = — -—: ^, in y^" + r,* = r*, 



2a 



wefindy, = i:[r«-(- 



+ r' — fa' 



2a 



)•]*■ 



whence it follows that the circumferences intersect in two points, 
I, I', equally distant from the middle, B, of their common chord ; 
and .*. that, as long as yi has a real value, the triangle OIo must be 
possible. From what has been demonstrated, we have the follow- 
ing corollaries : 

Cor. 4. Two circlet of given radii will have for a com- (196) 
mon chord four positions of intersection. , 




Fig. 428. 

Cor, 5. The line joining the centres of intersecting cir* (196) 
cles, is perpen&ular to, and bisects their common 
chords. 




Fig. 42t. 
Cor. 0« In order that two circles intersect, of the three (197) 
quantities, their radii and the distance of their centres, any two 
must be greater than the third. 

Cor. 7. The distance of the centres of two tangent eir- (IdB) 
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cIm, is eqaal to the sum or difference of their radii, 
according as they touch eztornally or intomally. 



Wig.42w 

Cor. 8. The line joining the centres of tangent circles, (199) 
passes through the point of tangency, and the converse. Ififf* 42|o.] 



EXKRCISBS. 

1^. What is the greatest triangle that can he inscribed in a semi- 
circle ? Ans, An isosceles triangle, standing upon the diameter. 

2^. What is the greatest rectangle that can be inscribed in a given 
circle T A719, A square. 

3^. What is the maximum triangle that can be inscribed in a 
given circle and standing on its radius T 

An9. A triangle right angled at the centre. 
Y A^ , •'^•^^^ 4°. How many boards 16 inches wide and an inch thick can be 
ll t) ' '\\ cut from a log 20 inches in diameter? Ans, 5 ^7. 

5^. What must be the diameter of a water wheel to fit an apron 
2a feet across and h feet deep t 

6^. How much must a plank be cut out to make a felly 1 ft. 
6 in. long to a wheel 6 ft. in diameter, the measures being taken on 
the inside T 

7^. What is the radius of the largest circle that can be cut from 
a triangular plate of silver, measuring 2*3, 3, 3*6 inches on its sides ! 

8^. Three brothers, residing at the several distances of 10, II, 
12. chains from each other, are to dig a well which shall be equally 
distant from them all. What must be that distance ? 

9^. The diameters of the fore and hind wheels of a carriage are 
4 and 6 feet, and the distance of their centres 6 feet. At what 
point will a line joining these centres intersect the ground, sup* 
posed to be a plane t 

10°. There are two wheels situated in the same vertical plane, 
and their centres in the same vertical line ; the largest, the centre 
of which is 10 feet below the floor, is 8 feet in diameter, and the 
smaller, ^e centre of which is 6 feet above the floor, is one foot in 
diameter. Where must we cut through the floor for the passage 
of the strap that is to embrace the wheels 9 

11°. The same as in the above, except that the strap is to cross 
between the wheels. 
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12^. The same conditions as in 10°, except that the centre of ihe 
lower wheel is 4 feet from the plumb line dropped from the centre 
of the wheel aboFC the floor. 

13°. It is required to construct three equal friction wheels to run 
tangent to each oth^r and to an axle two inches in diameter. What 
must be their common radius, and what the radius of the circular 
bed cut for them in the centre of a wheel ! 

14°. If the top-masts of two ships, liaving elevations of 00 and 
100 feet above the level of the sea, are seen from each other at the 
distance of 25^7 xbiles, what is the diameter of the earth ? 

15°. How far can the Peak of Teneriflib be seen at sea ? 

16°. How far will a water level Ml away from a horizontal line, 
sighted at one end in a distance of one mile, the diameter of the 
earth being estimated at 7,960 miles 1 

17°.* If AC, one of the sides of an equilateral triangle ABC, be 
produced to E, so that CE shall be equal to AC ; and if EIB be 
drawn and produced till it meets in D, a line drawn from A at right 
angles to AC ; then DB will be equal to thd radius of the circle 
described about the triangle. 

18^. If an angle B of any triangle ABC, be bisected by the 
straight line BD, which also cuts the side AC in D, and if from 
the centre A with the radius AD, a circle be described, cutting BD 
or BD produced in £; then^ BE : BD : : AD : CD. 

19°. Let ABC be a triangle right angled at B ; from A draw AD 
parallel to BC, and meeting in D, a line drawn from B at right 
angles to AC ; about the triangle ADC describe a circle, and let E 
be the point in which its circumference cuts the line AB or AB pro- 
duced ; then AD, AB, BC, AIS, are in continued proportion. 

20°. Let ABC be a circle, whose diameter is AB ; and from D 
any point in AB produced, draw DC touching the circle in C, and 
DEF any line cutting it in E and F ; again, draw from C a perpen- 
dicular to AB, cutting EF in H ; then, 

ED» : CD« : : EH : FH. 

21°. Let ABC be a circle, and from D, a point without it, let 
three straight lines be drawn in the following manner : DA touch- 
ing the circle in A, DBC cutting it in B and C, and DEF cutting it 
in E and F ; bisect the chord BC in H, draw AH, and produce it 
till it meets the circumference in K ; draw also KE and KF cut- 
ting BC in G and L. The lines HG and llL are equal. 

* *' Prize Problems," Yale CoUege, 1840 
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SECTION SECOND. 

De/. 1. An ellipse is a plane cnnre deacrjS>ed by the intersection 
of two radii, varying in such manner as to preserve in sum the 
same constant quantity, while they reTolve about two fixed points 
as centres. 

PROPOSITION L 



int of the curve, *^>|^ 

iction of the vari- ^i^i^'^'^jlvBi 

», which are equal ^ ^^^"^'''^ | T 

quantity, 2a, and yi c T ^c — i 



To find the Equation of the Ellipse. 

Let P be any point of the curve, 
formed by the intersection 
able radii a + Ut a — u, 
in sum to a constant 
which revolve about two fixed points. Fig. 43. 

F, V\ distant from each other by the line 2c. Take the middle 
point between F, P', for the origin of rectanguls^r coordinates, 
the line passing through F, F', being the axis of X. There 
results, • 

(a + «)« = y« + (c + ar)« 
and (a — «)• = y* + (c — ar)* ; 

••• [+1 a« + tt* = y« + c« + x% 

c 
or « s= — • a? ; 

a 

c* 

tt* + — 5 • a?*=sa* + i»* = y* + c*+:p*, 

or a'a* + c'a:* = a'y^ + a^c* + a^x* ; 

ay + (a* - c«)a:« = a«(a' - 0» (300) 

the equation of the ellipse. 

Notv', it is obvious that, if the curve cuts the axis of x, y for that 
point will be reduced to nothing ; therefore, if we make y = 0, and 
denote by Xy.o what x becomes for this value of y, we have (200) 

a^ . 0* + (fl''-c>J.o = «'(«*- <^) 5 

oTy _ = =^ <* 5 hence 
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Cor. 1. The elMpse cuts the axis of abscusas at equal (2D1) 

distances on the right and left of the origin, which .m* x "X i 

distance = a. ^ ^T^f* 

Fig. 43 s. 

When x =s 0, the curve cuts the axis of y, but this condition 
gives (200) 

yt~o='^(^^<^) J hence. 
Cor. 2. The ellipse cuts the axis of ordinates at equal (202) 
distances above and below the origin, which distance, de- 4T 
noted by 

6, =(a«-c^i 




Def. 2. The line MON = 2a, is denominated 
the Major Axis or the Conjugate Diameter^ 
and passes through the Foci,* F, F' ; the. line 
POQ = 26, is the Minor Axis or the Trans- 
verse Diameter^ being perpendicular to the for- 
mer, [b can never > than a.] »«• «• 

If in (200) we substitute &' for (a* — c'), the equation of the el- 
lipse becomes 

where the constants are the semimajor and semiminor axes. 

Cor. 3. The ellipse is symmetrical in reference to both (204) 
axes ; since, 

For every value of ar, whether + or — , 

ft* 1 

we have y = :fc (6* • ^r*)"*, two equal values 

of y, one + , the other — ; 

and, for every value of y, whether + y or — y^ 




Fig. 435. 



a' 




we have ar = :t (a' — -^ • y*)"*, two equal values 

of Xi one 4-9 the other -^ ; hence, Fig. 436. 

Cor. 4. The major axis bisects all chords parallel to the (205) 
minor, and the minor axis bisects all chords parallel to the major. 

Cor. 5. The origin bisects all chords drawn through it, (206) 



* Foci, plurai of focus, firo-plftoe. 



m 
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and is, oonaeqneiitly, di0 Centre of the Ellipse ; 
therefore these cherds are 
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Cor. 6. Diameters, equally inclined to the major axis, (907) 
are equal ; and the converse. 

Cor, 7. Any ordinate of the ellipse is to the correspond- (206) 
ing ordinate of the circle, described on the major axis, as die semi- 
minor axis is to the semimajor, 

For let y, Y, be corresponding ordinates of the 
ellipse and circle ; we hare (903) 

8iui(T) ¥» = «*-»•; 




(910) 



Cor, 8. The circle, described on the major axis, cinmm* 
scribes the ellipse. Hence, 

Cor. 9. The angle embraced by chords, drawn from any 
point of the ellipse to the extremities of the major axis, 
is obtuse. 

[How ?J Pig. 43.. 

Cor, 10. Any abscissa of the ellipse is to the correspond- (211) 
ing abscissa of the circle described on the minor axis, as the semi- 
major axis to the semiminor. 

For, we have 




and 




• • 



:p : X : : a : 5. Fig- 43io. 

Cor, 11. The circle described on the minor axis is in- (212) 
scribed in the ellipse. 

Cor. 12. The angle embraced by chords drawn from any (213) 
point of the ellipse to the extremities of the minor axis, is acute. 

Def. 3. The double ordinate drawn through the focus, is denom- 
inated the Parameter of the major axis, and sometimes the Lotus 
Rectum, 

To find the parameter we have only to make 2r = c in (200) ; 
whence there results 



or 
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.-. Paraflieter = %.. = 3.— J— = — = — = ^; 

or 2a : 2b : :.2b : Parameter; i. e. 

Cor. 13. The Param^^r is a third proportional to the (214) 
major and minor axes. 

Putting the parameter » p, and substituting in (209) we get 

y* = |i(<»*-a:«), (816) 

for the equation of the ellipse, in terms of the parameter and semi* 
major axis. 
We may transform (200) into 

a«y« => (4* — c*) (e* — «•)» 

3r^.(l-.-i;)(a«-:r-), 
or y« = (1 - e«) («• - ««), (216) 

putting e = — . (217) 

De/. 4. We call e the JSccen^Wctty beeause it represses the 
ratio of the distance, c, of the focus from the centre to the semi- 
major axis, and thus determines the form of the ellipse, as round 
or flat. When the eccentricity is = 0, the ellipse becomes a circle. 
Equation (216) is that of the ellipse, referred to its eccentricity 
and semimajor axis, and is convenient in astronomy. 

It is sometimes desirable to have the equation of the ellipse, 
when the leA hand extremity of the major axis 
is made the origin of abscissas. In order to 
this, we have only to substitute x^a instead of 
X in (203), as the new x exceeds the old by a, y 
remaining the same ; which done, Hkere resnlta, ^* 

y« = ~ (2ax - X*). (218) 

The origin m\^ be transported to any other point, either in the 
curve or elsewhere, by changing the value of y as well as that 
of X, 

Scholium. It is easy to show that any equation referred to rect* 
angular coordinates, and of the form 

py* + qx* = r, 
is the equation of an ellipse ; for we have 
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r r 

T T 

which will agree with (203), hj putting 

P 9 



or 



by finding 6«v(|-).« = v(f). 




PROPOSITION U. 

A tangent to the Ellipse makes equal angles vnth the (219) 
lines joining the foci and the po'int of tangency. 

Let P be any point of the ellipse, through which 
the line PTR is drawn so as to maiee the angles 
FPU, FTF, equal ; then wUI FPB be tangent at the 
point P. For, producing FT to Q, and making 
PQ = PF,wehave ^'^' 

FF + FQ>FP + PQ=:FT + PF. 

Now, if PTR be not a tangent, let the second point, in which it 
cuts the curve, be P', which we are at liberty to suppose, since F 
may be any point of FPR ; then the definition of the ellipse gives 

FT' + P F = FT + PF, which is less than FT' + P'Q ; 
/. P F < P Q, and .-. / PPF < PPQ, or FPR > QPR = F'PP , 

which is contrary to the hypothesis ; hence, so long as the I FPR 
= FTP', the line PTR cannot cut the ellipse, and is tangent to it. 
Q. £. D. 

Scholium. It is on this account that F, F', are called the Foci of 
the ellipse ; since, from the principle of light and heat, that the 
angle of reflection is equal to the angle of incidence, if the curve 
were a polished metallic hoop, and a flame placed at F, the rays, 
reflected from all points of the ellipse, would pass through F'. 

Cor. 1. The tangents drawn through opposite extremities (230) 
of any diameter, are parallel. 
[See (206), (99).] 




Fig. 448. 
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Cor. 2. A paraDelogram circumscribing an ellipse will be (221) 
formed by drawing tangents through the opposite extremities of 
any two diameters. 

Cor» 3. The tangents drawn through the extremities of (222) 
the axes are at right angles to them, and the circum- fT^'n"^^^ 
scribing figure becomes a rectangle. -A 




Fig.44». 

Cot, 4. The Normal^ or line drawn through the point (223) 
of tangency perpendicular to the tangent, bisects the an- 
gle embraced by the lines drawn from the point of tangency 
to the foci. ^' **«• 

Cor. 6. The axes are normal to the tangents drawn through (224) 
their extremities. 




PROPOSITION ni. 



To find where the normal intersects the axis of abscissas. 

Let TX« =: n be the normal, intersecting the axis 
of X in X«; from (142) we have the proportion 




X,F' TF' c+x. o+tt'*^ g -H. « 

2j7 2i£ c 

.'. (40, 3°), :^ == s- »•*•*«*—• *» ^^ which, substituting the 
'2c 2a a 

Talue of If, = — • x^ found under Prop. I., we hare 

a • ^ 

c* 
OX, = jr, = -- • ar, the point required. (226) 

We observe that when c becomes = 0, .^. I = -^ • a; I 

becomes = 0, and .*. the normal passes through the centre, O, as it 
ought to do, since the ellipse becomes then a circle described with 
the radius a. We have 

Subnormal = XX, = OX - OX, = X"X^ (226) 

C' fl» — c 



a* a* 



i« — c* ft« sJF 



i 



We h.n (1»), ^^^ 



n 
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Subtangent [= XX J Ordinate [TX] 

Ordinate [TX] " Snbnonnal [XX.] ' 
o L* * (Ordinate)* TX« ,^,^^ 



Subnormal XX. 
y« a«^ ' «• — *« 



s 




a* a* 

We obaerre here that the aiibtangent fo independent of the value 
of ft; tfierefore, 

CoTn If upon the eame major azis^ anj number of ellipses (^228)^ 
of different breadths, and also a circle be described, 
then their tangents, drawn to the same abscissa wilt 
intersect the axis of x in the same point ^ „, \J^ 

SXBKGISBS* 

1^. Prove that if two points of a straight line glide along two 
other lines intersecting at right angles, any third point of the first 
line will describe an dlipse. 

2^* The equation of an elUpee refenred to rectangular coor- 
dinates is 

Required the distance from the origin to the point in which the 
normal -cutu the axis of Xj the abscissa of the point of tangency 
being Xt^l. 

3°. Where does the normal in 2° cut the axis of y T 

49, Required the subtangent in 2^. 

6^. Required the length of tangent in 2^ intercepted by the axes 
of coordinates. 

6°. How far distant from the centre are the foci in 2^ T 

7°. What is the eccentricity in 2^ ? 

8^. Required the parameter in 2°. 

9^. It is required m 2^ to transfer the origin to a point in the 
ellipse, the abscissa of which shall be 2r = 1*2, the new axes being 
parallel to the old. 

Tliis will be done by substituting for y and x, y + yi and x+ Xi 
= r + 1*2, and observing that 

9yi» + 42ri» = 36, or 9y,« +4 • 1«2^ = 36. 

10^ Given 9y« - 90^ +4x« + 66a: + 386 = 0, the equation of a 



s 
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carve referred to rectangular coordinates ; it is required to ascertain 
whether the curve be an ellipse. 

Substitute for y» y + yi and for x^ x-\-Xi\ find the coefficients of 
the first power of y and the first power of x in the new equation, and 
put these co6filcients separately = 0, from which deduce the values 
of ^1, Xi. The resulting equation will be found to be 9y* -}- ^* ^ 36. 

IP. According to Sir John F. W. Herschel, the equatorial di- 
ameter of the earth is 792&*648 miles, and its polar diameter 
7899470 miles. The situiUion of a plaee in north latitude is such 
that a perpendicular droj^ed upon the earth's axis will intersect it 
at th^ distance of S456 miles from the centre. Required the point 
in which the direction of a plumb line suspended at the place, will 
cut the axis of the ^arth ; the meridian being regarded as an^ellipse 
and the plumb as perpendicular to the surface of still water. 



SECTION TfflRD. 

Vke B[jrp«rl»ol«« 



Definition. A Hyperbola ia a plane curve described by the inter- 
section of two radii varying in such manner as to preserve in dif- 
ferent the same constant quantity, while they revolve about two 
fixed points as centres. 

Ordering all things as for the equation of the el- "yL^ 

lipse, except that the radii are to be denoted hju-^-a^ l Prr\\'^ 
u-a,wefind -^^^ 

a V - ***■ ^ - tt*^» (229) 

for the equation of the hyperbola. 

The properties of the hyperbola are obviously analogous to those 
of the ellipse. The student will exercise himself in ascertaining 
them. 

It has been remarked that the equation of the ellipse, a*y' + h^x^ 
=s fl*6*, becomes that of the circle, y' -f- ar* = a*, by making ft == d ; 
so the equation of the hyperbola becomes y^ — x^ — — a*, by put- 
ting ft = a, an equation much resembling that of the circle ; hence, 
the curve whidi it represents, the Equilateral Hyperbola, pos- 
sesses properties analogous to those of ^e circle. 



SECTION FOURTH. 



Tke Parabola. 



Definition. The Parabola is a plane cnrre, sncti that any one of 
its points is equally distant from a fixed point and a line given in 
position, whidi line is denominated the Directrix. 




(330) 



PROPOSITION I. 

To find the Equation of the Parabola. 

Take the directrix, D, for the axis of y, and for "j 
the axis of x the perpendicular to D, drawn 
through the fixed point, F, whose distance from D 
we will indicate by p. Then, by the definition, 
P representing any point of the curve, we hare 

y* =: %px — p\ 
is an equation of the parabola. 

If in this equation we make y = for the purpose of finding 
where the cunre cuts the axis of jr, there results | . 

.'. Cor, 1. The Parabola cuts the axis of x midway be- (231) 
tween the fixed point F and the directrix. 



In order to transport the origin to this point, 
we have only to substitute in (230) for x^x+^p^ 
doing which, there results 




y' = 2par, 



Fig. 478. 



(232) 
the equation of the parabola. 

Here we observe that as x increases y increases, and that with- 
out limit, and for every value of x there results two equal values of 
y ; also, x does not admit of any minus value, since in that case 

y, [ s= ( — x)i], would be imaginary ; hence. 
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Cor, % The parabola opens indefinitely to the right in (233) 
two symmetrical branches, but, unlike the Hyperbola, has no 
branch on the left of the origin. 



PROPOSITION II. 

To draw a tangent to the Parabola. 

Let PP, be any curve, cut by the 
line PsPX^ intersecting the axis of 
ar in X« ; then, denoting the coordi- 
nates of the point P by y, x, and of ^k 
Pa hy y + *f iF+ Aj we hare ■*•• 




Fig. 48. 



—J—^!L. /5S4V 

subsecant X,Xy A v . / 

Now it is obvious, that, if the point P, be made to approach the 
point P until the two coincide, the line PsPX, will cease to be a 
secant, and consequently become a tangent at the point P. To 
effect this we have only to make Jt^ 

h diminish till A » 0, and .\ A; = ; 



indicating what the ratio -jr-be- 



comes under this condition, by in* ~^ 



eluding -~- in brackets, we hare 
h 




Flg.48t. 



eX^^LAj' 



_ (234b) 

subtangent.XfXy LA J' 

where the value I -rr- j is to be drawn from the equation of Ihe 
curve. 

Applying this process to the parabola, we have 

y* = 2px — p\ 
and (y + *)' = 2p(ar-|- A) -p« ; 

{y + ky-f^M^ + h)^2px, 

or 2yA: + ifc«=2pA; 

which substituted in (234,) gives 

BUbtangent y * 



> 



ttu 
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•ubtangent s -^ . 
But we have in all cases 



subnormal XyX, 



subtangent * 



(235) 
(236) 



for the parabola we find 

subnormal XJL 



y* 



subt. 



(237) 



Whence we hare 

butFP = ar, .% FX,= FP, 
.-. z FX„F = FPX, ; 

therefore, if we draw a line PX^ paraUel 




%r^ 



3^ » 

Fig. 48t. 

to the axis of ri the angle X^PX, =» X.PF. It follows that all rays 
of light or heat, or of sound, parallel to the axis of Ae parabola, 
will be collected in F. Hence F is denominated the Focus of the 
parabola. 

Cor. 1. The points where the normal intersects the para- (238) 
bola and its axis, are equally distant from the focus, and the nor- 
mal is consequently equally inclined to the axis and to the radius 
vector, terminating in the same point of the cunre ; •*. 

Cor. %, The tangent makes equal angles with the axis (239) 
and the line joining the point of tangency and the focus. 
In equation (232) the abscissa of the focus is ip ; 

Parameter = %_ ^^ = 2p. (5M0) 

Scholium L The metfiod here employed for drawing a tangent 
to the parabola is obviously applicable to all curves ; and it is reeom* 
mended to the student to make himself familiar with it by drawing 
tangents to the circle, ellipse and hyperbola, and to verify his re- 
sults by the properties already demonstrated in regard to these 
curves. 

Scholium 11, We must not pass unnoticed the remarkable symbol, 
by which we have readily arrived at important relations. Since in 

I I we have reduced both h and k to zero, it is natural to regard 

this expression as equivalent to -g- , and this in itself, abstractly con- 
sidered, has no meaning at all, for to it we cannot attach any idea 
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independent of its origin. But to regard the symbol [ -jt I ^^ ^^^' 

titute of signification, or not indeed as possessing an important 
one, would be to attribute to it an altogether erroneous interpreta- 
tion. In truth, it not only indicates a quantity, but that quantity as 
evolved, by a peculiar operation, from specific conditions. 

The symbol [A] signifies. 

1°. There are two quantities which are regarded as variable, y 
and X* 

2°, y is regarded as depending upon x. 

3°. Increments [increases], k and hy are given to these vari- 
ables, y, ar. 

4^. The ratio, -j- , of the increment of y to that of jt is found. 

6^, That particular value, X-r- L of this ratio is taken, which is 
obtained by diminishing A, and consequently A:, to zero. 

It is also to be observed that the ratio, V-j- |, will generally it- 
self be a variable quantity. Indeed, in this particular case of a 

tangent to the parabola, we have I -r- = -^ » which may vary from 

"^-K = infinity to . ^ . = 0. In the next book we shall 

y = ^ y = infinity 

give the symbol, I x I « ^ name, and a forther investigation. 



PROPOSITION III. 

If a curve he suck that the distance of any point of (941) 
it to a point, fixed in space shall hear a constant ratio, e, to the 
distance of the same point of the curve to a given line or Direc- 
triXfthen will the curve he either the Ellipse, Hyperhola or Par- 
ahola, according as the ratio, e, is less than, greater than, or 

equal to unity, [e i 1]. 



1«6 



OENSRAL BQVATION. 




Let the fixed line or directrix be the axis of th 
y, and the perpendicular to it drawn through the 
fixed point F, the axis of x, and let the distance 
of F from the origin be denoted by d ; there re- 
sults, ' 

y* + (<i — ar)* = jzr* s= c»x*, since -^ = c, by hypothesis ; 

■fc 

.•. y* + (1 — e*)x» - 2<Lr + 1£« = 0, which becomes at once 
y» = 2dz - d\ 

the equation of the parabola, when e = 1, or (1 -- e*) = 0. In order 
to make the term 2dx^ affected by the first power of 
Xf disappear, we will transport the origin to the 
right a distance = m, so that we shall have x + m 
instead of r, 

.-. y* + (l-e*){x + my-'2d{x+m) + d*^0, 
or y« + (l-e»)j:« + [(l-c«).aiii-2flx+(l ' FJg.49«. 

- e»)/ii« - 2dm + d« =« 0, 

from which, attributing such a value to m as to make the term af- 
fected by Che first power of x disappear, we have 

and y« + (l-Oa:« + (l~c")m«-2<fi» + cI» = 0; 

whence, dominating m, there results 

e^d* 



£ 



*^<^ 



or 



e«d« 



+ 



c«rf« 



= 1. 



l-c« (l-e»)« 

V* X 

which is (1^) the equation of an ellipse ts + ~t = 1* 

0* Or 

v' X^ 
or (2°) the equation of a hyperbola, -^+~i= If 

according as 1 — e* is +, or — ^ that is, « < 1, or c > 1. Q. E. D. 

Scholium, It is to be observed that the Ellipse, Circle, Hyper- 
bola, and Parabola may be represented by the same geiferal equa- 
tion, and are therefore to be regarded as nothing more than species 
of the same curve. 
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EXEECISE8. 



1^. From the top of a tower 48 feet high, a cannon ball is fired 
in a horizontal direction with a velocity of 1000 feet per second. 
Required the distance from the foot of the tower where the ball will 
strike the horizontal plane on which it stands ; no allowance being 
made for atmospheric resistance, and the vertical descent being in 
the times 1, 2, 3, i&c., secqnds, 1* • (16^)\ 2^ • {l^), 2"^ • (l&i^), 
6c4i., feet 

2^. To transport the origin to a point of the Parabola, the new 
axes being parallel to the old. 

Let b, a, be the coordinates of the new origin re- 



7r 

a 



ferred to the old axes ; we have 

but b* = ^a ; 

y* + 36y = 2px, is the equation required. ^^- ^^ 

3^. To ascertain whether a board cut from a log next the roots 
without having been squared, may be regarded as an inverted par- 
abola. 

Let the middle line of the board be taken for the "^ 
axis of X and the broader end for the axis of y ; ^ " 
the preceding problem gives us U^ 

(c-y)« + 26(c-y) = 2pir, ^ _ <^ 

where there are three constants, &, c, /?, to be de- ^ 
termined, one of which, c = half the width of the ^^' ^^* 
broader end, may be «upposed known. We must therefore deter- 
mine the values of b and p from values of x and y taken in two dif- 
ferent places, and then see if b and p remain the same, or. nearly 
the same, for measures taken throughout the length of the board. 

4°. The length of a board, of the form given in 3°, is 8 feet, the 
ends are 4 and 2*4 ft. broad, and the breadth of the middle is 3 ft. 
Required the equation of its edge, the axes of codrdinates being 
as in the last. Ans. (2 — y)« + '7(2 — y) = 'Ibx, 

or. y3 — 4*7y = «16ar — 5*4. 

5°. It is required to form a gauge by which to turn a parabolic 
mirror 18 inches in diameter, and having a focal distance of 10 
inches, measuring from the diameter. Required the depth of the 
mirror and its equation. ^ 

Ans. Depth = 1'7268. Equation, y« == 46*9072 . x. 
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6°. Fold the lower corner of the left hand page, so as to make 
the area of the folded part constantly equal to a given square (a') 
the side of which is a ; and find the locus of the corner, or the 
curve in which it is constantly situated. 

If we take the position of the comer before folding for the origin 
of coordinates and the two edges of the leaf for the axes, we shall 
find 

(y» + jr*)»«2(aa)V. 
for the equation sought ; from which it appears that the ciirve is 
symmetrical in reference to the axes or edges of the leaf^ and that 
it begins and ends at the origin, since x^O gives y^O. 



PART SECONIX 

ANALYTICAL FUNCTIONS, PLANE TRIGONOMETRY, 

AND SURVEYING. 
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ANALYTICAL FUNCTIONS. 



SECTION FIRaT- 

PrimittT« and Deii^atl^e Fnnettont mt thm F*nn ^ 

Definition 1. When one quantity depends upon another, so that 
the first yaries constantly hy a continuous change of value in the 
second, the first is said to he a Function of the second. The first 
is also called the function and the second the independent variable. 

Thus, in the equation of the parahola, y* = S*px, y is a function 
of :r, or y is the function and x the variahle. 

Def. 2. An increasing function is one which increases when the 
▼ariahle increases, and a decreasing function is such that it de- 
creases when an increment is given to the independent variahle. 
Thus, in the equation y^ = 2p:r, y is an increasing function of r, 

but in the equation of the ellipse, y* = — - (a* — 2:*), y is a decreas- 
ing function. 

Def, 3. An explicit function is one in which the value of the 
function is developed or expressed ; an implicit function is one in 

which the value of the function is implied. Thus y = (2p)^ • :r% 
is an explicit function ; and y is an implicit flinction of x^ or x an 
implicit function of y, in the equation a*y* + h^s^ = a%'. 

As it is useful to denote quantities and their combinations by let- 
ters and signs, so it will be found advantageous to indicate differ- 
ent functions by appropriate symbols. The letters /, F ; /i, JPi, 
&c. ; /', f, ft'C, as well as others derived from the Greek alpha- 
bet, such as ^ (phi), ^ (psi), are employed for this purpose. Thus 
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fx signifies, not that /is multiplied into x, but that some opermtioD 
is to be performed upon x^ such as squaring it, taking its square 
root, &rC., in which case we hsTe/r = 3?^ oxfx == ^x^ &c. ; fx wiD 
signify a different function or operation from /i x^ and the distinc- 
tion in reading will be, the /function of x, the /sub one function 
of X. Further, the small letters ipay be used to express known re- 
lations, while the capitals denote unknown functions. 

The letter A will always be employed to denote the Increment or 
increase of the independent Tariable x, while J^ will as constantly 
indicate the consequent increment of the function y. 

Def, 4. The Derivative of a function, or the Derived Function^ 
or simply the Deriyatits, is the function obtained by taking that 
particular value of the ratio of the increment of the dependent 
Tariable to that of the* independent when the latter reduces to 
zero. 

Thus, if y=/x=x*, 

then* y + it=(x + A)*=x»+2x*+iP; 

i = 2x*.+ A»; 

^a=9x-f-A; 

and /.I -J- | = 2x, the value of the ratio -r- when A »0 and .^ifc^O^ 

indicated by the brackets [ ], is the derivative of the function x*. 
And, as y is put for the function x*, so it is natural to indicate the 
derived function 2x by y\ which will therefore be read the derivO' 
iive of y — , and we shall write 

The letter/ will be employed for the same purpose, and/'x wiB 
be read the derived function of x. As a further illustration, let us 
take the function 

y=/x = flx* + 6, 
then* y + k =/(x+A) = a(x+A)» + 6 = a(x» + 3x*A + 3xA"4-A»)-f4t 
.-. * =/(x + A) -/x = a(3x«A + 3xA» + A»), 

and *.=-3f±*Iz> = a(3a^ + 3a,A + y); 

■ ■ — ^^»— I I III II ■ I IP I ^ » M«— — « I I »!■■ I ■ M H ^ 

• Increasing xhy k, and, coDsequently, y by k, or changing a; into »4~ ^and 
y into y-|-A;, or, y depending on 2; by a constant law, y-|- iris the samu function 
ofa^ + Athatyisc^a;. 
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It is obvious that y\ f'x, [y ] , r /(^+^)-/^ j , ai^e but different 

expressions for the same thing. Observe further that y\ being 
equal to a • ^^ is also a function of x and its derivative may be 
found ; so that from , 

y' ^f'x a= a • 3«*, 
we have y" ^f'x s a • 3 • 3fl?, 

which is the derivative of y\ or the derivative of the derivative of 
« y, or simply the second derivative of y. In hke manner the third 
derivative of y woold be indicated by y'" orf'Xy the fourth by ^ 
or/% dw^ 

« 

PROPOSITION I. 

To find ike derivative of any function capable of being deveU 
oped in integral odiiHve pov>ers of the variable. 

Let the function be denoted by 

y =/:r = <to + ^i** + fl*P* + (h^* + ••• + a«af + ... . (242) 
Increasing x by h and the function by k, we have 

y+k ^f(x + A) = 0, -f- ai(x + &) ' + ajijc+hy. + ... + fl«(a?+*)"+ ... » 
.-. k =/(z + A) -fx = a,{{x + A)» - or*] + al(x + hy - a:«] + ... 

, k f(x+h)^fx (x + hY'-x^ . (x+ky-'X^ . 
andj = - ^^ ^^' -^ =g^« ^ ^ j^ hfl»* ^ j^ f-... 



but <i±^i:i£!=*.,. 

A A 

(x + kY-x* x*+ftxh-\-h*-x* - , . 

f X 4- hY X* 

go ^ T ^ will be found = 4a:' + -P** where P depends 

upon X and & ; and we are led to infer that 

(x+hy-x'' ^, , ^ 

i — f . ^ « nx^^-^-Xh^ 

n 
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where X is such a function of x and h that Xh shall disappear when 
h is diminished to zero. But to prove this let us put 

ar + A = a, x = 6, and .-. A = a — ft; 

we have (^ + A)^~^' a-^ (£-Jl)»-^ _ a^-J« 
we nave ^ -_, ^ __. 

X -^rrr'*^- — i — "ir^'^ 

so that we fall upon the examples under (16), and we have only to 
solve the problem whether oT — 6" is divisible by a -* &. 
In order to this we execute the multiplication, 

(ft - ft) (a"-^ + a--« 6 + tf-» 6« + fl--i 6» + «»-• i* + ... + a6^ + J--1), 
and we find the product to be 

a" + a"-*ft + a-*ft' + (r^ft»+a'^ft<+...+a«ft--"+aft^ 
- a-^' ft - a'-* ft* - «*-• ft« - a*^ ft* - .•. -a'ft-* - aft^» - ft", 
which is equal to a** -- ft" ; 

•'• ^3y = or^ + ar^b + or* ft«+...-Hi«ft--»+«ft^+ft-^ (243) 

Hence, the difference of the same powers of any two quantities 
is divisible by the difference of the quantities themselves, and the 
quotient is homogeneous and one degree lower than the power, the 
leading quantity descending one degree each term and the follow- 
ing ascending by the same law. 

If in (343) we now replace a and ft by their values x + h and x, 
we find 

(x + ^)" — ar" 

^^ ^ =(x + A)-» + (x+h)'^x + (x+hy^x* + ... +xr^ ; 

whence the fourth equation becomes 

k f(x+h) -/r 

Y {—'^=<ii + <h(!^ + h) + (h(3x* + 3xh + h*) + ... 

+ anl{x + h)^-^(x + h)'^x + {x + h)'^x* + ... + ar''']; 
therefore, making ^ = and observing that there are n terms in the 
expression {x + A)"-* + ... , which all reduce to ar'\ we get 

y'-f^-[jy\^^^^^^^^ (344) 

+ a^ • 4a:' + ... + a„ • nar""* ; which is the derivative sought. 
We perceive that (344) is derived from (343) by multiplying by 
the exponents of x in the several terms and decreasing them by 
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unity ; and hence that Ae term Oq independent of x^ or, which is 
the same thing, the term a« • j?°, disappears in (344) ; so that, if 
we were to pass from (!M4) back to (2^), it would be necessary 
to introduce a term independent of :r, or to add a constant quanti- 
ty, which may be represented by C. 



PBOPosrnoN ii. 

To find the Derivative of any real power of a variable. 

Let y^fx^ Ajf be the function, a being any whatever, whole 
or fractional, plus or minus, but not imaginary, not of the form 

a = V — c. Suppose, in the first place, that a is fractional and 

additire, 

m 
or a = H — ; 

then y = /x = Ase" — A\xr ) . 

Now, if we substitute z for x » , we get 

y ^f\Z = Ajbt*, and z =/»p ^ x» . 

Suppose then that, while x is increased by A, z receives the in- 
crement t, and, as a consequence, that y is augmented by A: ; we 
have 

y + k = A(z + f)*, and z + i = (x + A)""* or (jzr-f t)* = a?+ h ; 

.-. k = A(z + iy •- Az^, and (z + t)"- «- = A ; 



.•.-;- = -1 • ^^ — '-^. , and T- = 



h (z^f - sT (jg4-t)"-jg " 

t 



;t 






— • 
n 



A • — I ar ) = -A • — •2?" , 
n » 

9» ^-l 



or^ yi./, « y;-^^. • ZU/^. « A • - • ar- 



* /y-Z'i rM<ii tl^® derivative of y, y being a function off. 



I 



• • 
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Heve at it worthy of reoia A dml we hare fonnd the derivatiye 
of y a fnnolioa of Xf by taking the product of the derirative of y a 
ftanctioii of jr» and that of ;r a fonetion of x. We observe the 
same rule, then, for the deriratiFe, whether the exponent be firac* 
tional or integral, we multiply by the exponent, and diminiBh it by 
nnity. 

Let a be now taken rabtractirey and either integral or fractional, 
or let 

where r is either a whole number or a fraction ; we have 
and k^A{x + hy^'-Aar'; 

{x + hy^x^ -• x^{x + hy af'-jx+hy 

(ar + A)VA * (x + hyx'h 

(x + ky-^a^ 

h 

^ ^^ {x+hyx^* 

die deriTatire sought. Hence, 
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•To Jind the Derivative of a variable^ afeeted hy any (245) 
exponent whatever thai is not imaginary ; multiply the variable 
hy its exponent^ and decrease that exponent hy unity. 

Thus, the derlTative of x* is 2x^\ of ar« is ftr*, of ar* is 4x" ; of 
X* is fa:*"* = iar^* = f . 1-, of ar* b f • ar*"' =f . ar*, of a;-" is 

- lOar**-' = - 10 • ~ ; of ilar« is AaoT-' ; of a: is 1 .a?^-» = l .3* 

x" 

:=1 •! = !; of JL, (= iia:^), it \»A*0.x^^A^O*^=^0. 

X 
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PROPOSITION in. 

The Deriv(Uir>e of any function^ capable of being devel- (246) 
oped in real powers of the varidblef will he found hy muUiply^ 
ing in each term by the exponent^ and decreasing it otic. 

CoNTSRssLT : if a dcrivcd function be developed in powers of 
the variable f we shall return to the original function^ by increas- 
ing the exponents by unity^ and dividing by the exponents thus 
augmented^ taking care to add a constant. 

Thus, let y be such a function of x^ or depend upon x in such 
way, that we have 

y=/r = iia?*+^a:*+Car* + ..., (347) 

where A^ a\ B^b\ C, c; dtc, may be any real quantities, + or 
^ , whole or fractional, we have (246) 

y'=:/'ar= [-|-1 =A<M:*-* + JJ6a*-»+Cc«^+M. . (248) 

We obsenre that if a = 0, or there be a constant term, As^ =» A^ 
in (247), it will disappear in (248), since Aax^ then becomes 

A •0 • — ss ; therefore, in passing back from (S^) to (247) we. 

must add a constant for that which may have disappeared. We 
shall see how this constant will be determined in any particiilar 
case by the nature of the problem. 
To illiistrate, suppose we h^re found the deriTatire 

y'^Sx-ixi + l, 

returning to the function (246) we obtain 

y s=fa;*_f • fxi + 7x + constant. 
. Whenever, then, we can find the derived function developed in 
powers of the variable, there will be no difficulty in ascertaining 
the primitive function. 

PROPOSITION IV. 

The Derivatives of equal functions^ depending upon (249) 
the same variable^ are themselves equal. 

This is manifest from the nature of the operation ; thus, if we 
have any two functions of or, such that 

Fx =/f. 



138 MmoLiVH. 

whatever may be the ralue of z, then are the functions equal when 
0? is inereaaed by kf or when x becomes x+kf and we hare 

F(x + h)^f{x+h}, 
from which subtracting the first eqiiation« there results 

jflx+k)- Fx ^f(x + *) -/f, 
which, divided by A» gives 

F(x + h)^Fx f(x+h)-^fx 

1 A • 

and this equality, having been obtained independently of any sup- 
position in regard to the magnitude of &, is true for all values of h, 
and therefore true when h becomes less than any assignable quan- 
tity, or when K is diminished to an equality with zero. 

Therefore. [5i±^^] = [-fiil^]. 

or F'x ^f'x. 

Thus, if 

il« + -li • a?* + JLj • a:* + ... a fit + <h • «* + «■ • «* 4- ••• f 
then shall we find 

We observe that if the last equation be multiplied by a?, and sub- 
tracted from the preceding, we obtain 

j4o — -Ag«x" — -4,« 8ar' — ... = a, — a« • a?* — a, • Sr* — ... , 

from which the first power of x is eliminated ; and, in like manner, 
we might eliminate in succession the terms affected by ar', ar*, di^, 
to the last, if the series were finite, and to a term less than any as- 
signable quantity, if infinite and convergent, that is, if x were less 
than unity ; hence we should obtain A^^a^ and, pursuing the 
same process, At = ai, J^ = Og, and so on, which is in accordance 
with (66). 

Scholium L The student will not embarrass himself with unne- 
cessary difficulty in reference to the symbol 

[A] , or its equivalent pi±*)-/f] , 

by supposing it to signify nothing more than is indicated by -^ in 
itself considered. It is true that the numerator as well as the de- 
nominator in 1 nr- J , is a ; but we are not to infer from this, 
either that the quotient, I ~r 1 1 is equal to unity, or that one can 
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have a different value from another 0, in order to make the quotient, 

r it T 

•^, represent diffi^^nt quantities ; but that I "t* I is simply a sym- 
bol of a determinate operation, whereby we have derived one 
quantity from another. We are not, therefore to separate the k 
from the h as if they were determinate quantities, and as such 
could be managed separately, nor even to remove the brackets ; 

the whole expression, I -r- J , let it be remembered, is one indivi- 
sible symbol, the sign of a process, it does not so much signify 
what the result is as how it is obtained. In any function, de- 
pending upon Xj we give to x an increment ^, we subtract the un- 
augmented function away, we divide by the increment A, and, in 
the quotient, eliminate h by reducing A to 0. Nor is this a singu* 
lar case ; all algebra is but a system of symbols, a mathematical 
language, telling what is to be done, and showing how results 

are obtained. Thus, ah^ a i h^ a', Va» are not simply the re- 
presentatives of quantities, but indicate the operations, multiplica- 
tion, division, involution, evolution, whereby certain quantities are 
obtained. ' 

Scholium IL It is obvious that the derived functions will differ 
from each other according as the primitive functions, from which 
they are derived, are different. 



SECTION SECOND. 



Tb« Biaomftal, IcograslUimie, Interpolatiaff, and Kxponeatial 

Tb^orenui* 

PROPOSITION I. 

It is required to develope (a + x)" in powers of x, n being any 
real quantity , plus or minus^ integral or fractional. 

First, suppose n to be plus and integral, that is, any of the num- 
bers, 1, 2, 3, 4, 5, ... . It is manifest that the development of 
(a -f xy can contain no other than plus integral powers of x, and 
must contain these, since the multiplication of whole positive 



i 
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powers by whole positiye powers girea whole positive powers ; 
thus, 

(a+x)« « (« + ar) (a+rr) *«*+aa:r + J?*, 
(a + xy = (a + x) (a« +2ax + x% &c. ; 
hence, (a + ar)" must = A^ + A^ • x* + iij • x' + ^j • ar'-J- ... 

+ A,..x-+...,(a) 

arrang^g or in ascending powers, and denoting any term by A^ • or". 
In order to determine the coefficients A^ ^i, J.^, ... , A^^ of the 
scTeral powers of r, it wOl be necessary to take the derivatire of 
(a) ; therefore, to find the derivatiye of the first member (a -|- a:)", 
put 

y = (a -f ar)" = z", and .•. jp = a + a? ; 

y-\'k^(z+i)\ and z + $»a+ap+*; 



. • 



• • 



• • 



« a 



-T- = ^ — ^-^ ,and^ = l; 

»-= [t] = [t] • [t] '"^ -(*+-)-. 



whence the same rule holds for the derivative of (a + x)* as for af", 
substituting a-\-x for x. 
The derivative of equation (a) gives us then (249) the equality 

n(a + ar)"-» = Ai + At • 2x + A^ • 3x* + A^ • ix* + ... 

+ A^' mar'^'+...; (ft) 
Taking the derivative of (ft), we have 

«(»- 1) {a + xy^'' = A^ •2*l + il, •3*2a; + u44.4«ar* 

+ ... + A^ • i»(ii» - 1)0^^ + ... ; (c) 

the third derivative gives 

n(» - 1) (n- 3) (a4. a:)-^ = ^8 . 3 . 2 . 1 + JU . 4 . 3 • ar 
+ ... + A.- K^~l)(wi-2)ar*-» + ... ; {d) 

the fourth derivative will be found 

»(» - 1) (n - 2) (» - 3) (a + x)"-* = ^4 • 4 • 3 • 2 . 1 + ... 

+ u4«,.m(m-l)(w-2)(f»-3)a:**-* + ... ; (e) 

therefore, observing the law of derivation in (a), (ft), (c), (d), (e) 
... , and proceeding to the mth derivative, we obtain 

«(»-l)(n-2)(n-3)(n--4) ... (n - m + 1) {a + x)*^ 

= Ju . m(m - 1) (m - 2) (m- 3) ... • 3 • 2 • 1 + ... . (Z) 
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From the last^leriyative we observe that, if n be a whole addi- 
tive number, 9a can never exceed n ; for if m were = » + 1, 
n — m-^-l would be =0, and the (^-|-l)th derivative, and con- 
sequently all after it, would disappear. This is as it should be, 
since it is obvious that the nth power of {a -|- x) cannot give any 
term in the development of a higher degree than n. 

As the coefficients J^ ^i, A^t ... 9 A^, •.. « are independent of rr, 
we may make ar = in (a), (5), (c), (d), (e), ... , (/), ... , and we ob- 
tain 

a" = ii^, «fl*** = -4i, n{n — l)a*^ = Jig • 2 • 1^ 

»(»-l)(»-2)a*-» = ^«3.2. 1, 

«(w-l)(»~2)(«-3)-* = ^4 .4.3.2.1, 

n(»-l)(»-2){»-3){»-4) ... (»-w+l)a' 
« i4„ . «i(m - 1) (m — 2)... . 8 • 2 . 1. 

Substituting the values of il«, Jlu w^, ... , ^., drawn from these 
equations iii (a), wfe obtain 

Newton^s BiNoiiiAL Theorem. 



L« *•• 



a?« 



+ n(»-I)(tt~2)fl"-«.^+... 



+- «i(»-l) (»-2) (»-3) ... . (n-m+1) a**-^ . | , 2 . 3 . . w ' '" * 

Since the same rule^ of addition, subtraction, multiplication, di- 
vision, and derivaiioa are applicable, whether the exponents be 
plus or minus, integral or fractionalt we might infer that (260) 
would hold in all cases, whatever might be the character of n. 
But to prove it observe rthat if » be any real quantity [not imagin- 
ary], there can be no other than real powers of x in the develop- 

menti such as ap^, :rS x\ x?, ••• x\ ♦.. ar/,. ... a?*^, a?"*, ar"^-. . 
Therefore the form 

(a + xy == A^ • X* + Ai^ • z^ + ... + A^*xf+ ... + A^ • x^ 

+ A^» x^+A^ •ar~'+... , 

must at least be sufficiently general. Suppose now that the minus 
powers are arranged in a descending order, that is, that r > «, 
,#><••; .*• multiplying by af^ we have 
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{a+ x)* • Jf =: (A^-^- Ai • x^ + ... + A*^ •x7+,..)af 

+ A^+A^*x'^ +iC • a:'^' + ... , 
where it is obyious that all the powers of x are plus ; •*. making 
J? s= O9 there results 

0=sO+JLr+0+..., .'. ii^ = 0; 

and in the same way it may be shown that A^^O, JL( = 0, ... ; 
that is, the expansion contains no minus exponents. Rejecting the 
minus powers and taking the mth deriTatiye, we have 
»(n-l)(n-2)... .(ii-iii + l)(a + ar)'^ = ^, •iii(w-l) 

The order of this derivative may be any whateTer, if n be minus 

or fractional, since in this case the coefficient n — m+l can nerer 

become =: 0, m being a whole additive number ; we can therefore 

€ / e 

take m so great that the exponent -7- — m shall be minus, 1 -7 — m 

can never = 0, m being = 1, 2, 3, ...). But 

»(» — 1),., • (n^fn + \){a + xY^ 

cannot have a minus exponent in its development, ibr the same 
reason that (a -f- ^)" has none. It follows that the development 
of (tf-f-^)" will not be affected by any fractional power of x, what- 
ever n may be ; (250) is therefore true for all the real values of n, 
since for all such values the coefficients oi the expansion bare been 
determined. 1 1 appears, however, that if n be either minus or frac- 
tional, the series will never terminate. 

As the form of (260) is independent of the value of a or x^we 
may change x into — or, doing which and observing that the terms 
affected by the odd powers of x will be minus, we obtain 

X* 

(a— «)"=:a*-.na'^*»ir + ii(n~l)»-5- — ii(n — l)(n — 2) 

•273 + » "»•••• (*0 

If in (250) and (251) we make a= 1 and x^h ^nd remember 
that all the powers of 1 are 1, we get 

n(n-l) ^ fi(B -l)(n -2) 

2.3 



y^l-^n+:a!!z:^+ -v^— M^"^/ ^^^^^ 



and 0^1^n+!^>- "(^-^j;(3^^^) + ,-^ 
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Thus it appears (P) that the sum of the coefficients of any bi- 
nomial power is equal to 2 raised to the same power, and (2^) that 
the sum of the coefficients of any binomial power taken alternately 
plus and minus is equal to zero. This furnishes a convenient 
method of verifying an involution. For example, 

(fl+a?)* = l .a+1 -ar, 1 + 1=2 = 2S and+l-l=0; 

la+xy=:a*+2ax+x*, l+2+l=4 = 2», and + 1-2+1 =0; 

(a + xy^a*+Za*x+3ax* + x*, 1 + 3+3 + 1 =8 = 2S 
and 1-3+3-1=0. 

Expand (tf +ar)*, (a + a?)', (a+ar)S (a + ar)^ by aid of (260), 

and (a — a?)*, (a — a:)», (a — x)«, (a — arf , by aid of (261), and 

verify. 

1 
If in (260) and (261), we make 91 = — , there results 

(a + j?)'=a'+— a^ •^ + —ly-l)ar •-^ 

+Kt--)(i-')-^-^+- 

/ . X- - . * (r-l)x* . (r-l)(ar-l)x« 

far H'Sar r'»2»3a' 
_ (r-;)(ar-l)(3r-l).« ^_ ^^^ 

r*»2«3«4<»"^ 

. , X- - ^ (^-1)^* (r -l)(2r-l)i:» ,^«, 

r<^ •■ r*«2a*- r*«2»3»4a'- 
Making r = 2, 3, in (262), (263), we get 

(a + j?)*=a'+— ^ y + 



2a* 2« . 2a* 2» . 2 • 3a* 

+ ,—»...» (264) 



2« • 2 • 3 • 4a* 



(a-a:)* = a*-^ ^ ?^-,...; (266) 

2a^ 2» • 2a* 2» • 2 . 3a^ 

(a+ar)' = a^+ — -+ . 

3a^ 3* . 2a^ 3» • 2 . 3a* 

2 • 6 • Sx^ 

|- , — , ••• « (266) 



3* . 2 . 3 • 4a^ 



1 



I 
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(a-x)*=a*--^ T-f.... (267) 

In (254) making a s c*, we find 

3«6ar« 



2'.2.3«4c 
from which, substitnting jr* for ar, we obtain 

^ ^ ' ^2c 2«.2c«^i».2.3c* 

~2*.2.3.4c*+'^'-' ^?^^ 

changing or into •- jr in (268), 



(c -X) =<?-.--— _--.g--_^ 



3«5a?* 
2«.2.3.4c' • •• • 



(2aO) 



changing x into ;sr* 

(c«-2r») =c-2^-gr72^-gr72T3? ""•'••• ^^^^ 

, The student may operate like changes upon (256)» and imresti- 
gate analogous forms for higher roots, as the 4th,'5th, dtc« These 
expansions may be employed for the extraction of the roots of 
numbers. . Thus, let the square root of 101 be required. We 
have (258) 

101* = (10« + l)^ = 10+^^-pftnr+ uoio»» - i»MAMflt 
^ 10«0600381211. 

Find Vi02, ^/ml VlOJ; ViSi VSg", v^, VTOOT. dLC. 

We may put (250) under a new form, for dividing by a% diere 
results, 

+ n(n-l)(»-2).g-^, + ..., (903) 

or (i+t,)«=,i4.«t)+»(»wl),^ 

+»(«- 1) (n -2).^+..., putting i»f»-^. (988) 
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LOGARITHMS. 

Definition. Let a* = x^ (263) 

ihen is y denominated the Logarithm of x. The constant a is 
called the base of the system. 



PROPOSITION IL 

The Logarithm of a product, consisting of several faC' (264) 
torst is equal to the sum of the Logarithms of those factors. 

For, let X = Xi, x» ar,, ... ; y =yi, y» y» ••• » 
then (263) a^i = x^, 

a^ = a?2» 

dLC.9 d&C. 
.•. flTl • 0^4 • 0^3 • ... = a^l + «»l + »8 + -- s 2^1 • ^9 • OTs • ... , 

or* L{xi • J?s * ^a •••) = (yi + ya + ys + •••) = -^^1 + Lxi 

+ Lar, + ... . Q. E. D. 

Cor. 1. The logarithm of the nth power of any number (266) 
is equal to n times the logarithm of the number itself. 

For, making arj = ar, = Xg = ... , we have 

L(xi • j?i • a?i • ... [»]) = Lxi -j- Lxi -f* Lxi + ... » 
or, L(xr) = »Lari. (266) 

Cor. 2. The logarithm of the nth root of any number, (266) 
is equal to the nth part of the logarithm of the number itself. 

Cor. 3. The logarithm of a fraction is equal to the loga- (267) 
rithm of the numerator diminished by the logarithm of the denom- 
inator. 

For, if we diride a'l = oti, 
by c^a = Xft, 

we have aTi - ^a = — ; 

Xq 



or 



Lij) = yi - y8= iari - Lxa . 



Scholium. We perceive that addition of logarithms corresponds 
to multiplication of numbers, subtraction to division, multiplication 
to involution, and division to evolution. ' We have, then, only to 
possess a ** Table of Logarithms,'*^ calculated to a given base, 

* L, logarithm ot 

10 






n 



i 
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say a = 10, in order to perform numerical operation with remark- 
able facility. Thus, to obtaia the cube root of 52, nothing more 
would be necessary than to take the logarithm of 2, divide by 3, 
and seek the corresponding number from the table. 

Again, if 3 = 2', 

then (266) L3 = L(^) » zL2 ; 

£3 
"^ L2* 

whereby we are enabled to solve, with the utmost facility, a numer- 
ical equation in which the exponent is the unknown quantity. 

PROPOSITION IIL 

A number being given^ it is required to find a form hy which 
we may calculate its logarithm. 

Since the relation 0^ = 07, gives y a function o(x^ let us endeavor 
to expand y in terma of x. To diis end we proceed to determines 
the derivative of y, 

.Changing x into x + h and y into y+k^we have 

subtracting a^ = or, 

there results a^ •a^^a^ — h^ 

or A = fly(a* — 1); 

in which, substituting x for a^ and 1 + 6 for a, in order to subject 
a^ to the influence of the Binomial Theorem, we have (202) 

* = r[(l+&)*-l] = ar[l+H + *(^-l).A' 

+ A:(*-l)(A:-2).^ + ...-l]; 

dividing k by each member of this equation, observing that 1, — 1 , 
cancel each other, and that k then becomes a factor common to the 
numerator and denominator of the second fraction, there results 
k^ 1 

* x^b + ik^-l) . |! + (*-l)(^-2) . 2^+...] ' 
from which, observing k^O when h becomes = 0, we have 



putting 3f= p — p — jj- 
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(9e») 



*~8"+3 -T+*~'"' 



Applying the rule of (346), in order to return from the deriya- 
tire (2M) to the {nrimitive function, we fall upon the equation 

y = JIf • — r-T-T + constant =-;--+ constant* 
^ —1+1 

from which x disappears, and nothing can he inferred — save that 
the logarithm of a number cannot be developed, in terms of thk 
number simply. 

But if we make y the logarithm of 1 -f ar instead of x, and repeat 
the ahove operation, from 

OP^s I + X9 

we obtain y' =« Jfcf (1 + ar)"* , 

or(«»), y'«J|f[l+(-l)x + (-.l)(-.l~l)^ + (~l)(-l-.l) 

(-l-^2).g^ + ...]«ilftl-a:+»«-«»+»*-«*+,^....]; 

from which, returning to the function, we get 

y = Mix - iar« + ia?» - ix* +ix^ - ia:* +, - , .-.] + constant. 

In order to determine the constant, we observe that x and y van- . 
ish together, since y = in aF^l + x, gives 1 + ar = a* = 1, and 
.'. x = 0\ therefore, substituting these corresponding values of y 
and X9 we get 

0^ M • 0+ constant^ .*. constant =s , and 
L(l + ar) = y=M[a?-ia:« + ia:3-ix* + ix»-ix* +,-,...], (270)' 

a logarithmic series, in which the logarithm of any number 1 -f a? 
is expressed in terms of a number less by unity, x. 

The constant, M, depending upon the base, a, (209), is denomi- 
nated the Modulus (yf the system. Taking a different base, a, we 
obtain a new modulus, 

M% SB 






\ 
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and the logarithm of 1 -j- x, derired from Oj = 1 -f- x, becomes (2?0) 

1^1 + X) = 2Mi[a: - ix» + ii' - ix« +,-,...] . 
by which, diriding (210), there restdts 

L(l + x) M . 

Cor, 1. The moduli in different systems are to each other (271) 
as the logarithms of any given number in those systems. 

If we make the modulus equal to unity, we have the logarithms 
employed by Lord Jfapier, a Scottish nobleman, who was the in- 
ventor of this admirable system of numbers ; and, if we assume 
10 for the base, we have the logarithms in common use, or those 
ot Briggs. It is customary to indicate a Napierian logarithm by a 
small Z, and a common logarithm by the abbreviation log. Adopt- 
ing this notation, and observing that W=:l-\-x gives 10^ = 10, 
or log. 10 = 1, we have (371) 

log.lO _ Jtf,_»> «, If « 1 (272) 

nnr~~i~''''*"-^"" Ho- 
we have, then, only to make the modulus one in (270), and 
thereby calculate the Napierian logarithm of 10, in order to deter- 
mine die modulus, Ma.io» of the common system; but, by a little 
artifice, we may convert this series into one more rapidly converg- 
ent, and therefore better adapted to our purpose. 
In (270) changing x into — a: , we have 

L(l - x) = M (~ 0? - ia?» - ia?8 - ...) , 
Vhich, subtracted from (270), gives 

L(l -V a?) - L(l - a?) = 2M(x + iar» + ix^ + ...) , (273) 

or (267), ^(t3~) = ^^(^ + *^' + i^ + +^' + .-) • («74) 

And this series will be expressed more conveniently by putting, as 
Borda has done, 

1 -f- X m . m — w 1 

--J — = — , and .'. X = — I — ; whence 
1 — X n ffi'f-n ' 

Making M=l,m3=2,n = l,in order to calculate the Napierian 
logarithm of 2 , we find 
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log. 1=0, [10* = 1.] 

log. 2 = 0<3ai<n90057, 
log. 3=:^0«4771212647, 

log. 4 = 0^60205 99913, [log. 4 = ^og. 2.] 

log. 5 = 0'»969700043, 

log. 6 = <y77815 12604, [log. 6 == log. 2 + log. 3.] 

log. 7 = 0«84609 80400«. 

log. 8 = 0«9030899870, [log. 8 = Slog. 2.] 

log. 9 = 0«95424 25094, [log. 9 = 21og. 3.] 

log. 10 = 1*00000 00000 ; . [10* = 10.] 

.-. log. 11 = 1^)41392666% [p=^9.^ 

since ' 

log. ll=2log. 10+log. 7-21og/8+'86...[TiT+i(TiT)' + ..-]; 

log. 12 = 1<07918 12460, [log. 12 := log. 3+ log. 4.] 

log. 13 » 1*11394 33623, [P^H-] 

log. 14= log. 2-1^ log. 7, log. 15=log. 3+log. 6, log. 16==:!9og. 4» 

log. 17 = 1*23044 89214, [p = what I] log. 18= ! 

log. 19 = 1*27875 36010, log. 20 = ? log. 21 = t log. 22 = ? 

log. 23= 1*3617278360, log. 24 = f log. 25 = ? log. 26= ? 

log. 27 = ? log. 28 = ! 

log. 29= 1*46239 79979, log. 30= ! 

log. 31 = 1*4913616938, log. 32 = t log. 33 = Tlog. 34 = t 

log. 35 = ? log. 36 = t log. 37 = ? log. 38 = ? log. 39 = ? 

log. 40 = ? log. 60 = I log. 60 = ? log. 100 = ? log. 1000 = f 

log. 10000= ? log. ^ = ? log. T*» = ? log. K)01 =? 

As p increasM, the series (278) increases in eon¥ergenc7 rery 
rapidly ; so much so, that, when p is no greater than 102, the sec- 
ond term will have its first significant figure in the 18th decimal 
place ; and» confining ourselves to 7 decimals, the last two only wiU 
have to be obtained by division. 

If we confine ourselves to seven digits, afler the computation has 
been made up to 1000, the remaining logarithms may be readily 
calevlated from the table its^f. 

Taking the differences of five consecutive logarithms, as those 
of 100, 101, 102, 103, 104, and the differences of these differences 
or the second differences, and the third difierences, we find 
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N. 


Log. 


l8t Dif.(H-) 


2d Dif. (-) 


3d Dif. (— ) 


100 
101 
102 
103 
104 


2K)000000 
2*0043214 
2*0086002 
2*0128372 
2*0170333 


43214 

42788 
42370 
41961 


426 
418 
409 


8 
9 



We observe here that the third differences, 8, 9, are nearly equal. 
We are naturally l^d to the following problem : 



PROPOSITION lY. 



It is required to determine what function y, is of x, wften y^ 
depends upon x in such way that^ if we attribute to x the particu- 
lar values x = 0, 1, 2, 3, 4, the third differences of the corre* 
sponding values of the function^ yx ^ yo* yi9 Jja 73* Jo shall he 
equal to each other. 



If in the first power of ar, 
we make 

the first differences, 
if 

X* gives 

the first differences are, 
and the second differences 

if 

x^ gives 

the first difference* are, 
the second differences are, 
and the third differences. 
Hence we assume 



a? = 0, 1,2,3,4, 

1, 1, 1, 1, are the same ; 
a? = 0, 1, 2, 3, 4, 
a?« = 0, 1, 4, 9, 16, 
1. 3, 6, 7, 
2, 2, 2, are the same ; 

jr = 0, 1,2,3,4, 
a:»=0, 1,8,27, 64, 
1, 7, 19, 37, 
6, 12, 18, 

6, 6, are constant. 



y,^A + Bx+Cx^+DxK 

Attributing to x the particular values 0, 1, 2, 3, indicating the 
corresponding particular values of y, by yo* yi» Vt* y^t taking the 
differences as above, and denoting the first difference, yi — y^, of 
the' first differences by D^, the first difference of the second differ- 
ences by Dj, the first of the third differences by Dg, (which, for 
the sake of distinction, may be called the firsts second^ and third 
differences,) we have, 
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yn-yx^B + C^S + D^l; A = I>«<^; 

y^^A + B*2+C.A+D*Bf (7.3 + D.12; 

^+C.6 + D.19; 
y, = il + -B . S+C* 9+D . 27; 

hence y, = yo+( A - iZ), + iD,)x + K^i- A)^* +iA • ^% (2W) 
or y. = y. + ^[A-+A + iA+^*i(I>.-I>f + **iA)]. 

is the function sought. 

For any particular series of numbers, it will be advantageous to 
calculate beforehand the coefficients of the several powers of x, 
and to attribute to the terms their proper signs. Thus, for loga- 
rithms, the second and third differencesy Df, D^t being miniiSi we 
have 

or y. = y.+ai:C,-x(C,+ xC,)], (290) 

putting C, =D, + +D, - iD, , C, = i{ A - A) . <7, = iA • 

Let us make an application hj requiring the logarithm of 100*346. 
We have 



2= '346, 
y, = 2 



I I I I 



A = '0043214, 
A=*0000426, 
D,= <0000008; 

.-. Iog.l00«345 = y^ = 2 + <346[H)043424 - «345(<0000209 + '345 
• <000000H)] . 



.-. C, = <0043^4, 
C, := K)0p0200, 
C,=:«OOOOOOH; 



^ 
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C,»43424. 
C,= 209, 
C,= 1; 






9i 

10 



= 43^<4, 



~I^ = ~ *'^' 



1000 



= -K)01; 



• • 



y^H- 1 = y.r + 4340*309 - r[4'18 + (r + 1) . K)a3] . 



10 



10 



Making r = 0, we have, log. 100*1 » y i = log. 100 + «000434O 



r^l, 
gives 



= 2*0004340; 

4340*300 
4*186 



10 



4336*123 



8676*432 
.•.log.l00*2 = 2*0008676; 



r = 2. 
gives 



8676 
4340 

. 8 



r = 3, 

gives 



13006 

4340 

12 



100*4) 2*0017336 

16 



100*5) 2*0021660. 



log. 100*3=2*0013008; 
Adapt (281) to interpolate between 101 and 102, and compute the 
logarithms of 101*1, 101*2, ... , 101*9. 

For returning from the logarithm to its number, we have (280) 

where, it is to be observed, that Ci is a very near trial divisor, 

though too great. We may therefore find an approximate value 

of X by dividing by Ci, and then, having perfected the divisor, 

repeat the operation. 

Given the logarithm 2*0014956 to find the corresponding num- 
ber. 

Operation, 



2*0014956 
2* 



1 1 I 1 1 



Ci = 4|3|4|24*)1495 

1303 



6(*344 



192 
175 

17 



* Shortened diriiloii. 



*344 
Cs= 1+ 



*115 



209*459 
*344 



m 


8 


8 


4 




8 


72 





43|3|5|2)14956(*345 
13006 



1950 
1734 

216 
216 



.-. No. 100*345 



J 
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If we had divided simply by Di = 43S14, we should have found 
*346y which is near the truth, and the approximation will be still 
nearer as we ascend above 100 ; so that ordinarily it will be suffi- 
cient to diminish the given logarithm by the tabular logarithm next 
below it, and divide this difierence by the difference of the tabular 
logarithms above and below. And when greater accuracy is re- 
quired, the third difference may generally be neglected, whereby 
(280) and (282) will be reduced to 

y. = l..+^(A++D.-:r.iD,).-5-p^^?^-^^ = z. (283) 

Further it will be sufficient to correct the divisor by the first 
digit of the quotient, or the nearest to it, which may be founii b;y 
inspection. The operation above becomes 

A = 43214 
iZ>, =» 2 13 



43427 
64 



4|3|3|6|3 



14g56('344di 
13009 



1947 
1734 

213 
173 

40 
39 

1 

The CharacteristiCf or integral part of the logarithm, is not usu- 
ally inserted in the tables, since it can readily be determined from 
the relation 

which gives . 

for y = 0, 1, 2, 3, ..., -1, -3, -3, ...; 

x= 1, 10, 100, 1000, ... , *1, *01, «001, ... ; 

Hence the characteristic is always indicated by the dis- (284) 
tance of the first significant figure from the place of units ; -|- i^ to 
the left, — if to the right. 

Thus the diaracteristic, or integral part of the logarithm answer- 
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ing to the number 366 is 3 ; because 3 is two places distant fix>m 
the units. Therefore, bearing (967) in oiindy we hare 

log. 366 ^ 2«66389, [See tables]. 

log. 36«6 » log. ^^^\og. 36&-.log. 10»d«66S»e-l, =^l*MS829, 

log. 3*66 ^ log. fff == (2 - 3)«6e229 » 0«66299, 

log. <366 == log. i^AAr = (2 --3 )«66239 =T«66^, 
log. KBee = log. tM+it = (2 - 4)*66229 =^*56229 ; Ac, &c. 
It will be seen from these examples that the logarithm of a num- 
ber in part or wholly decimal. Is to be found in the same way as if 
it were integral, except the characteristic which is determined by 
the rule above and may be either plus or minus, while the tabular 
part of the logarithm is always plus. 
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l"". Multiplication (264). 

Operation. 
Multiply 466 2<6674& 

by 3vr re^fm 



Ans. 17630. 

2P. Division (267). 

Divide <a&4 
by 1«75. 



4<24370 

Operation. 

2«73239 
0*24304 



Ans. H)30667. 3«48»36 

3^. Involution (266). 



Cube 17^366. 



Operation. 

1*23946 

3 



Ans. 6228«2. 3*71836 

4^. Evolution (266). 



Find V3 
Ans. 1*148702 



Operation. 
6 1*3010300 

*0602060 



Multiply 

366 
90109 

*607 



Divide 
376*13 
*0006 



by 

16*7, 
*036, 

*034. 



by 
4096, 
*00789. 



Square 139*76. 
(1K)399)'.T Q' 



= ! 



FindV36B, ^001, 
(75'00005)* V^ 



JVote. An operation should b« <o oondneted as to restrict the 
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minus sign to tbe characteristic. Thus, iu finding the square root 
of % we hare to divide Td010300 by % which is readily performed 

by obserring thatT=7-fl, we have 

T«d010900 : 2=P6506150; 
80 "S'dOlOaOO : 2=(7+t«3010300) : 2 = !F650616a 

5^. Rule of Three. Find a fourth proportional to the 
NumherSy Operation. 



13«79, 143966 

99«367, 1«99724 

720*25. 2*85748 



Ans. 5189«9. 3*71516 



1*005 : *00356 : : 79*099 : ? 
2057106 3657 5892167 



• • 



? 



3379071 ' 7112 ' ' 1*00000^ 

6^. Exponential Equations — Compound Interest, 
If a denote the amount of one dollar for one year at compound 
interest, then 

aa = a^ will = the amount of $1 for 2 years, 
a*a =s a' = amount of $1 for 3 years, 
a^a a a^ SB amount of $1 for 4 years, ... , 
a* = amount of $1 for t years ; 

,\ Pa' = amount of $P for t years = Af is the equation for com- 
pound interest. Taking the logarithms of both sides, we haye 

log. (Pa') = log. A, 
or log, P +log. (a*) = log. J., 

or log. P+t log. a = log. -A, 

the logarithmic equation for compound interest It furnishes, also, 
an example of the solution of an Exponential EquaAion^ since the 
exponent t may be the unknown quantity, and we have 

^ ^ log. A ~ log. P 
log. a 

Application. In how long time will any sum of money double at 
compound interest, at 7 per centum % 

PROPOSITION V. 

It is required to develope an exponential function in terms of 
ike exponent; 

y-a% («86) 
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in terms of x. Attributiog to y and x the increments k and k, we 
hare 

ifc = aV-l) = «i:(l+*)*-i]. [putting a= 1+5], 
or * = aT;i + W+*(A-l)-^+...-l]; 

y W* = [4] = «t^ - 1 + y- 1^-. -• -O^^^. (386) 



• • 



• • 



puttmg ^ = ^--2 +-j-f +f — »... 

[See (266), (960).] That is, the deriratire of an exponential is 
found by multiplying the function itself by a constant quantity 
which is the reciprocal of the modulus of a system of logarithms 
to the same base. 

Taking the deriyatiTe of (286), or the second deriratiTe of (285), 
we find 

y"= (y')' = A* Aar^ A^af ; so y'" = ii»<f , y«' = A^ of, ... ; 
and making ir = 0, we have « 

y^= ft" = 1, y;U= ^» yu=^A\ y':\^A\ ... , 

whence we are assured, precisely as in the demonstration of the 
Binomial Theorem, that the function y = a', is expansible in terms 
affected by integral additire power of x and by no others, so that 
the form 

is possible, and no other. Therefore taking the derivatiTes, wn 
obtain 

y=A<f=Cx • 1+C, .2a?+C, .3x«+C4#4a:* + ... 

+ C, • wa.""* + ... , 
y"= aK' - , 2.1^ 8 • 3 • 2a: + C4 . 4 • ar* + ... 

+ C,.n(n~l)ar-^+..., 
y"'^A^<f^ C3 . 3 . 2 • 1 + C'4 • 4 . 3 . 2j? + ... ^ 

+ C, • n(n — 1) (n — 2)a:*^+ ... , &c., dtc, dtc, 
y<")=il»a' = C^ . n(n - 1) (n - 2) ... • 3 • 2 • 1 

+ C,_^i. («+l)n(n-l)... •3«2x+M. ; 
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and, making j? » 0, there results 



^9 J^9 

Co = If Ci = .A, C2 = = jr , C3 =: 



1.2'^ 1.2.3 



» ••• 



a= 



which substituted abore giires 

The Exponential Theorem. . 

y-^"» + ^^ + iT2+rT873+"'+ l.a.3....n +- <^) 

This last may be called the Antilogariihmic Series. 

In (287) making ilf = 1, ^ also = 1 and a becomes the base of 
the Napierian system, which it is customary to denote by e. Con- 
forming (288) to these conditions, we have 

in whicht making a; » 1, there results 

Again, as A and x are both arbitrary, we may put Ax » 1, or ^ 
8B ^ ; whence (288) becomes 

••••'=*"^=g-!^:4-T-'- («»'> 

is the relation between the constant A and the base a of any 
system. 



U 









SECTION THIRD. 

> 

•m « simple TaviaMe* 

PROPOSITION L 

To find lie ratio of the increment of any conHnuous function 
to thai of its variable. 

The Theory f or Arithmetic of Functions^ like the niles of alge* 
bra, constitutes a distinct science ; for it is capable of development in- 
dependently of any particular or denominate quantity, being equally 
applicable to problems pertaining to numbers, lines, forces, die. 
But, as an infinite variety of curves may be drawn upon a plane, 
differing from each other in their laws of curvature in every possi- 
Ue way, any continuous function, y, depending on a single variable, 
X, may be represented by the ordinate of a continuous {fig. 48.) 
curve PP9, that is, by a curve that bends everywhere by insensible 
degrees, of whieh the variable x- will be the abscissa ; and there 
will be an advantage in such a representation, as the understanding 
wOl be aided by the geometrical figure. 

We have (234) 

^ - y ^ y I j^^ 

from which it appears that z diminishes continuously with h and 
vanishes at the same time ; since it is obvious ^at, as Ps approach- 
es to coincidence with P by a continuous curve, X« must also ap- 
proximate continuously to a coincidence with X,, when 

^becomes _ y{X,X,^ X,Xd _ yO _^ 

^^ * 

Therefore observing that (2343)^ 

y _r^l_ / r ' the derivative of y when"] 

X^, ~ LT J *■ ^ ''^' • L^ »'"^" y is a function of x. J 

we have -^ = I yj + ^= yV»/x + ^ 5 >• «•» (^^) 
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The ratio of the increment of any continnous funelion to Aat of 
its variable, differs ft6m the derivatire of tke same rariahle, by a 
quantity which diittinishea continuously with the ineiement of the 
variable, so as to vanish at the same instant 



PROPOSITION II. 

To find the derivative of ayolynomiali the terms of which are 
continuo^is functions of the same variable. 

Let y ~ u -H V + ... + constant^ be the poljrnomial, where y, if, 
9, ... , are functions of x, viz., 

y =/a?, u =»/i a:, v =/«x, •.. ; 

and let the corresponding increments be it, t, j, ... , A ; we have 

y+k^{u+i) + (v + j) + ... + constant ; 

A = t+j + -» 

or (»2) yV«/, + M^ {<^A» + ^i) + K-^/g. + ^i) + ••• f 

and, z, Zi , jr, , ... becoming *= when * = 0, 
we have y'y-^« ««-/,*+ i''.-/j,» + —» (293) 

or / a? « (/i X +/, a? + Ji x + ... + constant)' 

The derivative of a polynomial, consisting of continuous functions 
of the same variable, may be found by forming the algebraical 
sum of the derivatives of its several terms. 

Illustration. The student has already had particular examples 
of this proposition, as in (5M7), (948), where x*, a;*, x% ... are func- 
tions of X. 

Cor, If the functions /i, /a, /s, ... be all Ae same and a in num- 
ber, (203) reduces to 

(<%fi x+ constant)' = afx ; 

hence, from /i ^ = —/a ^» 

n 

or from nfiX^ mf% x, 

we have ^f\X = mfix^ 

or (J/, ^ ^fix = ^fix; I e. (294) 
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The deriTatire of a multiple or aubmidtiple function, is equal to 
the same multiple or submultiple of its derivatiye. 
niustroHan. The deriTatiTe of j:* is nuf^^ of A^ i»A • mar"^^. 



PROPOSITION III. 

Tojind a derivative hy ike aid of intermediate functions. 

When y is a function of if, and u a function of x, the corre- 
sponding increments being k^ i and A, (292) gires 

for y =/i «» J «= y't-/i«+ ^H 

for i««/«a?,-j- = i»'../^ + jr,; 

k k i 

making /k, and, consequently, ^, Zi, Zft, = 0. 

80 from y =/i u, w =/, r, d =/, a?, 

we find y;.,, = (y',-/i«) • K- v) • («>'.-/,.) ; 

and generally yj 2= y/ • «/ ... • w,' ; i. e., (^^) 

When several variables are successively functions of each other, 
the continued product of their derivatives, taken in the same order 
of succession, will be the derivative of the first, regarded as a 
function of the last. 

Illustration, See Proposition II., Section First, y ^sf z ^ Az^f 

1 

Cor, The derivatives of converse functions are recipro- (296) 
cals of each other.* 
For, let y and x be functions of each other, or 

y=/r andaf = ^, 

then we have (^y~fx) • (^'x~p) = y'r-y =* 1» 

Illustration, In (285) let :r and y change places, and compare 
(286) with (268). 

• The chord and arc of a circle are converaely functions of each oth^r. 
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PROPOSITION IV. , 

To find the derivative of a product^ the factors of which are 
continuous functions of the same variable. 

Given y=/ar; y^uv^ u^fx^v^fiX; tofindyy.^. 
We hare ff + k^{u + i)(v+j)=y + vi + uj + ij, 

k=ivi+uj + ij; 

• > 

■J- =» «'«-/!. + ^i or I = (t*; + Zi)hj 



• • 



but 



and ^ = r',./^ + z» or j = {vj + z,)* ; 

.-. ifc = v(u: + z,)h + u(vj + z^h + « + Zy) {V, + z,)h^ ; 

k 
.'• -J = v{uj + z^) + u{vj + z^) + (»; + Zi) (vJ + ar,)*, 

and y,' « T-j- J = (itcV =x du,' + ttt?,', 

or ^ — '—=. — — . 

uv u V 

In the same way, if o be s st^ continuous functions of x, we 
have 

V St '^ s'^ t ' 
which, substituted above, gives, 



{stu) ^s' . ^ .tf' 
stu s t"^ u' 



and generaUy {^tu^ =, fl + ^ + !fl + ., (297) 



or 



or 



{fl^f^fi^'")' ^fl^ I />'3? ^ /s'g ^ ^^ 
flXf^f^X ••^ fiX f%x f^x 

I • /a • /» ••• /i /« /s 



omitting the variable 2?, and emplo3ring only the symbols of oper- 
ation, /i,/^,^^,*..* which may be done, since they are equally ap- 
plicable to any quantity which may be made the independent vari- 
able ; thus, instead of \/x • V/i = i/i, we may write ?/ • ?y = 5y, 
as a general rule. We may enunciate (297) : 



1 
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The deriratire of a prodact of continaous functions, dmded bj 
the product itself, is equal to the sum of the deriTatives of the 
functions-divided by these functions sereraUy. 

PROPOSITION y. 



To find the derwoHve of any real pmoer of a cantinuauBifmnc- 
tion. 

If in (297) we make the functions #, ^ u, .•• , all the same and 
II in number, we find 

(tt"V u' 

iy- = i» . ^, or (V)' = jiir-' • «'. (a) 

If Jf = «"% « being =/i *, 

we hare yu^^^W"" •»•' = «•= 1, 

.'. (»7) HL_i.=:i4.L_2-=:l-L:B*-«0; 

^ ' ytt*^ y tt*^ 1 1 

••• (•) y=(«*0=-y — r;; — =«-»-'• — 



If jr=/r = «"»ti being «/t«v 

we hare y = r", puttmg © = «", or « = tT ; 

.•. (a) or (6), y,' = hmT"-*, and uj =■ ji»^-', 

or(»6),i»: = i7 = -iri; 
^ ' «, 11©"^ 

.-. (386), y; = y; • ©; . < = «v— • • ^^^sri • «.'» 

or ».' = v**"~ •"'• W 

It 

From a comparison of (a), (5), (c), it appears that the same nde 
holds for the derivatiTe of a power of a function, whaterer real 
quantity the exponent may be ; and we may write 

[(/t)"]' = »(/x)- (/»)', (S88) 

or [(/)-]' = «(/r' (/)' ; i e. 

The rule found in the first section for the deriratire of any 
power of a variable, holds for the power of a faction. 

Indeed (296) embraces (246) ; for if /r == x^ then (fx)' «= or' s I, 
and (298) reduces to {sT)' « nxT^K 
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PROPOSITION VI. 

To find the derivative of a fraction^ the terms of which are coi^ 
tinuous functions of the same variable. 

From (^297) we hare 

.: putting /, =f^ /, = (j) = (/,)-', 

but(2W), Kf.r'y — i(/,r-'-/.'? 

The derirative of a fraction whose terms are continuous func- 
tions of the same variable, is equal to the denominator multiplied 
into the derivatiFe of tiie numerator minus, the numerator multi- 
plied into the deriyatiTe of the deno0iinator« divided by the square 
of the denominator. * 

PROPosmc^^ vii. 

In finding the derivative of any continuous function (900) 
y = fz, we may replace the increments k, h, one or both^ by such 
quantities f kt, hi» as are separately functions ofk and h, afid such 
that the final or vanishing ratios kj : k, h^ : h, become ^xU of 
unity. 

For, by hypothesis, we have 

k 

•j^ — l + ^19 Zi beingr such as to reduce to zero when k and ki 

become = ; 

or Jfci = (1 + Zi)k^ so Ai = (1 + Zq)h ; 

I'A-z 1+0 

but when h becomes = 0, , ; -^ reduces to , ; - ^ = 1, and we have 



• • 
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PROPOSITION vni. 

To find the expansion of a continuous function^ such thai its 
successive derivatives all become finite iohen the independent t>a- 
riahle reduces to zero. 

Lei y ^fx be the fimction. It follows, from t procees of reaMm- 
ing precisely like that employed in the demonstration of the Bino- 
mial Theorem, that no other than integral additire powers of x can 
enter into the expansion ; and it only remains (and k sufficient) to 
see if the assumption 

is possible, or, what amounts to the same thing, if the coefficients 
iio, Ai, At, A9, ... , are determinable, and, therefore, real 
Taking the successively derired functions, we find 

y'" sjl,«3«2«l + ii4*4«3«2ar + ^*&*4« 3ar* + ..*, 
y*^ = il4«4«3«2. 1+^*5 •4«3«Sar + — » 
dec., o&c«, dtc, dtc.. 

Now, if in the above equations we make x^^O^ and indicate the 
corresponding finite values of 

there results y^ =s A, yl^Ax • 1, yH-A^ • 2 • 1, 314"=-^, • 3*2* 1, ..,; 

This is essentially Maclaurin^s Theorem^ and is very service* 
able in expansions, being more general than the Binomial, which 
it becomes simply by putting y = (a + ^)"» 
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EXERCISES. 
XX X 

6°. [log. (0^+6)]' = ^'. 



6°. [Wx4-i)-3' = ''"^^''^^^^'. 



7°. (log. a')' = ^ • -Aaf = JLl = 3f . 4 = 1 . [(280, (896).] 

8°. [(ix)-]'=:-^. 

1I». (lof.^y-M(^-^). [(S99)] 

-['(f]-K-f]- 



BOOK SECOND. 



PLANE TRIGONOMETRY 



SECTION FIRST. 




Fig. 62. 



Trlyoaoatetrleal AmaljsU* 

Construction. Describe the quadrant ABO ; drop 
the perpendiculars BX, BY, upon the radii OA, OC ; 
produce OB so as to intercept AT and CY, perpen* 
diculars drawn through the extremities of OA, OC, 
in T and V ; then : 

Definition 1. The arcs AB, BC, are «aid to be com- 
plementary to each other. BC is the complement of 
AB and AB is the complement of BC ; the arc 90° — a is the com- 
plement of a and a is the complement of 90° --a; 45° -f*^ ^^^ 
45° — X are complementary arcs. 

Def. 2. The perpendicular BX is called the sine of the arc AB. 
Hence the sine of an arc is the perpendicular let fall from one 
extremity of the arc upon the diameter passing through the other 
extremity of the same arc. 

De/. 3. AT is the tangent of AB. 

De/. 4. OT is the secant of AB. 

Def. 6. BY (= OX) is the sine of BC or the cosine of AB. 

Def. 6. CY is the tangent of BC or the cotangent of AB. 

Def. 7. O Y is the secant of BC or the cosecant of AB. 

Def, 8. AX is the verst sine of AB. 

Note, The abbreviations of the titles above, either with or wiA- 
out the period, are employed as symbols of the quantities them- 
selves. Thus, if a denote any arc less than a quadrant and b any 
arc not greater than 46°, the above definitions give 
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sina = cos(90^ — a), cosa = 8iii(90^ — a) ; ^ 

sin(90o — a) = cosa, co8(00^ — a) » eina ; > (302) 

siD{4Bo + 5) = co8(4B° - 6), cos(46°+6) = 8in(4BO-6). ) 

tana ^ cot(90^ — a), cota = tan(90^ — a) ; dee. (303) 

seca = co8ec(00° ^ a), co8eca = 8ec(90^ — a) ; Slc. (304) 



PROPOSITION I. 

7^ sum of the squares of the sine and cosine of an arc (305) 
is equal to the square of the radius, or to unity, when the radius 
is taken for the unit of the trigonometrical lines. 

We have 

0B« = BX« + OX* = BX« + BY«, ifig^^) 

or sin'a + co8*a = r* = 1, 

when radiud r == 1. 

Cor. The 8ine i8 an increaaing and the cosine is a de- (306) 
creasing function of the arc, or the sine BX increases from to r as 
ihe arc increases from to 90^, while the cosine OX decreases from 
r to for the same increase of the ai>c. 

See (104) 9Lnd ohserre that the sine BX is half the chord of 
double the arc AB. 

PROPOSITION II. 

The tangent of an arc is to the radius as the sine to the (307) 
cosine ; or, the tangent is equal to the sins divided by the cosine^ 
if the radius he taken for unity. 

__ , TA BX tana sina - 

We hare _ = _,or-^ = ^3j^. ()iff. 62.) 

sina , 

or tana=s ,r=l. 

cosa 

PROPOSITION UI. 

The radius is a mean proportional between the tangent (308) 
and the cotangent of an arc ; or, the tangent and cotangent of 
un are are reciprocals of each other when r = 1. 

For, by similar triangles, we have (jE^, 62.) 

AT : AO = CO : CV, or tana i r^r i cota ; 
tana cota = r*, = 1, when r = L 



• • 



ITS XNOllBIIBIfTAI. rAWIflBIlfO AEC. 



PROPOSITION IV. 

The square of the secant is equal to the sum of the (309) 
squares of the radius and the tangent. 

We hare 

, 0T« = 0A« + AT«, or sec'a := r« + tan«a. (fiff. 62.) 

The student may obtain other forma when wanted ; as, for in- 
stance, the following : 

The secant is to the tangent as radius to the sine. Also (310) 
secant x cosine s r' »= 1. 



PROPOSITION V, 

An Incremsntal vanishing Arc t^ to he regarded as (311) 
a straight line perpendicular to the radius. 

Let AB be the arc in question ; draw the tan- 
gents AT, BT, intersecting in T, and join OT ; 
then will the triangles AOT, BOT, be equal, and 
OT will bisect the chord and arc in P and Q and 
be perpendicular to AB. From the similar trian- 
gles TAP, TO A, we have PigTss. 

AT OT OQ + QT QT 

AP OA~ OQ "" "^OQ* 

but QT = OT - OQ = (O A* + AT«)* - OA, which reduces to 

[QTJ = (0A« - 0«)*- OA = 0, when the arc AQB becomes = 0, 
since then AQ = iAQB = and AT - tanAQ = ; therefore the 
ultimate ratio of the vanishing quantities [AT], [AP], becomes 

[lp] = * +[sq]=^ ^ + 05= ^' *^** ''^''''^^y ' 

rAT+TB-[ r2ATn , 

•"*•' i—AB-ri2APr^^ 

But (113) the arc AQB is greater than the chord AB, and less 

AQB 

than the broken line ATB; •% the quotient-—^ is greater than 

AB ATB 

j^ or unity, and less than -j-g- , which also becomes =s 1, when 

the arc AQB = ; • 
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/p I of the yanishing arc [AQB] to its vanishing 

chord [AB] cannot be less than one, and cannot be greater than 
one, and therefore must be =: 1 ; which proves the proposition 
(900), observing that the arc is perpendicular to the radius (177). 

Scholium, It is not stated that the vanishing arc, when employ- 
ed as an increment, merely may be regarded as a straight line per- 
pendicular to the radius, but it is proved that it must be so regarded. 
On the other hand, it is to be observed that we do not affirm that 
the arc will ever actually become a straight line, or that it will not 
always exceed its chord in length, but that, for the purpose pointed 
out, it must be so regarded, in order to reduce it to zero, and there- 
by to eliminate it from the function under investigation. 



PROPOSITION VI. 

To find the derivatives of the sine and cosine regarded as 
functions of the arc. 

Denoting the arc by x, the sine by y, and the 
cosine by Zi the functions may be represented by 

y =/arj z = ^ar, 

which are the same as 

y ar sinx, z ==: cosar. ^^' ^* 

Attributing to x the incremental vanishing arc A, (311), and to y, 
r, the corresponding increments, A:,— 2,(306), the similar triangles, 
whose homologous sides, taken in order, are Ar, A, ^i ; ;?, r = 1, y, 
give us 

y;-A = [x]=f=^5i.e., 

The derivative of the sine regarded as a function of (312) 
its arCt is equal to the cosine^ radius being unity. 

Again we have z',^^ = [^j = -~ = - y ? »• «•» 

The derivative of the cosine regarded as a function of (313) 
its arc^ is equal to the sine taken minus. 

Proceeding to the 2d, 3d, 4th, &.c., derivatives, observing that 

m 

(294) giTCB (-/)' = - (/) when -^ = _ 1, we find, (312), (313), 
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=-y;=-^.iy!:=^r»-i^;«+y..y;=«!r=y; 

K -t" ^S9 ^^'t ^^'y ^^* 9 ^* ®*« 

Cor. The siae and its deriyatifres are alternately sitie^ (^14) 
cosine ; sinCf cosine ; ... » in which the algebraical signs alternate 
in pairs, +,+» — t— ; +»+; — t— 5 •••» *nd the cosine and its 
derivatiyes are alternately cosine^ sine ; cosine^ sine } ... , in which 
the signs alternate in pairs, also alternating, -f- , ~ ; — , -|- ; ^ , 

PROPOSITION vn. 

To dei>elope the sine and cosine in terms of the ate. 

Let y = sin(a + x") and x = coain(a-|- x) ; then are y and z eon- 
tinnous functions of the arc x, y =: Fr, z^F%x^ which it is requir- 
ed to determine. 

In (314) substituting a + x for x, we find 

y = sin(a + x), y' = cos(a + x), y" = — 8in(a + x), 
y" = — cos(a + x), y'^s 8in(a + x), y' = cos(a + x), ... , 
which become 

yo = sina, y\ = cosfl, yi' = — sina, yi" = — cosa, 
^l = sina, y! =» cosa, yj* ^ — flino, ... , when x s- ; 

.*. (901), 8in(fl + x) = sina + cosa • -= — sina • := — - — cosa 

1 1 • 9 

• iTaTs + ""* • l.g%.4 + "^ • 178717178-' "' ' 
or rin(a + x) - «ina(l -j~ + 1.^^3.4 (316) 

-1.2. 3. 4. 6.6+' -• "•j+*^''\T-rra;i 

"•"1.8.3.4.5 1 .2.3.4.6.6.t"^'-""'' 
In like manner (314) we have 

jr, = coso, *,' = — sina, *„"= — coao, Z4"=» sino, *i» =s eotM^ ... ; 



OBAMOBt or SIMK AND ARC lit 

.'. (301) co8(a +x)^ cosall - — +-_£L_ (316) 

X* ■ \ . / ^* , ar* 

-1.2.... 6+' -' • "/-'"T-TTaTl+n^ZT 



;t» 



- flinaf a? — . — ^-4 ■ 

1.2... • 7 + ' ■"•••)• 
Making a^O^ and observing that (306) 

8in(a^ = sinO = 0, and co8(aa_o) = r = 1 
there results, (315), (316), 

"^=^^r:Yr5+ i>2.?.4.6 ^ i.2'1.7 +'"--- (^^^> 

and 

C08^=l-J^+j-.^f^-y-^— g + .-,..., (318) 

and these are the developments required. They were discovered 
by Newton.* 
If we change x into — ^, (317) and (318) become (6 ), (6^) 

cos(— x) = 1 — ~ — s-+> —,... = 1 — s — 5 + , — , ... = cosa: ; i. e.. 



Car, The sine of an arc changes from + to — as ihe arc (319) 
itself changes from + to — , but the cosine remains still + while 
the arc passes through the value zero, which is in accordance with 
(180). Nothing, however, it .is to be observed, has been demon- 
strated in regard to arcs greater than 90S or or > a quadrant. 

PROPOSITION VIII. 

It is required to express the sine and cosine of the sum and 
difference of two arcs in terms of the sines and cosines of the 
arcs themselves. 

Changing x into — x, (316) and (316) become 
sin(a— a:) ==sinan— 1^+, — , ,..j — cosa/a?— ^ ^^^ ^ +, — , ... j, 

cos(a ^x) = cosafl — TTo"^' ...j +8infl/ar-' ^ >2>3 '^* "*' *") ' 

• Lagrange, Lefona aitr \o Calonl das Fonetiona. 



^ 



(320) 
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with which and (315), (316), combining (317), (318), there residtB 

8in(a + x) = mna casx + cosa sinx, 
8in(a •^x)s= mna eonx — cosa siiur ; 
C08(a + ar) = cosa cosx — sina sinx, [ 
C08(a — x) = cosa cosx + sina sinx. J 

These four forms are. constantly recurring in trigonometrical an- 
alysis, and should therefore be committed to memory ; they may 
be enunciated as follows : 

I. The sine of the sum of two area ia equal to the sine of the 
fir at multiplied into the coaine of the aecond^ plua the cosine of 
the ferat multiplied into the aine of the aecond. 

II. The aine of the difference of two area ia equal to the aine 
of the firat multiplied into the coaine of the aecond^ minua the co- 
aine of the ferat tnultiplied into the aine of the aecond. 

III. The coaine of the aum of two area ia equal to the coaine 
of the ferat multiplied into the coaine of the aecond^ minus the 
aine of the ferat multiplied into the aine of the aecond, 

IV. The coaine of the difference of two area ia equal to the co- 
aine of the ferat multiplied into the coaine of the aecond^ plus t&e 
aine of the ferat multiplied into the aine of the aecond. 

Conaequencea, Making a » x, we hare (320) 

Cor, 1. sinSx = 2 sinx cosx, (321) 

Cor» 2. co82x = cos'x — sin'x ; (322) 

but (306), 1 =: cos»x + sin*x ; 

which, combined with (322) and (321), gives 

Cor. .3. 1 + cos2x * 2 cos«x, (323) 

Cor/ 4. 1 - cos2x = 2 sin«x ; (324) 

Cor. 6. 1 + 8in2x = (cosx + sinx)*, (325) 

Cor. 6. 1 — sin2x = (cosx — sinx)* ; (326) 

.-. Cor. 7. (1 + 8in2x)* =*=(!- 8in2x)* = 2 cosx, (327) 

Cor. 8. (1 +sin2x)*:fr (1 - 8in2x)* = 2 sinx. (328) 

What is the sine of a double arc ? of half an arc ? the cosine 

of a double arc ? of half an arc ? ' Enunciate (323), (324), (325), 

(326), (327), (328). 
Adding and subtracting forms (320), and making a -|-x =p, a ^ x 

= q, and .*. a = i(p + g), x = i(p — q), we have 

Cor. 9. sinp + sin^ = 2 8ini(p + q) • cosjtip — q)^ (329) 

Cor. 10. sinp — sing = 2 eo»i(p + q) • 8ini(p -; ?)» (330) 
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Cot, 11. cosp + cosy = 2 cosi^ + ?) • cosiK/> — y), (331) 

Ciit, 12. cosy + cosp = 2 sini(p + y) • sin+(p — y). (332) 

These forms are useiVil in the application of logarithms, by con- 
rerting sums and differences Jin to products and quotients. 
Dividing (329) by (330) we have (307), (308), 

Cor. 13. ^H+^^'^^^A.i.^.^ (333) 

smp-^smy tani(/) — y) ^ ' 

The sum of the sines of two arcs is to their difference as the 
tangent of half their sum is to the tangent of half their difference. 

By similar processes, other forms, occasionally useful, may be 
dey eloped,, as 

Cor. 16. '^P±^L = t«ni(p ± ?). (335) 

cosp -f cosy ^ '' ^ ' 

Cor.l«.^!J5Pi^ = cottO»±?). ' (336) 

CDSy — cosp x\r :i/ \ / 

Making a ^ 90^, forms (320) become 

8in(90° + x) = cosor, 
sin(90° — a:) = cosar ; 
co8(90° + J?) = — sin:r, 
cos(90° — ar) =? sina: ; i. e.. 

Cor. 17. The sines of supplementary arcs are equivalent, (337) 
being equal to the cosine of what one exceeds and the other falls 
short of 90^. 

Cor. 18. The cosines of supplementary arcs are numeri- . (338) 
cally equal, but have contrary algebraical signs. 

Arcs are supplementary when their sum amounts to 180^, as 
(90° +x) + (90° - ar) = 180°. 

In the above forms, making x = 90°, we have 
sinl80° = sin(90° + 90°) = cos90° = 0, 
cosl80° = cos(90° + 90°) = - sin90° = - 1 ; i. e,. 

Cor. 19. The sine of 180° is = 0, and the cosine = - 1. (339) 

Cor. 20. sin(180° + a:) = - sina:, (340) 

Cor. 21. cos(180° + a?) = - cosa? ; (341) 

Cor. 22. sin370° ^ - sin90° = - 1, (342) 

Cor. 23. cos370° = - cos90° = ; (343) 

Cor.^. 8in(370° + ar) = - cosar, (344) 

Cor. 25. cos(370° + x) = + sinar. (346) 

12 
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Scholium. The eonseqaencet eTolved by these last forms 
(337) ... (346)t are in accordance with the principle enounced in 
(180), Indeed, if we suppose the arc to in» jk < "X 
crease from 0^ to 360°, the sine ^ will pass V 9 '^ I 
through the value at 180° and agun at 360S 
while the cosine will reduce to zero at 90° and 
270^ ; and it is ohnous that the same correlation 
of values will be repeated in a2d, 3d, dec, circum- Pig. 65. 

ference. The algebraical sign of the tangent will be determined 
from the relation (307). 



(TO 



PROPOSITION IX. 

It is required to develope the tangent and cotangent of the sum 
and difference of two arcs in terms of the tangents and cotau" 
gents of the arcs themselves* 

Consulting (307) and (320), we obtain 

/ I i\_*^"(^"l"^) I 8infl''cos5 + costt sinft 
^ ' "" coB(a + 6) cosa cosi — sina sin& 

mna sinft ^ 

"r 



1- 



cosa coBt 
sina sin&* 



cosa eonb 
dividing numerator and denominator bj cosa eosi ; 

. , -. tana + tanft 

is one of the relations sought. 

^ , r^ tana — tanft 

So tan(a-ft) = ^_^^^^^^ ; ^347) 

f 

«.d(308). cot(<»±6) = -^^^^^=--g^^-^. (348) 

^ - « 2 tana 

Cor. I. tan2a=y-^;j^. (341>) 

>« « ^ cot*a— 1 

CoT.% co«ai = ____. (380) 

Resolving equation (349) in reference to tan a and consulting 
(309), (310), we find 
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i 

Cr.S. «m.. .-' + (' + '"'»-)^ . -■+r*' mi) 



tanda tan^ 

1 — cosa 



■I- 
Cor. 4. Coxa = cotUa + (1 + cot«2tf)^ 

s: cotSa + cosec^ 

-■ ^^^- . w 

Making a=s46^, co82a win=sO, sin^— 1, and we shall haye 
(861), (362), 

Cor. 6. Ian46'^ =:= 1 =^ 00146"^. (363) 

whence, making a = 46^ in (346), (347), (348), we find 

Cor. 6. tan(45o ± 6) = 1±^ ; (364) 

qor. 7. C0t(4&o ^b)^ ^^^ (366) 

Making 2« =« 00^ :i= « in (361), we get 

Cor. a ton(46° =t *«) = ^ ^'^^ (366) 

Scholium. Other fonns, serviceahle in turning sums into pro- 
ducts, and viee versdy may be found ; for example, if we make 
p =3: 90^ in (329), we get 

1 + sin. ^ = 28in(45° + i^)cos(45° - ig) 

• =28in(46o+i^)8in[90°-(45O-.i^)] 
= 2Bin(45o + ig)8in(46o + iq) 

= a8in»(46o + i^). ' (367) 

So 1 - sin? » 2eos*(46'' + ig)=^ 2sin'(45<^ - iq) ; (368) 

1 + eosp =s 2eo8' ^, 1 — cosp s Ssin* ip, (369) 

Combining (329), (330), (331), (332), and (321), we find 
sin'/) — sin'? = cos'p — cos*? = 8in(/^+?)sin(f^-?), - (360) 

also cos*/) -* sin*? = eon{p + ?)cos(p — ?). (361 ) 

The student will also find 

8in(a + ft) _ cotft + cota _ tana + tanft ^ /qao\ 

sin(a — b) "" cotft — cota "" tana — tanft * ^ ' 

sin(a^&) cotftdccota _ tana=l=tan6 ^ /oagt\ 

cos(a ^ b) ^ d= 1 + cota ootft "" 1 db tana tan& ' ^ ' 



n 
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cog(fl -f" b) _ cotb — tana _ 1 — tana tanft ^ 
co8(a — &) ** cotb 4- tana " 1 + tana tani * 



(364) 

-i±g.= tan«(46° + iv)5 (»») 

4±^^ = <H)t»4p; (366) 

l + 8iny ^ rin«(46Q + i^) , 1 -ring ^ 8in«(46Q ^ jy) . 

1 + co8;> C08'^ ' 1 — co8g sin'-lg * ^ ' 

_i_* I 8in(a±ft) ^ . *i 8in(6=fc:a) ,«^. 

tana± tanD = — ^^ V- » cota dh coti = — r^ — r^ ; (368) 

co8aco8 8uia8in6 ^ ' 



coaa 8in6 aina coad 



(369) 
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All denominate equations are homogeneous. (370) 

A denominate equation b one involTing denominate quantities, 
8uch as length, surface, volume, weight, time, Telocity, and the 
like, referred indeed to a unit of measure, but distinguished from 
abstract quantities or mere numbers. 

By clearing of fractions and transposing, it is evident that any 
abalraet or numerical equation may be represented by 

abc ... [n factors] + aj)^ ... [n^ factors] + ajb^p^ ... [n3]+ ... = ; 

for, if there were any powers they would be embraced in the pro- 
ducts of equal factors, such as ab ^ aa = a*, abc == aaa =& a' ... ; 
^2 • bi = a^ • flg = aj, ... , 6&c. ; and we may suppose the equation 
freed from radicals by involution. Now a, ft, c, ... , Og, &a ... , being 
numbers^ may represent the quotients of any denominate quantities 
divided by their unit of measure, or we may have 

thus, if J. = a line 15 feet in length and the unit of measure be one 
yard, -j|^ = -^-j — = the number 5 ; and so on. Substituting these 
values in the equation above, we have 

^•^•Sf-M+]MfM''-f'*»^ + - = ^' 
or ABC... [nJ + itjBaCa ... [7i.J • ilf *^3 + ilgBj ... [n» 

.M"-^ + ... =0, 
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f 

clearing of fractions, on the supposition that the equation has been 
arranged so that n > n^ > fis > ... . The last equation ^ homoge- 
neous, being of the nth degree, or containing n factors in each term, 
and, as it is denominate, the proposition is demonstrated. 

This theorem may be serviceable to those not yet well practised 
in algebra, by detecting errors. For, if we begin a problem with 
a denominate equation, all the following equations being denomi- 
nate, will be homogeneous, and if any one, as that containing the 
result, want this homogeneity, it is an index of error in the op- 
eration. 

But a more important application is the restoring of a quantity 
which has disappeared from a denominate equation by being as- 
sumed as the unit of measure. Thus, if ilf = 1, the above equation 
becomes 

ABC • ... [n]-f--4jjBaCs • ... [«a] + A^B^C^ • ... [fig] + ... » 0, 

and the homogeneity disappears ; to restore it, however, it is obvi- 
ously necessary and sufficient to introduce the unit of measure, M^ 
as a factor, into each term affected by an exponent which is the de- 
ficiency of the term in degree. 

Suppose we are to restore the radius in (317) ; the first member, 
sinx, is of the first degree, every term of the second must be the 
same, which requires 

8ina:-.jr^- ,j 3^, + j— ^-j— ^+,- 

The first equation in (320) becomes 

r 8in(a -{-x)^ sina eofix 4* cosa sina?, 
when the radius is restored. So (346) when radius = r, is 

It is recommended to the student, as an exercise, to restore the 
radius in all the preceding forms, and to inspect the geometrical 
equations which have occurred in regard to their homogeneity. 

PROPOSITION XI. 

It 18 required to develope the arc in terms of its tangent. 

Let the arc AB, as it is the function, be indicated by y and its 
tangent AT, being the independent variable, by a; ; it is required 
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to find tho fuoetion y ^/r, that y is of or. Give 
to X the vanishing inerement A, to y the cor- 
responding increment k^ and draw I through T 
perpendicular to TO and terminating in the secaal 
drawn through the extremities ofk and &• Simi* 
lar triangles gire us (900) 

LTJ'ot' LxJ'ot' ••LtJ'LxJ* OT* ^+x** 

whence, returning to the function (SM0) we hare 

M»9 jpS tjJt 

hut :r i^nd y vanish together, 

Or=0 + con«tojit, .*. constant ^0\ 

y = ^-**^ + i- ^-+- ^ + , ...... (371) 

which is the required relation. When radius =r I, (27t) becomes 
y==tany-itan'y + itan'y-itan'y + , -».... (372) 

PROPOSITION XII. 

To compute the eemidrcumference ir (pi), wAen radius ts made 

unity. 

For this purpose Machin puts tany = -^ ; 

.-.(349) iai%=j?_-^*, = A. 

... tan4y=tan2(2y) = y|^. = j^; 

but (363), taB45o=:r = l, 

• tanflv 15°)- tan4y^ta.^5- J_^ 

whence, by substitution in (372), we get 

arc yu.r-i = ♦-♦(♦)' + »""» — » 
and ar(?(4y — 46°)u«(%-«^ yf^ = iii^ - i(rb)' + .—»..*; 

.-. itr=.45^=r4y-(4y^46^) = 4[i-^-Ki)» + ,^....] 
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30. (i)»=(i)*(i)«=«008.H)4=K)0a32 
6°. •000000512 

T". <0000000008192 

O^". H)0000000000131072 



OpertUion. 

+ Terms. 
«200000000000000 
•000064000000000 
•000000060688869 

16 
7 



30. (^)« = {^) (|^)t = *a . «04 = '008 

•0000128 

•00000002046 

66 

24286 



10°. 



» 1 1 » I r J 



1 1 1 I I 1 1 



•200064056051962 
— Terms. 

•000001826571429 
•000000001861818 



4[t-i(i)'+,-,..0« 
■"" [ttt ~" TVTfr) 



di£ 



+ 



i»+, -....] = < + 



• • 



•002668497102102 



•197395559849880 

4 



tZV^Z^^'^.A'itA 



20 

"004184100418410 
•000000024416602 



1.1 f » r.ri 1 1 1 1 ly. 



i7r= 
tr = 3 
or TT = 3 

correetiiig the last digits by an extension of the work. 
Cor. i = 90° = 1 •670796326794696, 

^ir = 30° =: 0^523698775608299, 

10° ^ 0^174532925199433, 

1° = 0H)17463292519943, 

6' =:: 0°^1 => 0^001 746329251994. 



1. 
6 



13 

17 



785396163397446 

1415926535897[84] 

141592663589793, 



3 

7 

11 

15 

19 



a 
o 

•^ - 

s * 

§ CO 

o .. 

^ °- 



H g 



(373) 
(374) 



PROPOSITION XIII. 



To compute the trigonometrieai lines^ 
Combining (374) with (317) and (318) we obtaia 

anl° = (•0174533) - ^'^^^j' i •-•..= •01746. 



e<MSo=s •00086" (***•••)* 
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and coti" = 1 - C^^^)* + ,-„.» HMWeR 
Hence, (315), (316), 

+ •»986[C01 ...)^^^+, -, ...]= <034fN>, 

L 1.2 ^' '••J 

•in3<^ =:= 8m(2'> + !'')« "03234, 
eosS'' :== coe(2'' + 1"") = '99803 ; 
dec, 4lc. ^c. 

The proceeses just indicated may be advantageously nsed, the 
first for the computation of the sine or cosine of a ^mall arc when 
a large nmnber of decimal places is required ; the second for in- 
terpolating between sines already calculated and set down in a 
table ; but, as two multiplications in each operation are reqnmte, 
a better method may be employed in making up a table, where a 
single constant multiplier will be sufficient 

In (329), making /> » (m + n)<h 9 = (m — n)a, we have 

sin(m 4- n)a + 8in(m — n)a == 2 sinma cosno, (376) 

a form that will be occasionally serriceable. If, for instance, we 
make m = 1, » « 1, we get 

sin2a = 2 sina cosa» 

a form already obtained ; m <= 2, f» = 1, gires 

sinSa = 2 sin2a coea — sina 
= 4 sina cos'a — sina 
= 4 sina(l — sin'a) — sina 
9 32 3 sina — 4 sin'o. 

The student may put m = 3,n = l; m = 4,9»=l; dec. ; m = 3, 
n = 2; m?=4, n = 2; fii = 4, n = 3; d&c. ; and find the results. 
If we make a = 1, we get 

sin(m + n) + sin(fi» — n) = 2 sinm eoen, 

which might have been obtained by adding in (320) ; making 
n = P and putting r = the constant multiplier 2 cosl^, we have 

8in(m + 1) 3= r sinw — 8in(m — 1), 
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a convenient form for computing the sines. Making ms P, 2°, 
3°, ... , we have 

8in2° = r8inlo-0, 
sin3° = r8in20 — sinl^, 
sin4° = r8in3° - 8in2°, 
^c. ^c. 
It is recommended to the student to find r correct to 7 or 8 
places, and execute the computation just indicated, employing the 
method of shortened multiplication. 

We proceed to show in what wa3r certain sines may be express- 
ed in finite terms. 

In (327) and (328), making x = 45^, we have 

(14.'l)i4-(l_.l)i = 2cos46°, .-. co846o = ^ = J-, 

2 V2 

and (1 + l)i - (1 - l)i = 2 sin46o, .-. 8in45° z:z^=—. 

2 V2 
In (331) making p = (m + n)a, g = (m — n)a, we have 

cos(m + n)a -f co8(m — n)a = 2 cosma cosna, (376) 
cos(l + l)(i + cos(l — l)a = 2 cosa coso, 
or cos2a = 2 cos'a — 1 ^ 

co8(2 -f l)a = 2 cos2a cosa — cos(2 — 1 )a, 
or cos3(i = 4 cos'a — 3 cosa. 

If, in the last form, we put a = 30°, there results 

cos90° = 4 co8»30o - 3 cos30°, 
or = 4 cos'30° — 3 co830° . 

0=4 co8«30o - 3, 






sin60o = cos30^ = ^ ; 

coseO° = sin30° = (1 - sin^eO^)* = i . 
Again, 4 cosn8° - 3 cosl8° = co83 • 18° = cos54° 

= 8in36° = 2 8inl8° co8l8°, 
4cos«18°-3 = 2sinl8°, 
4(1 - sinn8°) - 3 =*2 sinl8°, 
or 4-4 8in«18°-3 = 2 8inl8°, 

sin«18° + i sinl8° = i, 

cos72° = sinl8° = ^^7^ ; 

4 

sin72°=cosl8°=(l--sin«18)* = ^^S^^±^-^ . 
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In (328), making x » 16", and obaerring that the miniui aign » 
to be employed when x < 46°, we here 
(1 ++)+ _ (1 _+)i = a 8inl6°, 

co«76° = 10116° = -^ (V3 - !)• 

The SUM form will gire us the aine of 0°, then 
sine 3° ^ >in(18° ~ 16°) » sinl8° coal6° — eosl8° tinltSP, 
and the cosine of 3° being known, the following table of sines and 
cosines may be calculated (SM)* 

«n 3° = cos 87° = Jj^j^ (6» - 1) - ?^ (6 + 6»)* 
sin 6° = cos 84° = — 1^ (8» - 1) + ^^ (6 - 6»)* 
sin 9° = cos 81° = ji^ (6» + 1) - -|- (5 - 6»)*. 
sin ia° = cos 18° = ~ {8» - 1) + -jlgi . 9 + 6*. 

rin l6° = C08 76°=5-^(3»-l). 
in 18° = cos '»° = -J^ (e« - 1). 



sinai° = cos60° = -|^(5» + l) + ^^«6»-». 
sin 24° = cos 66° = -| (5» + 1) - ji^ . 6» - 6». 

sin 27° = cos 68° = -yig, (5» - 1 ) + i(6 + 6»)* 

sin 30° = cos 60° = \. 

sin 33° = cos 67° = 1^ (8« - 1) + ^^ (6 + 6»)* 

• 36° = cos 64° = jl^ (6 - 5«)*; 

39° = cos 61° = 1^ (6» + 1) - ^^ (6 - 6»)* 

• Library of Useful Knowledge. 



sin 



sin 
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Bin 43° = cos 48° = -^6»- 1) + -JL (5 + 5»)«. 



sin 46° = cos 46° = -3. 



an «)" = cos «>" = -gj' 

dn 48° = cos 42° =--| (5» - 1) + yi^ (6 +6»)* 

.in 61° = cos 39° = 1^ (6» + 1) + ?^ (6 - 5»)* 

.:« Kilo _ ^A. oao _ ji/cA i i\ 



sin 

sin 

sin MP = eo» 36° = i(SJ + 1). 

sin 67° = cos 33<^ = -- 1^(5*-.!) + ^^(5 + 5*)* 

sin W = cos 30° = ^. 

sin 63° = cos 2t° = ^ji-j (5* - 1) +^(5+ 5*)* 

sin66° = cos34° = i(6* + l)+j^(5-5*)* 

sin 69° = cos 31° =: |ii (5*+ 1) + ^* (6-6*)* 

sin 72° = cos 18° = -JL.(5 + 6*)* 

sin 75° = cos 16°= -i-j(3»+l). 

sin 78° = cos 12° = +(6* - 1) + -^ (6 + 5*)*. 
sin 81° = cos 9° = ~3_ (6* + 1) + i(6 - 5*)* 
sin84°^cos6° = ~(6» + l) + J_(6^6*)* 

sin87° = cos3° = |^(5*-l)+*±i(6 + 6*)* 

sin90° = cos0°=l. 

Other sines, may be interpolated by (315) or by the melhod of 
differences, and the tangents will be found by dividing the sine by 
the cosine. 

It is recommended to the student to execute sereral of the com- 
putations indicated above, carrying out the WQrk to ten or fifteen 
decimal places, and employing a shortened method of extracting 



' 
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the sqaare root as well as in multiplying and diyiding. It will be 
adrantageoiie to free the denominators of radicals ; for example, 
let it be required to find the sine of 75^. 

Operation. 



3)1«7320606076 
1 



27)200 
189 



343)1100 
1020 



3462)7100 
0024 



3|4|6|4|015)1760000 
1732025 



27975 
27712 

263 
242 

21 
21 



2.2 
2^:= 14142135624 
2'7320666076 

2«8284271248 

424264060 

28284271 

707107 

11313 

99 

8 

4)3«8637034045 

0«9659258511 = sia75''. 

How many digits «may be de- 
pended on ? 



But a table of sines is comparatirely of little importance, as the 
logarithms of these numbers are generally preferable in practice. 



PROPOSITION XIV.. 

To compute the logarithmic sines and tangents. 
Restricting (317) to the fourth power of ^r, we hare 

sinx = x{l — far* + iht^*)* 
.\ log; sina: = log. ar + log. (1 — iar* + -Hhr^*) 

= log. X + ilf[(- ix*+^i^x*y - i(-. f a:«)«] 



[(270)] 



= log.x-f-.-(l+g). 



i 
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.*. Jog. sino; == log. x - No. to {li<8596331 + 21og. x 

+ log.[l + No. to (21og. X - 1 *4r7)] I . (378) 

As an example, let it be required to fiud the logarithm of the 
Bine of 5^. 
We hare (374) 

x = 5° = •08726646 ; 

log. X = 5*9408474 



21og.:r = 3*8816948 
3«8596331 

* 

log. 1K)00264 == 0*0000193 

1*7413382 
No. 6*0006512 



3*882 
1*477 

7*405 

No. *000254 



. • 



log. sin5° = 2*9402962 

Form (378) should not be employed when the arc exceeds 5^, 
and the last term, log. [1 + No. to (21og. x — 1*447)], Biay be omit- 
ted if the arc be less than 3°. 

Imitating the process above, we find 

log. cosa? = - No. to |T*3367543 + 21og. x + log.[l + 

No. to (21og. X - 0*778)] | . (379) 

Operating as in the last example, we obtain 

log. cos5o = - 0*0016558 =:1*9983442. 

The logarithmic tangent will be found from the relation 

sine 1.1.1 

tan= — ; — , or log. tan = log. sm — log. cos, 
cosme ® * o » 

and the logarithmic cotangent results from 

cot = -1— , or log. cot = log. cos — log. sin. 

Thus log. sinS'^ *= S*9402962, 

log. cos5'^ = T*9983442 ; 

log. tan5'' » 3*9419520, 
and log. cot5° = 1*0580480. 

In order to avoid minus characteristics, 10 is usually added ; thus 
in most tables we find log. sin5° » 8*9402060. 



1 
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Diriding the first of (390) hj siiui, there retults 

■in(a4-x) , . /t I * * ^ \ 

— V- ! — i- = co«» + eona nnx = cosril + cota tanxK 

•'. log. 8in(a + x)^ log. nina + log. coax + Jlf(cota taiir 

— i€ot*a Un'jT + , - , ...). (380) 

By a similar process we find 

log. cos(a + x) = log. cosa + log. cosx — JIf (tana tanx 
+ iton«a Un*a: + ,-,,..). (381) 

Let a = 5^ and X s 0^4 = 6', then 



+log. sina=3^9409002 

+ log. cosxsT*0099083 

+ No. ^KH)066639 

- iNo. =0*0000964^ 

+ iNo. =OK)000011 

.-. Iog.sin5''a=3«0488741 



flog. JIf =:T«6377843 (1) 
log. cota==l«0680482 ^ (9) 
log. tana?= 3*g418Ty8 \ (3) 

S'osmos 



1*2376363 2[(l>+<2)]-Kl) 



3«637Se83 8[(1>+(^>K1) 

Calculate the log. cos5^*l. 

In order to avoid the accumulation of errors, the eompntations 
should be recommenced from new points of departure, for which 
purpose the above table of sines and cosines to every 3^ may be 
employed. 

PROPOSITION XV. 

To develope the arc in terms of its sine. 
We have 

or (280), y' = (!)-• + (- i) (!)-•- . {- x»)' 

+ {-+)(- + - 1) (1)-*^ • i-f^+ ... , 

or y'=l+ia:» + i.l±ll*. j-i^.«« 




+ + 



1+1 '8 1+2.2 1 

2 * 2 * 1 .2.3 
1+1.2 1+2.2 1+3.2 

— 2 2 2— 

1 



1.2.3.4 



«F "T" ••• f 



I 
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. , , 1+1 .2 1+2.2 1+3.2 

+ +•*•— 2 "2 2— 

1 



X 



. X* + ... ; (382) 



1.2.3.4 

where no constant is to be added, since x and y vanish together. 

PROPOSITION XVI. 

To resolve the equation. / Ak Q^ ^ ^^ '^ ^^ ^ ^ ^^^ 

osina? + 6 cosa: = c. :^^i- -^-X • g^^-^ H ^ -^ 

we have sinjr4 • cosa?.= — , (X^^ - '^^ vWrr 

cosj? a. 



"•W '^ ' / 



CCOSJiT 

or ri„(x+r)=_— . ^;^^(384J. 

(383) makes known z, then (x + ;zr) is determined by (384) and 
finally x. For an example, let j |_jS u v) 

V^5SIft • 8ina? + -^1S • cosx=: 12; we find a?* 16°. ^^|^ q \ 

PROPOSITION XVII. Wlv 7., (vT^«- / 

To resolve the equation, t/e^ -^ /^v-^ v./ a ^ 

8in(x + A:) = wt sin(ar + 1). 

We have (362), 

sin(a: + k) _ 8in[ar + i(A; + Z) + i(fc - /)] 
8in(a? + V) sin[a? + i(it + Z) - i(*: - Z)] 

_ tan[a; + \(k + Z)] + tani(A: -- Z) ^ 
" tan[a? + i{ifc + Z)] - tani(ifc - Z) ' 

tan[a: + i(A: + Z)] = i±^ tani(Z - *), 

or tan[a?+i(ii: + Z)] = tan(46° + i?) tani(Z-*), ^^^^ 

putting (354) m = tanv. 



/ 



/ 



/ 
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The second form will be preferable, when m is such a quantity 
as to be most readily computed by logarithms. What will the 
equations become when ib^O? when 2 = 0? The student may 
form an example for himself 

PROPOSITION XVIII. 

To resolve the quadratic equation^ 

X* + 2px = f , 
when p and q are suck as to require logarithmic tables. 

We have . 

X + p = ± (/)• + ^)* = ± (p* + p" tan*©)* [putting y =s= p* tan*t?] 
= i p(l + tan'o)* = ± p secD, 

or x + P==t--2~, toni> = -S-. (386J 

^ coso p ^ ^ 

Example* Given 

26'35sin86*25? _ g » 857sin86'26Q 
^ ■*" sinl61*76o *^ sin76*6°8inl61«76°' 

to find X. 



SECTION SECOND, 



Retoliition of Triangles mmd Mentnratlon of Heigkts and Dittaiieos* 

PROPOSITION I. 

The length of a line and its incliiiation to a second line being 
given, to find its projection upon that line. 

Let a be the given line and I 
the line upon which its projec- 
tion iB to be made; drop the 
perpendiculars p, p^ from the /^f ) ^^^^^'' 
extremities of a upon I ; then ^^ifh^) 

tta, the portion of I intercepted ^'^- ^• 

between these perpendiculars, is called the projection of a upon L 
Through the extremity of a nearest Z, draw a^ parallel to a, and 
terminating in p.^ then o^ == o^. Also produce a to intersect /« 
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maJsiDg the angle («,Q ; from the angular point and on the pro- 
duction of a, meaflure off the radius^ r = 1, and from the extrem- 
ity of r drop the perpendicular intercepting the cosine, cos(a,Z) ; 
then 



or 






Os : d : : cos(a,i) : r. 
On : a i : co8(a,Z) : 1 ; 
0^=^ a cos(a,Z)9 i. e., 



The projection of a line is found by multiplying the (386) 
line into the cosine of its inclination to the line upon which it is 
projected. 




PROPOSITION II. 

To find an equation as simple as possible that shall embrace 
the relation existing between the sides and angles of a triangle. 

Let the sides of any triangle be denoted by a, 
b, c, and the angles respectively opposite by A, 
B, C. Then, dropping a perpendicular from C, 
we have (386) 

Of = acos^, 
and &, = bcosA ; 

c =s a, 4- ^s s aconB + ^cosii, i. e«, 

Either side of a triangle is equal to the sum of the pro- (387) 
ducts formed by multiplying the two remaining sides into the 
cosines of their respective inclinations to the first mentioned 
line. 

This proposition, obviously little else than a corollary from (386), 
may be regarded as the fundamental theorem in the resolution of 
triangles ; since it gives at once the equations, 

a = 6cos (7 + ccos J?, -| 

b = acos C + ccos^, > (3872 ) 

c = acosB + bcoaA ; J 
from which, by elimination, all possible relations among the sides 
and angles may bS %awn. 

If one of the angles, as J., become greater 
than 90^, the corresponding side, b^ = bcosA, will 
be minus (338) .*. r = o^ — &2 = cbcoaB — bcosAf 
and the theorem«etill holds good. 



13 




I 
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In Older to find an equation embiacing but the single angle A 
and the sidea a, (, e, eliminating cob C between the fimt and sec- 
otid of (887|), and multiplying the third by «, we have 

a* ^6* =:acco8B— ^tfcosA, 
and e*=aeco8B+^«co8A; 

c* — a* + 6* =2*«co8il, 
or i*+c*=a*+2^ecoeii; i e. 

PROPOSITION III. 

TKt sum of the squares of any two sides of a triangle (388) 
is equal to the squares of the third side increased by the double pro- 
duct of those Udo sides multiplied into the cosine of the angle u^aek 
they include* 

a'+6*=c*+2flr^osCT 
a*+c»=6»+2acco8B I (388,) 

h^+c^:=za^+2heco%A\ 
Cor,^ a*+5*+c*=2a5cosC+2accosBH-2iccoSil. (389) 

PROPOSITION IV. 

To transform (388) so as to he eont>enient for the logarithmic com- 
putation of A. 

Combining (388) and (324) we have 

^!±^!:i^=co8i4 = 1 -2 sinHA, 
2bc ' 

a*^(b*+c*) a«-^(^-c)* 

_ {a+b-^e) {a—b+c) ^ 
"" 26c ' 

putting A=i(a+6+c). 

So co8iA=[*i^]*, . (391) 



* Eipress in words. 
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Also, taking the double product of (390) and (391), we hare 
(321), 

sin^ _ 2[h(h'^a){i--b)(h^e)y 

a abc * 

sing ^ 2[A(A - j^) (^ - a) {h ^ c)]* ^ 

b bac * 

sinJL BinJ? . , . • i> . 
= — r — f or a : : : nnA : sinB ; i. e. 



80 



• • 



PROPOSITION V. 

■ 

The sides of a triangle are to each other as the sines (3M) 
of the opposite angles. 

If the angle C = 90°, or B be the complement of A, then 

b "" sinjB cos^ "" • 
Cor. a = & tanX (396) 

Again (394) gires (40,3<') 

a+6 : a — b : : sinii-fsinB : sin^i — sinB, 
or (333) a+b : a-b : : iSLni(A+B) ; taxkj^A^B); i. c. 

PROPOSITION VL 

The sum of any two sides of a triangle is to their dif' (396) 
ference^ as the tangent of the half sum of the angles opposite 
to the tangent of half their difference. 

The abure theorems are adequate to the solution of all probleuit 
in Plane Trigonometry ; and these problems may be reduced to 
one or other of the four following cases : 

Case. I. The angles and one side of a triangle being given, to 
find the remaining parts. 

Rule. As the sine of the angle opposite the given side, 

Is to the sine of the angle opposite the required side ; 
So is the given side 
" To the required side* 



^ 
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1^. As an example under this case, let it be requir- 
ed to find the distance, r, of an object rendered 
inaccessible by the interrention of a riyer. For 
this purpose I measure a base line of 10 chains, and 
taking the angles at its extremities, I find them to Fi^ 60. 
be, the one 80°, the other 70°. 

We hare the angle at the object » 180° - (80° + 70°) = 30° ; 

sin30° log. sin30° = 1*69897 [-] 

sin70° log. 8in70°=t 1*97299 [+] 

10 log. 10= 1*00000 [+] 



X .*. log. X » 1*27403 

.•. X = 18*794 chs. 

Case II. Two sides and an angle opposite one of them being given 
to find the remaining parts. 

Ruh. As the dde opposite the given angle. 

Is to the side opposite the required angle ; 
So is the sine of the given angle 
To the sine of the required angle. 

2°. To illustrate Case II., in the triangle ABC, let AB= 13*56 
cbs., EC = 7 chs., and the angle A = 25*3° ; required Z C. 

Operation. 
7 0*84610 



13*56 1*13226 

sin25*3° T*63079 



sinC. 1*91795 

.-. O = 55*877°, or « 180° - 55*877 = 124*123°. 

The ambiguity of the angle C will be illustrated by dropping 
the perpendicular BP upon AC, and calculating its length ; we 
have 

8in90° 1*00000 



8in25*3° 1*63079 

^ 13*56 1*13226 

PB ' 0*76305 

.-. BP = 5*795 ; 

whence, since BP is less than BC, taking the point C in AC and 
on the side of P opposite to C, so that PC shall =a PC, and join- 
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Fig. 61. 



ing BC, we have BC ^ BC. Therefore the two triangles, ABC, 
ABC, are alike compatible with the conditions of the problem ; 
and the angles BC'A, BCA [= BC'C], are supplementary. If we 
had taken A = 44*5°, we should have found log. sinC = 0*13282, 
and, as a consequence, the sine of C greater than radius, which is 
impossible. The cause of impossibility will be manifest by com- 
puting the perpendicular BP, which, being found =s 9*6043, shows 
that BC is too short, when A = 44*5°, to form a triangle. The 
student should make all the computations here indicated, 

3°. In order to ascertain the altitude, LT, of a 
tower which I am prevented from approaching, I 
take a station. A, in the same horizontal plane with 
its foot, L, and observe the angle of elevation, TAL, 
at the top of the tower = 35° ; then measuring 
AB = 113 feet directly back from A and in a line 
with L, I find the angle of elevation TBA = 25° 

What is the altitude of the tower, and what was my distance 
from its foot when at the first station. Ans. LT = 157*74. 

4°. An individual, in order to fix the position of a certain point, 
P, in a harbor, selects a convenient place on shore and measures a 
base line, AB = 1970*9 rods, and finds the angles, PAB = 100*13°, 
PBA = 37°. Required AP, BP. 

The student will compute AP, BP, and then verify by taking 
AP, or BP, for the known side and calculating AB. 

5°. In order to determine the dis- 
tance between two places, A and B, 
situated ion opposite sides of a hill, and 
their relative altitudes, I measure the 
horizontal line AC = 16 rods, and take 
the angles of elevation PAK = 37*9°, 
PCK = 30°, P being a flag on the sum- 
mlt. I then measure the base, BD =^11 rods, and take the angles 
of elevation PBL = 40°, PDM = 31*li°, also the angle of depres- 
sion BDM = 25°. 

Case III. Two sides and the included angle given, to determine 

the remaining parts. 

Rule, As the sum of the two given sides 
Is to their difference ; 

So is the tangent of the half sum of the opposite angles 
To the tangent of their half difference. 




Fig. 62. 
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6^. A sttirejCM', withiiig to determine the side AB of a field* ren- 
dered incapable of direct meaaQrement by reason of an interrening 
monwi, mns the line AC, aouth 38^ west, = 7*75 diains, then CB, 
south 25«8° east, ICIS diains. 

Produce AC in K and draw the meridian 
CS ; then SCK = 38"" and BCS ^ 25«'>, 

i<GAB + CBA) = iBCK = Sl'O''. 
10a5+7«76 1 •26885 

0«38(»1 

T«79410 Fig. 63. 



• • 



10*16 -7'75 
tan31*90 




• • 



and 



taniKA-B) ' *^-92146 

i(A-.B)= 4° 46' 46' 
KA + B)=31°64'00"; 
A = 36° 40' 46". 



The angle A being determined the solution will be readily fin- 
ished, and we shall find 

AB, S 1^ 19' 14 ' W, 15«a46 chs. 

7°. Oiyen the following courses, 

1^ AB, N 46"" £, 35 chs. 
2°. BC, N 20° W, 65 chs. 
3°. CD, 8 35° W, 46 chs., 
to determine DA. 

[Verify by employing the computed ralue of DA to find AB 
already known.] 

Case IY. The sides given, to determine the angles. 

Rule 1. log. siniA=+[log. (A— ft)-Hog, (h — c)— (log. b+log. c)]. 

2. log. cosiA=i(log. A+log. (A— a)— (log. h+\og. c)]. 

3. log. taniA=i[log. (A-6)-Hog. {h^cy-log. hn-\og. (A-«)]. 

4. log. sinA=i[log. h+log, (A~a)-f log. (A— 6)+log. (A— c)] 

+log. 2-(log. b+\og. c). 

8°. Let it be required to find the angles of a triangular field, the 
sides of whidi are 300^, 267i, 109 feet. 
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necessaiy, unless we wish to test the accuracy of the work. We 
have employed three methods in order to illustrate the rules; 
sometimes one and sometimes another will be preferable, according 
to the numbers. 

9^. Required to determine the angles of a quadrilateral field from 
the following data : 

AB = 66, BC = 76, CD =87, DA = 43, BD = 67. 

10°. Given two sides of a triangle 367^23, 273 chains, and the 
difference of the opposite angles 15*7°, to determine the triangle. 

11°. Given the sum of two arcs and the ratio of their sines, to 
determine the arcs. 

Let the arcs be denoted by u, v, their sum by e, and their ratio 
by r ; we have 

and Binv = r sinu. 






• 



sin© ... ^ ^ tanw 

= r, which put = tanw = — = — 



smtf 

Binu + sini? 1 + r 1 + tanto 



• • • • ""* t ~~ t . I 



• • 



sintt — sini? 1 — r 1 — tanw 

tani(u — v) 1 — r ^ ' 

tani(tt — ©) = -—7— • tan^c = - — ..' . — r , 
^ ^ l+r, tan(46° + io) 

which makes known i{u — u), 

but i(tt + f)=i«t 

whence u and v are finally determined. 

The student may make an application of the above in the solu- 
tion of the following problem, taken from Davies' Legendre : 

12°. '* From a station, P, there can be seen three objects, A, B, and 
C, whose distances from each other are known, viz., AB = 800, 
AC = 600, and BC = 400 yards. There are also measured the hor- 
izontal angles, APC = 33° 45', BPC = 22° 30'. It is required from 
these data to determine the three distances PA, PC, and PB.** 

The angles CAP and CBP will be the u and v of the eleventh. 
The student will make the computations, and devise means to sat* 
isfy himself of the correctness of his results. 

13°. Wishing to ascertain the distance, AP, to an inaccessible 
object, P, also invisible from A, I measure to the right and left the 




sf 



equal lines AB= AC =21*37 chains, and the angles, BAG 
= 113° 12', ABP = 65° 36', ACP = 89° 5'. 

How might the principle of this problem be applied to deter- 
mine the distance of the moon, her zenith distances being observed 
by two astronomers, one at St. Petersburg, and the other at the 
Cape of Good Hope ? 
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SECTION THIRD. 

<iiiAdr«tiure of tbe Cirelv, tl&o BUlpie, and Parabola* 

PROPOSITION I. 

To find the area of a circular sector in terms of its radius 
and arc* 

The sector y is obviously a function of its arc 
X, the radius, r, being a constant quantity. Giv- 
ing to X and y the vanishing increments, h and A:, 
we have (31 1)^ 

[it] = ^ . [A] ; Pig. 64. 

y'= [yj = ir = ira:«; 

.'. (246), y = irx + constant, 

but y,.^ = ; 

y = -Jtx, i. e.. 

The circular sector is measured by half the product of (397) 
its radius and arc. 

Cor. The area of a circle is equal to the product of the (398) 
radius multiplied into its semicircumference. 

Scholium, The celebrated Problem of the Quadrature of the 
Circle* is evidently reduced to the following proposition : 

PROPOSITION II. 

The diameter of a circle being given, it is required to find the 
circumference, 

* See Montucia, " Histoire des Recherches sur la Quadrature du Gercie.'* 



f 



If in (371) we make x » r« there results 

3f = -|circiiifi/i5re»ce = (l — t + i — + + » — » —K ♦ 

{circumference)r =4(1— -J+i — ++»— f— ) •^• 
So (<?trcii»i/crcnce j^j= 4(1 — -H--^— ++»— t—)* ^» 

for any other radius, r^ ; 

(ctrci«i»/cre»ce)^ _ ^_ ^ . 
(circttiii/ercncc)^^ "" ^r, ~ r, * 

and if 2r, s= 2, and .*. (373), (circ.)^ =s9rr, we hare 



(circumference) r 2r 

2,T 2 *^♦'• 



e. 



(400) 



7%« circumference of any circle bears to its diameter 
a constant ratio, 

{circumference)r = it • ar:s3« 1416926635697993 • 2r. 

Cor, 1. The arcs of similar sectors are to each other as 
the radii of the respective circles of which they form like parts. 

For, if ii, Uij denote the arcs of simUar sectors, or 
like parts, as the nth, o{ the circumferences of which 
the radii are r, r^, we have 

nu = n • 2rf 
and n«s = ir • ^s ; 

^ Fig. 66. 



(399) 
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Eliminating the semicircumference from (398) hy aid of (399), 
there results, 

Cor, 2. Area of circle = rcr^ ; or, the circle is measured (401) 
by the square of the radius multiplied into it. 

Cor. 3. Circles and the like parts of circles, as similar (402) 
sectors and segments, are to each other as the squares of their 
proportional lines — ^such are the radii, diameters, circumferences, 
similar arcs and their chords, sines, tangents, secants, and .versed- 
sines. 

For let S + 8 and S^+^s he similar sectors with 
their equal angles made yertical, ^, s.^^ the- similar seg- 
ments cut off from the sectors by the chords c, c„ 
r, Ts, being the radii. Then S + a^ S^+s^ being 
like parts of their respective circles (?) if n(S + s) 
represent the first, n(jSfj + ^s) will represent the second 
circle ; and we shall have (401) 




• #• • 



n{S + «) = irrS 
and n{S>i + s^) = rrrg* ; 

which shows that the segments, sectors, and circles are propor- 
tional. Further, denoting the arcs of the sectors by u, u^ and 
.*. the circumferences by nUf »i«si, we hare 

nil _ « _ r __ c __ sintf _ tanu _ secit 
nUji ~ 1*2 "" ^a <?9 sinUi tanit^ secii^ ' 
n(fif + g) _s__T*_ {^y ^ (^^)* ^ ^' ^ g' _ sin^tf 
n(^|+^) ~ ^ " fa* *" (2fs)* "" (wtta)* " 1*4* "" Ca* ~* sin'tf^ 

Q. E. D. 

PROPOSITION III.. 

« 

An Incremental Vanishing Arc of any continuons (403) 
curvCi is to be regarded as a straight line. 

Let z be such an arc, c its chord, and ^, t» tan- 
gents at its extremities, P, P^, that is, coinciding 
in direction with z at P, Pg, and terminating in Fig. 67. 

their point of intersection. 

We have (387) 

c s tcos(tiC)+t^os(tftC) ; 

but it is obvious from the implied condition of continuity, that as 
the arc z decreases to its vanishing state and the points P, P^, ap- 
proach to coincidence, that the tangents I, t^ chang- *_ _^ ^ „, f t 
ing their directions by insensible degrees, will 
come to form one and the same straight line, and 
the angles, (f,c), ({9,0), decreasing to zero, their cosines become, 
[cos(t,c)] = 1, [cos(<2,c)] = 1 ; 

and (113), z<[+\ ^^^ 

Scholium* It is obvious that if the curve were 
other than continuous, no such conclusion as the 
above would result. 

Fig. 6d. 
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PROPOSITION IV. 



To 'jind ike Derivative of the Segmental Area of any contin- 
uous curve referred to rectangular coordinates. 

Let Y be segmental area in question, and K 
its increment ; we have (403), ( 146), , [ y ^PT* 



Fig. 70, 



.-. y = [ j] = y, which =/r ; i e., ^-^ ^ if 

The derivative of the segmental area of any continu- (404) 
ous curve is equal to the ordinate of that curve regarded as a 
function of the abscissa, [Y' = y = fe.] 



PROPOSITION V. 



To find the area of the Ellipse, 

Let Fbe an elliptical segment embraced by the semi- 
minor axis and the abscissa x ; we hare (404), (203), , 
(250), 

y ^y* a»/ V «* 5 a^ Pig. 71. 

i(i-l)(i~2) 3:' \ 

2T3 V^*""''/' 

..(^0), y~Y +.3^, + — ^— . g^ g— 

•^« + ' -'•••)' (405) 

the area sought, no constant being added, since Y,^ = 0. 
If we make & s= a, there results 

•^ + . -."•). (406) 



the corresponding segment of the circle circumscribing the 
ellipse ; 



Pig. 72. 
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/. Y. : Yc : : 6 : a, or F. = — . Yc- [Enunciate.] 
Making x^a and multipl3ring by 4, we find 

(Ellipse)^ , = 4(1 - i . i + i . i^illl) 

{c»rcfe),= 4(1 -+ . i+i . i^i^) 



-+ 



i(i-l)(i-g) 

2>3 



+ 



(407) 



(408) 



(409) 



.% Ellipse : Circumscribing' Circle : : b : a z : 2b : 2a 

: : Minor Axis : Major Axis. (^1^) 

.•. (£ZZtp9e)a, 6 = — (Circumsc, Cir,)^ — • ira^. = oi • ir. (411) 



{Circle)i,=rtb^; 




.-. (411), 



(Ellipse)a,b ' {Circle)i, : : a : b. 



Pig. 73. 

(412) 



PROPOSITION VI. 

To find the area of the Parabola, 
We have (232) 

Y = y = 2+p2xi; 



Y= 2*p* . f— ^ = -S . 2*piariar = -fya? ; i. e., (413) 

7^ Parabola is two'thirds the circumscribing rect- (4132) 
angle. 

Scholium. It is obvious that the quadrature of the 
circle and ellipse can only be obtained approximately, 
while that of the parabola is exact. 

Pig. 74. 




^ 



2M 



PftOXIMATS AREAS. 



PROPORTION vn. 

To find the proximate area of any conHnuous curve* 

Suppose the eqoaiioii of the cuire, referred to reetangolar co- 
ordinatesy to be 

y = ^ + il,x + A^« + ii,;r» + ...; (414) 

then F = y = -4t+ -A,z + A^*+A^* + ... ; 

Y = A^ + i^i^' + i-Ajx' + -tiijar* + ••• + constant^ 
but, if the area Y become = when x = 0, which condition is 
always admissible, since the origin may be taken at plesumre, we 
have 

But, since three points, P,, P„ Pc determine 
with considerable accuracy a curye of moderate 
extent, we will take the foot of the first ordinate, 
y^ as the origin, and the abscbsas, x^^h^ x^=^ 2A, 
so that the corresponding ordinates, y^ yi, y^ 
shall be equally distant from each other ; .*• mak- 
ing z = 0, &, lU, we hare (414) 

yo = -4^ 

yi = Jfl + il, • A + -A,* h\ 
y, = ^+ii, .aA+^.4*«; 

yi-yo= A • * + -4, . A*, 
y,*-yi=r-4, . A+^Aj. 3A*; 

ya-»yi+yo=.^*a*M 

but when ;r = 2A, we hare (415) 

r=:^ . 2k + i^i . 4A» + i^ . 8A» = 2&(ii, + il,A+ liil, • A«); 

r=2%. + + . +(y,-3yi + y,)]. 
or Y = I^Ciyo + ayi + iy,). (416) 

If we continue the same method 
of admeasurement and notation, we 
have 

A 




Fig. 75. 



• • 



and 



• • 




Fig. 76. 



y. = -fA(iy.+2y.+iy,), 
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+2y5+... + ya^+%i^i + *y».). (417) 

This beautiful and useful theorem is due to Simpson. The stu« 
dent should enunciate it in common language. 



EXERCISES. 

1^. Required the diameter of a circle having ten linear chains in 
circumference to every square chain in area. 

2^. A square plate of sOver, 3 inches on the side, is worth $4. 
What is the value of the greatest circle that can be cut from it ? 

3^. Had the plate in 2^ been an equilateral triangle, what would 
have been its value ? 

4^. The two sides including the right angle of a right angled 
triangle, are three and four rods ; what is the area of the circum- 
scribing circle ? 

5^. Determine a circle circumscribing an isosceles triangle, the 
two equal sides of which, including an angle of 36^, are 15*15 chs. 
each ? 

6^. The equal sides of an isosceles triangle embrace an angle of 
47^3^, and the area of the inscribed circle is one acre. Determine 
the triangle. 

7*^. A circular plate of brass, 20 inches in diameter, is worth 
$3*75. What is the value of the three greatest and equal circles 
that can be cut from it? 

8^. Required the area of a circular segment embraced by an arc 
and its chord, the length of which is 5*87 chs., and the breadth 1*35? 

9*^. The dimensions of an elliptical fish-pond are 10 and 15 rods. 
What is its area ? 

10^. The ordinate of a parabolic segment is 3 chains, and the 
corresponding abscissa 7 chains. Required the area. 

11^. Required the area of an eUiptical segment embraced between 
the semiminor axis and an ordinate = 5*657 chains, and having a 
breadth of one chain. 

12°. Wishing to ascertain the cross section of a river 100 yards 
from water's edge to water's edge, I take soundings every 10 
yards, and find them to be in yards : 

yo = 0, yi = 12, y8 = 20'l, y8 = «6*3, y4 = 28*4, y5 = 29*9, ye = 5»'3, 
y, = 26*1, y, = 20*9, y, = 12*8, yio = 0. 



BOOK THIRD 

SURVEYING. 
SECTION FIRST. 



To determine the boundaries of lands, to delineate them in maps, 
and to compute their areas, constitute the Art of Surveying. 

The instruments employed in determining the boundaries of 
lands are, the Chain^ for measuring the lengths of lines, the Sur* 
veyor^s Cross to determine right angles, and the Azimuth Com- 
pass, or the Theodolite, for fixing the inclinations of lines to each 
other and to the meridian. 

The Chain, 

Gunter's chain, as has already been obsenred, is 4 rods or 66 feet 
in length, and centestmally divided by a hundred links, each, con- 
sequently, equal to V9fi inches. 

It is a maxim in land surveying that every instrument, whether 
for measuring lines or angles, must he used in a horizontal po' 
sition ; for it is the base, or the projection of the field upon the 
same horizontal plane, that is desired. 

The projections of the bounding lines are usually obtained by 
carrying the chain in a horizontal position, as 
represented mfig, 77, where 1, 2, 3, ... , are the 
successive positions of the chatn^ 

When the inclination of the ground is too ^* 

great to admit of a vrhole chaiti, a half or a quarter may be taken, 
and in all cases the proper position of the elevated extremity should 
be determined by a plumb line or by the dropping of a stone. 
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The chief points to be attended to in chaining are* P, to keep 
the chain in a horizontal position ; 2^, to avoid straying from &e 
line ; 3^, to record without eiror the number of chains. 

The first condition will be secured by the surveyor supporting, 
when necessary, the middle of the chain, arid directing the elevation 
or depression of its extremities. 

The second condition will be readily attained by. the foreman 
fixing his attention upon the flag-staff or object of sight, thus draw- 
ing the chain constantly in line. His march will be corrected by 
the hindroan, who will cry out ** right !" *' left !" as the occasion 
ma^ require. 

Error in record will be guarded against by employing ten iron 
pins which should be turned at the top into a small ring, and tied 
with a piece of red flannel, the better to be seen. The foreman 
takes the ten pins and draws out the chain, the hindman, as it is 
near being stretched, cries ** down !*' when the foreman, giving the 
chain a wave to bring its parts in line, pulls it tight and puts down 
a pin. Marching on he repeats the same operation, until, coming 
out empty-handed, he puts his foot upoA the extremity of the chain 
to secure it in place, and cries *' tallt onb !" and the hindman 
responds ** tally one P* that the number may be fixed in the mem- 
ory, also recording it in some way, as by a notdi in a stick or a 
pebble put in the pocket, if thought necessary. He then, quitting 
the hind end of the chain, marches up to the foreman, who counts 
the pins to assure himself of the reception of the ten ; when, stretch- 
ing on, the second tally is executed like the first A field may be 
surveyed by the chain alone, as illustrated by the subjoined 

Field Notes, 

Contottr. AB = 2'37, BC=4'67, CD=5K)0, DE=4*98, EA=3*67, 
Diagonals. BD = 4*83, BE = 5*25 chs. 
Required the angles of the pentagon. 

The question naturally arises : ought we not to measure the in- 
clined plane rather than its horizontal projection, since the surface 
of the former exceeds that of the ktter ? The answer to this ques- 
tion must be given in the negative, and for two reasons ; 1^, a uni- 
formity in surveying different lands is desirable, that they may be 
the more readily compared with each other, and it is obvious that 
this uniformity can he attained only by reducing them to their 
horizontal projections ; 2^, the real value of a field cannot exceed 

14 
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that of its horizontal projection, since no more soil will rest on an 
inclined plane than on its horizontal projection, and the same niun« 
ber of plants will stand upon the one as on the other. 

For let ahc^ represent a rertical section of the 
soil of an inclined plane ; it is only equal to its hor* 
izontal projection c/]^A, the vertical depth ad being 
supposed equal to th ; and trees will grow as thick Elg. 78. 

together on the inclined as on the horizontal plane. 

The 8urveyor*s Cross. 

The Cross has been already described and the method of using 
it in surveying pointed out. [Bee Book Second, Sectioa First] 
The student may now employ the chain and cross to survey^ small 
field, and then compute its angles. 

The Compass, 

The Surveyor's or Azimuth Compass consists of 
a horizontal circle to which are attached sight-vanes, 
and a magnetic needle delicately balanced on its cen- 
tre, by which the vanes may be directed to any point 
of the horizon so as to determine the inclination of 
lines to the magnetic meridian, and, consequently, to ^' 

each other. The degrees, marked on the limb of the instrument, 
are numbered from the north and south points, N. and S., both 
ways to the east and west, designated by the opposite letters, W. 
and £., for a reason that will presently appear. 

To use the compass, set it firmly upon its stafiT (better and usu- 
ally a tripod), furnished with a ball and socket joint, capable of 
being loosened or tightened at pleasure, by the aid of which and 
two spirit levels, placed at right angles to each other on the face 
of the instrument, the limb is to be brought into a horizontal posi- 
tion. When this is effected will be known by the bubbles remain- 
ing in the middle of the levels while the instrument is made to 
revolve on its axis. The needle is now to be let carefully down 
upon its pivot by a screw in the under side. See that it plays with 
its points just skimming along the graduated edge of the limb. 
Turn the vanes into the required direction by sighting at a staff 
wound with a red flag, and held vertically in line by an assistant 
stationed at a suitable distance. Observe if the needle settles with 
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a free motion, describing nearly equal arcs, slowly decreasing, on 
each side of a definite point, and if it finally rests at that point 
Should there be any doubt as to this, the needle must be agitated, 
either by the attraction of a knife, or by gently tapping the tripod 
with the fingers^ and be permitted to settle a second time. To in- 
sure a correct position of the needle is the principal difilculty in 
operating with the compass. 

In order to prevent mistakes, that sight should be turned toward 
the flag staff which will bring the nor& end of the needle into the 
part of the compass marked N., or with the fleur de luce. The 
bearing will then be read off by the forward end of the needle, 
using the letters it stands between, as in the figure, N. 30^ E., if 
the course be northedy, or S. 30^ W., if in the opposite direction ; 
both ends, however, are to be observed in estimating the amount 
of the angle. Back sights should be taken at each station in order 
to verify the bearings. 

The Vernier or Nonius is a slip of metal, fitted to slide upon 
the graduated Hmb of an instrument, and to serve the purpose of 
an extended and impracticable subdivision. 

If X denote the value of a division on the vernier, of- which n 
coyer n db 1 divisions of the instrument, we have 

nar = n ^ 1» 

ar = l=i=- ; 

A 

z-l==fc~, 
n 

2r-a=± — , 

It 

3 

3ar — 3 = i — , &c., &c. ; 
n 

from which it appears that the distance, a: — 1, of the first division 
of the vernier from the first division of the instrument, will be an 
nth part of the unit of graduation — the distance, 2a7 — 2, of the 
second division of the vernier from the second division of the 
limb will be two nths of the unit qf graduation, and so on ; so 
that, by sliding the vernier along the limb, we shall be enabled to 
measure spaces to the nth part of the smallest divisions of the 
instrument. Thus, if a scale llo l^ U I* U U 1^ W blTTir 



have a division of lOths, and lb 1/ U la U \s \s \r Is |^ |y» ^ 



11 of these be covered by a Fig. 80. 
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vernier of 10 dtfinom^ we have n s 10, and .*. or — 1 :s ^ of iHi 
^ _ 2 ST -,% of i>rf ••• « *o ^^^ ^y sliding the remier along the 
scale to make the pointSt 1, 1 ; 2, 2; 3, 3* ••• f agree in saccession, 
there results the xneasures «01 ; H)2 ; HIS, ... . In like manner, if 
30 dWisioiis of the vernier attached to the compass, cover 29 hatf- 
degree divisions of the instmmeal, we shall be enabled to measure 
angles to the minute. In some compasses the vernier is attached 
to the extremity of the needle, and, being carried along by it, the 
degrees and parts of a degree are read by simple inspection ; in 
other instmmfents it is on the outside of .the limb, and fiaatened by 
a clamp-screw from below, which must be loosened, when the ver- 
iner will be driven by a tangent screw adapted to the purpose. 

The Theodolite. 

The Theodolite consists essentially of a verti* iFrantispiece^] 
cal and horizental dmle, lor the purpose of measuring angles in 
eltitude avd azimuth. . It has, like the compass, spirit levels, by 
the aid of which and screws, the azimuth circle may be brought 
into a horizontal position* When this ia aoeuntely accomplished, 
the theodolite is ready to measure any horizontal angle having the 
angular point at its centre, provided all the parts of the instrument 
have been carefully adjusted. To this end, direct both the upper 
and lower telescopes (the first attached to the vertical circle, the 
second to the axis below the horizontal) to the same mark situated 
at a distance in one of the sides of the angle. Observe the posi- 
tion of the vernier upon the limb of the azimuth circle, reading the 
degrees and parts of a degree by one or more microscopes, fitted 
to this end — unclamp the upper telescope and direct it to a mark 
in the second side of the &ngle, clamping and finishing the motion 
by aid of the tangent screw. Observe, by the lower telescope, 
whether the azimuth circle has sufiered any displacement by the 
motion required in making the second observation ; if no such de- 
rangement has happened, the difierence of the first and second read- 
ings will be the measure of the angle in question. In order to secure 
greater accuracy, the axis of the azimuth circle may be undamped, 
the upper telescope brought back to the first mark, carrying the 
azimuth circle along with it — the azimuth again clamped, and the 
angle measured a second time. This operation repeated as often 
as desirable, the whole amount of arc passed over divided by the 
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number of observations, will give the angle required with a corre- 
sponding degree of exactness. We scarcely need say that the eye- 
glass must be drawn out or pushed in till the cross wires, indicat- 
ing the* line ofvight — fhte of collimation, as it is called — shall 
be seen distinctly, and that the object glass is to be moved in like 
manner till the mark becomes well defined. In a similar way, a 
vertical angle will be measured by the vertical circle, having pre- 
viously brought the telescope to a horizontal position and observed 
the reading, which should then be zero. When this horizontality 
shall be accomplished, will be determined by a level attached to 
the upper telescope, or, if no such level exist, by those already 
mentioned. 

There are several adjustments, either permanently fixed by the in- 
strument maker, or, for the execution of which, he furnishes means 
in screws and parts capable of being detached from each other, 

There are five lines that should be respectively perpendicular to 
each other, viz., the vertical axis, or axis of the azimuth circle, the 
horizontal axis, or axis of the vertical circle, the horizontal line, or 
line of collimation when the vertical circle indicates zero, the ver- 
tical wire, and the horizontal wire — or 

Z (A, A,) = (H,A,) = (H,A,) = (h.A.) = (cA) 
= {h,H) = (v,H) = 90° ; 

also the circles should be perpendicular to their 
axes. The method of testing these adjustments 
consists principally in reversing the lines (73) ; for 
which purpose the telescope and horizontal axis, 
one or both, may be lifted from their ys or supports, the object 

and eyeglasses change places, or the vernier plate carrying the 
vertical circle and the telescope, revolved 180^. Also the 
wires, A, v, which form by their intersection fhe line of col- ^ 
lunation, being attached to a ring, may be moved to the 
right or left, elevated or depressed by screws from without. ■^' 
If we direct the line H to a distant and well-defined ^ 
mark, and, when the telescope is reversed, find the 
sight upon the same mark, we may be assured that 
the line of collimation, H, is perpendicular to the 
horizontal axis A^^. This adjustment perfected, 
the horizontal axis, A;^ will be perpendicular to the 
vertical. A., when, passing the line of collimation. 
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Pig. 81 4. 



H, through two mariu haring a conaiderable anga* 
lar distance, and turning the vernier plate 18Q^, H 
continues to pass through the same points. 

The rertical wire v will be in a plane perpen* 
dicular to the horizontal axis A^i when, moving the 
vertical circle backward and forward, a ^istant and 
well-defined mark continues accurately on v. In 
order to know whether the horizontal wire, A, be in its proper 
position, or if the line of coUimation, H, when the vertical circle 
indicates zero, be perpendicular to the vertical axis. A,, it is only 
necessary to reverse the telescope, and that the wire A is in a plane 
parallel to the azimuth circle, will be determined by a backward and 
forward motion pf the vernier plate. When these adjustments shall 
have been perfected, by oflen repeating them one after another in a 
different order, whether the levels are parallel to the plane of the azi- 
muth circle will be known by leveling this circle, making the vertical 
circle indicate zero, if its telescope have a level attached to it, re- 
volving the vernier plate and seeing if the bubbles continue in the 
middle. Whether the level which may be attached to the telescope 
be perpendicular to the axis A^f will be known by bringing A^ over 
two of the leveling screws, and then, by aid of these screws flinging 
A^ out of level, or by revolving the telescope in its Ys, if it be capa- 
ble of such a- motion. 

If, on any occasion, it be desired to make the vertical circle coin- 
cide with the greatest possible accuracy with a vertical plane, we 
may suspend a plumb line before the telescope and observe when 
the line of collimation traces this line. 

The Variation of the Magnetic Needle maybe conveniently de- 
termined with the theodolite by the. process of equal altitudes. 

Let the magnetic bearing of the sun before noon at a determinate 
altitude be e^, and at the same altitude after noon /^, and suppose 
X = variation ; then will the angular distances of the sun from the 
true meridian be, before noon, e^^Xt afternoon, fzfz Xf but these 
distances are equal, 

c db jr =/:p a:, and ar ='^;^^- . 

The equal altitudes may be taken at any corresponding hours be- 
fore and aAer noon, and in any season of the year, but the most 
favorable time is about the 21st of June, when the sun, being near 
the summer solstice, will change his declination but a few seconds 
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between the observations ; and, if these determinations be made 
several successive days, both before and after the 21st, the errors, 
lying in opposite directions, will tend to balance each other ; thus, 
suppose the values of z 

for June 18, Id, 20^ 21, 22, 23, 24, 

to be Xit JTg, Xgf X4, x^ x^, Xi \ 

^1 + ^9+ ^3 + Xa + ^+ ^4 + ^ 



then 



x = 



The observations may be made several times during the same 
day, but the best hours will be when the sun is in a position nearly 
east or west. 

The Art of Leveling consists in finding the difference of eleva« 
tion between two places : and is not only necessary in the con- 
struction of railroads, aqueducts, and canals, but is useful for lajring 
the foundations of edifi€es, and for other like purposes. The op- 
eration may be readily executed by aid of tiie theodolite, or, more 
conveniently, with the Leveling Instrument made expressly for the 
purpose, and consisting of a telescope, level, and tripod, being in 
all respects similar to the theodolite, except in not possessing the 
graduated circles. The instrument is to be firmly planted midway 
betweea two stations, situated at a eonvenient distance, and its tel- 
escope made to revohre accurately in the horizontal plane, when the 
depressions of the first and sec- 
ond stations are to be noted by 
sighting at a graduated stafi* held 
vertically on these two points in 
succession. In like manner the 
second station is to be compared 
with a Uiird, the third with a fourth, and so on, to the last. 

For an example, suppose it required to find the elevation of the 
fountain. A, above a dwelling house at B, from the following 
notes, in which the back altitudes are marked -J- and the forward 




Fig. d2. 



ones — • 



J" 




' 5 



i ^ / - 2 J 








1 . 


m 


t ' • V - * 



«« 



PIOTTIMS. 



+ 


— 


6^ 


2'78 
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Ans* 10^ feet eleratioii. 
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PROBLEM L 



TJtrauffft a given paint to draw a line perpendicular to a given 
line. 

Join the given point, P, and any eonrenient 
point, Q, of Uie given line ; with the middle, O, of 
the line PQ as a centre, describe the s^nicircum- 
ference PP'Q, cutting the given line in F ; the kj/^ |/p' 
line drawn through P, P', will be the perpendicular 
required. Why? ^'^• 

If the given point be P' in the given line, set one foot in P' and 
the other in any convenient point, O, out of the line, describe a circle 
and draw the diameter QOP ; PP' will be the perpendicular required. 

Other methods of drawing perpendiculars may be employed, as in- 
dicated in the figures, but the **Right-angl6" is preferable in practice. 







Fig. 83 s. 



Fig. 838. 



Fig. 834. 
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PROBLEM IL 

Through a given point to draw a line parallel to a given line. 

Set one foot of the dmders in the giren point, 
P, and with any convenient centre de»cribe the 
circumference PBAX» cutting the given line in 
A and B ; take the chord PB and apply it from 
A upon the circumference at X ; PX will be the Fig. 84. 
parallel required. (Why?) Do the same thing with the Right- 
angle and Straightedge. 

» 

PROBLEM m. 

From a definite point in a given line tQ make an angle equal 
to a given angle. 

Around the given angle, A, with any convenient 
radius, AB, describe the arc BC ; around the given 
point, P, with the same radius, describe the arc 
QR, Q being a point in the given line ; apply the 
diord BC in QR ; QPR will be the required an- 
gle. Fig. 85. 

PROBLEM IV. 

To construct a triangle^ having given its three sides. 

Draw an indefinite line, KL, in the required posi- 
tion, and apply one of the given sides, C, from K to 
L ; with the other sides, A, B, as radii, describe 
around the centres, K, L, arcs intersecting in Q ; ^ ^ 
KQL will be the triangle required. Fig. 86. 

Scholium I, This problem enables us to plot a field when it is 
surveyed by the chain, that is, wlien its diagonals are known, either 
by actual measurement or by computation. The student will find 
it a profitable exercise to plot the pentagon given in the preceding 
section under the chain. 

Scholium II. The preceding Graphical Problems give us the 
six following Problems of Construction^ whereby any geometri- 
cal problem, solved algebraically, may be executed in a geometri- 
cal way. 
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PROBLEM, v. 

To construct the sum of two lineSf 

x=a+ft. 
Lay off h upon the production of a. , ^ ^ i 



Pig. 87. 
PROBLEM VI. 

To construct the difference of two lineSf 

x = a -- 6. 

Lay off b from one extremity of a towards the other, as ? a ^ 
from the right hand towards the left in the figure ; the re- v^aa 
mainder will be = or. 

We observe that if b exceed a, x will be drawn to the ,>^'fa, 
left instead of to the right ( 180), and that x will be mi- '' * 
nus instead of pips in the equation r = a ~ 6. 'tf* * 

PROBLEM VIL 

To construct the square root of the sum of the squares of two 
lineSt 

x = {a* + b*)i. 

. Make a and b the sides of a right angled triangle ; x ^ 
will be the hypothenuse. ^ ^ 




Fig. 89. 
PROBLEM VIIL 

To cofistruct the square root of the difference of the squares 
of two lines. 

On the greater line, a, describe a semicircle, and y/^ — v 
from the extremity of a lay off the chord b ; x will /y ^ON 
be the chord joining the extremities of a and b. 1/ ^ n\ 



Fig. 90. 



PROBLEM IX. 

To construct a fourth proportional^ 

a : b : : c : x, or (to? = ftc, or x s — 

a 
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Inscribe the chord b'\-c in vl circle of suitable ra- 
dius, then with a in the dividers and one foot in the 
junction . of 6, c, cut the circumference ; the inter- 
section will ^ve the position of a, such that its pro- 
duction, intercepted by the opposite part of the 
circumference, will be x. * 

This problem may also be solved as indicated by fig. 238. 

Scholium, If c be made equal to 5, or if a : 6 : : 6 : a?, the 
problem reduces to that of constructing a Third ProportionaL 




PROBLEM X . 
To construct a mean 'proportional, 

h : X : : X : c, or x=: {bc)i. 

In the above, make b + c a. diameter, and x per- 
pendicular to b^c; then wUl a of fig. 91 become 
== a? in fig. 92. I — i. 

Scholium. This problem solves also VIII., since ^ ^ 

X = (a« - b^)i = [(a + 6) (a - &)]i, pig. 92. 

where or is a mean proportional between a+b and a — b; again, 
the eighth may be advantageously employed hi executing the pres- 
ent — seeing that 

for 5 is the sum of 




*+*'.nd*-" 



and c the difference of 



2 

b + c 



and 



2 

b-c 



2 — 2 

Scholium. It is to be observed that an equation, in order to be 
capable of construction, must be homogeneous (370) ; and, conse- 
quently, that it must not embrace any unlike quantities, such as 
lines and surfaces. Further, all geometrical quantities are to be 
expressed in lines, as these are the only magnitudes which we can 
measure directly ; thus, a surface Shy & square, a«, whose side is 
a ; a solid F by a cube, a\ having the side a ; a ratio r by two 

lines, m, n, r = -— . Such an equation as x* + 2ax = b cannot be 
constructed, not being homogeneous. 
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As an exercise, let it be required to coastrueft the geaeral quad- 
ratie equation 

X* + %ax as ict 
where a, 6, c, are known lines. 
We shall find a? = — a d= [a* + icj^, 

which may be put under the form 

be 
.-. 1°, construct — by Prob. IX. ; 

be 

S°, construct a H by Prob. V. ; 

d 

8S construct jaiaH — ) by Prob. X. ; 

4^ construct t= — o=fcra[aH — )| by Probs. V. and VI. 

As a second exercise, let it be required to divide a line into £x- 
treme and Mean Ratio, i. e., so that the whole line, AB, shall be 
to its greater part, AX, as this greater part, AX, is to the less, XB. 

If the parts be denoted by a + ^ ^^^ a — j?, we shall find 

x = — 2a± [a(a+a+a+(H-a)]*, or = — 2a i [2a • Hay. 

The student will find it a useful exercise to construct the problems 
which he has already solved, as those at the end of Section Third, 
Book Second. He should also endeavor to combine, as much as 
possible, elegance and simplicity in the arrangement and execution 
of the several parts of a complicated construction. Theorems oth- 
er than those involved in the foregoing problems, as (182), (185), 
may frequently be advantageously employed. 

PROBLEM XI. 

To divide the cireumference of a cirele into equal partSf as de* 
grees. 

First Method. With the required radius describe 
a circumference, to which the dividers, unaltered, 
will, apply six times, since the chord of 00^ is = to 
radius. Next bisect the arc of 60*^ thus found ei- 
ther by intersecting arcs described from its extremi- 
ties and a line drawn to the centre, or by trial ; 
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Chord* 

Fig. 94. 



in like manner bisect this arc of 30°, which must be divided into 
three parts by trial ; and, lastly, the arc of 6° is to be dirided by 
the same method. 

Second Method* Having gra- 
duated a quadrant of large ra- 
dius, as abore, transfer the 
chords to a single line. This 
line, engraved upon a ruler, is 
denominated the Line of Chorda, To make use of it, we hare only 
to describe a circumference with the chord of 60° as radius, and then 
to this circumference apply the chord of the required arc, also 
taken from the Line of Chords. 

Third Method* Lay off the arc from a scale of equal parts, by 
aid of the following 

Table of Chords. Chord 2x^26vax,r^h *%1^.^** 



T 



0° 

2° 

3° 

40 

5° 
6° 

8° 
9° 



(HMO 
0«018 
0H)35 
0K)52 
0*070 
0*087 
0*105 
0*122 
0*140 
0*157 



10^ 



20' 



0*174 
0*192 
0<209 
0*226 
0*244 
0*261 
0*278 
0«296 
0*313 
0*330 



0*347 
0*365 



30^ 



0*518 



40^ 



0*664 



0*382 0«561 
0*399 0*568 
0*416 0*585 
0*433 0*601 



0*53510*700 
0*717 
0*733 
0*749 



0*450 
0*467 
0*484 



0*618 
0*635 
0*651 



50' 



0*5010*668 



0*765 
0*782 
0*798 
0*814 
0*829 



10*845 
0*861 
0*877 
0*892 
0*908 
0*924 
0*939 
0*954 
0*970 
0*984 



60' 



1*000 
1*015 
1*030 
1*045 
1*060 
1*075 
1*089 
M04 
1*118 
1*133 



70' 



1*147 
1*161 
1*176 
1*190 
1*204 
1*218 
1*231 
1*245 
1*259 
1*272 



80' 



1*286 
1*299 
312 
325 



338 
361 
364 
377 
389 
402 



90' 



1*414 
1*426 
*4S9 
*451 
*463 
*475 
*486 
*498 
*509 
*521 



1 

1 
1 
1 
1 
1 



1 
1 



J| 



This method will be found particularly convenient for mechanics 
who have at hand a ruler graduated into inches and 8ths, or, better, 
lOths. Thus, with a radius of 20 inches, the chord of 57° 45' is 

20(0*954+^ • 16) == 19*32 inches. 

Fourth Method. Find how many times the chord of 1° is con- 
tained in radius. We have 

chord 1° = 28ini° ; 
log. chord 1° = 0*3010300 

+ ?*9408419 
= 2*2418719; 



> 
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and radius » 57'2066 chord 1^, 

or ^ 57^3 chord P nearly. 

Hence a circumference described with a radius of 57*3 taken 
firom a scale of equal parts, will be readily subdivided, the chord 
of a degree being one of these parts* 

Circles, semicircles, and short rulers, made of brass or ivory^and 
graduated on their edges, are also employed for laying down an- 
gles. A particular description of these instruments, as well as of 
others, usually contained in a surveyor's case, such as steel points and 
pens for drawing blank lines and describing circumferences in ink* 
is unnecessary, as their use will be obvious on inspection.* But 
the first method, which requires only a pair of dividers, wOl be 
found quite as accurate as any, and perhaps as expeditious. We 
scarcely need say that all exact drawings should be made with a 
steel point and afterward inked so far as required. A very conve- 
nient and good pen for describing circumferences may be had by 
thrusting one leg of the dividers through a common pen, having cut 
for the purpose a gash downward in front, just above the clear 
part, and another upward on the back side, a little above the point 

PROBLEM ^11. 

To plot afield, having given the lengths and bearings of its sides. 

As an example, let it be required to plot the first of the follow- 
ing Field Notes. 

Draw a vertical line through the middle of the paper for a me- 
ridian, the top of which is to be regarded as north and the bottom 
as south, then the right hand will be marked £., and the left W. 



* A pair of dividers having three legs will be found very 
oonvenient in copying. See Lereboura* Catalogue. 
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Next, with one foot of the dinden 
centrally situated in the meridian 
NS, describe a circle as large as the 
paper will conveniently admit of, 
when the bearings are to be laid off, 
by the preceding problem, upon the 
circumference from the north and 
south points, Na = 36*5^ towards E., 
m = 15*3° towards W., Sc = 46°, 
towards W. Laying the perpendicu- 
lar of the rightangle upon the centre, 
O, and the point of the circumfer- 
ence, a, and aj^lying the straight- Fig. %, 
edge to its basie, transfer the line Oa to a convenient position, a, and, 
having constructed or chosen a scale of equal parts, lay off 
a = 15*75 chains from the first station, 1, to the second, 2; this 
done, b is to be drawn parallel to Ob through the second station, 

2, and measured off from the same scale, when, the third station, 

3, being thus determined, the side c is to be laid down in like man- 
ner ; and lastly d. 

The Diagonal Scale is con- 
venient for laying down lines, 
also for graduating the circum- 
ference, either by the third or 
fourth method. The Sector is 
likewise frequently employed, on 
account of the facility with which 
its unit is varied to suit the dimen- 
sions required in a given plot, sim-* 
ply by causing its branches to ap- 
proach or recede like the parts of ^- ^8- 
a common jointed rule. Thus, if the sector be opened so that from 
10 on one side to 10 on the other shall = 1 inch, then from 20 to 
20 will = 2 inches, from 21 to 21 will ^ 2*1, and so on. A sectoral 
scale may be constructed on paper for the occasion, and to any re- 
quired unit, say IQ to the half inch, by first drawing an arc with a 
radius = -jt inch, then running off from the centre, with any conve- 
nient opening of the dividers, a line of 10 equal parts and from the 
extremity drawing a secant to .the arc, to which the same parts 
may be applied. 




Fig. 97. 
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A Tery small pair of diriden going with » screw, or, simplj, a 
fork cut in metal hj a file, or even in hard wood with a knife, will 
be found convenient. 



PROBLEM Xm 

To reduce or enlarge a plot, # 

From any point conveniently situated, draw lines 
passing through the several stations — then draw, in 
succession and terminating in these lines, parallels 
to the sides of the plot. 

The student will exercise himself ill plotting aU 
the following fields, measuring the last sides and 
their bearings. 



n£ 
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Fietd Notea. 
I. 



a 


N36«6° E 


15*75 chs. 


h 


N15*3° W 


20*00 


c 


S 46° W 


30*25 


d 


S 68*34° E 


20*781 



II. 



a 


N80° W 


45*53 chs. 


h 


N 2° W 


65*23 


c 


N860 E 


57*86 


d 


8 32° E 


50*00 


e 


8 46° 63' 23" W 


60*82 



III. 



a 


S 48*4° 


W 


20 chs. 


b 


S 78*5° 


W 


15 


c 


N 31*3° 


W 


25 


d 


N 35*6° 


E 


33 


e 


S 69° 


E 


23 


/ 


8 4° 43 54' 


E 


23*764 



i 



LA.ST SIDE. 



935 



IV. 



a N 60K)° W 


23ch8. 


b 


N*28*4° W 


17 


•c 


N 31*6° E 


11 


(2 


N 56*8° E 


15 


e 


S 67*1° E 


16 


/ 


S 19'0° E 


22 


ff 







V. 

In order to determine a l&ie rendered inacceMible by interren- 
ing declivities, I trace the line ABCDEFG through a neighboring 
ravine, and find AB» N 23° E, 25 chs. ; BC, N, 31 chs. ; CD, N 
5° W, 10 chs. ; DE, N 12° W, 15 chs. ; EP, N 10° E, 35 chs., to 
the top of the ravine, thence to the second, extremity^ G, of the 
required line, S 45° W, 51*87 chs. Required, AG. 

VI. 

Find where the meridian, passing through the middle point of 
the side a of IV., will intersect the opposite part of the perimeter. 
Am. At a point in e distant 55 links from the extremity of d. 



SECTION THIRD. 

CompmUitiojat of ArmmMm 

PROPOSITION I. 

If the sides of any polygon be projected on the sja.me (418) 
line^ the sum of these projections, taken in order with their pro- 
per signs, will obviously be equal to zero. 

Thus if the sides AB, BC, CD, DE, EA, of 
the polygon ABCDEA, be projected on the line 
LL, in ab, be, cd, de, ea, we evidently have 

aft + &c + cd^ ( — de) + ( — ea) = 0. 
And, generally, if we regard the perimeter as 
described by a point revolving about the polygon 

15 
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in a constant direction, as ABCDEA, then will the projection of 
this point upon any line given in position, as LL, describe, by its 
motion, the projection of the perimeter, which projection, increas- 
ing and diminishing, will obTionsly become nothing when the re- 
Tolving point returns to its first position, as A. 

Scholium. The principle enunciated in (180), applied to this 
problem, serres to distinguish the plus and minus projections, 
which will be fouad to be measured to the right or left, coire- 
sponding with the motion of the revolving point Thus, as the 
point revolves through ABC, the projection, measured towards d, 
decreases, becoming = 0, when the point arrives at D, and then 
reai^Mars, measured in the contnny direclion, as the point returns 
through DEA. 

It follows that if 0, 5, a, ... , j, i, /, 
denote the sides of a polygon taken 
in order, a\ h\ c', ... , /, k\ /', their jnro- 
jections north and south, a'\ h'\ e'\ ... , 
/', k"j V\ the corresponding projections 
east and west, and m a meridian line ; 
then will the sum of the meridional 
projections, taken with their proper 
signs, be = 0, as also the sum of the 
projections at right angles to the me- 
ridian ; and we shall find 

a'+ 6'+ c'+...+/+ Ar'+ Z' = 0, 
or acos(a,m) + &eos(&,m) + cco9(c,m) + •• • 

+jcos(j,m) + /rcos(A:,m)+Zcos(Z,«i)=0, ^ (419) 

since a' = acos(a,a') » acos(A,m), V » cos(&,m), ... , 

I = Zcos(Z,m) ; 

and a" + 6" + c" + ...+/' + r+Z"=0, 

or asin(a,m) + 58in(2,m) + C8in(c,m) + ... 

M-jfsin(y,m) + *8in(*,m) + Zsin(Z,i»)=0, ^ (4») 

since a" = acos(a,a'') ^ asXn(aya') == asin(a,?7i), ... , 

r = Zsin.(Z,m) ; 

asin(a,m) + 68in(5,m) + ... + fcsin(A:,f») 




acos(a,m) + 6cos(ft,m) + ••• + kcos(kym) 
— Z8in(Z,w) ^ n \ 

by which (Z,fii) becomes known ; 



(481) 



II ■ ■ ^' * 
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then (480) f = ' «i°(a,mHa 8in(M) + ...+ k ,m(k,m) ' 

and the kust side^ 2, is completely determined — that is. its bearing 
and length are drawn from the bearings and lengths of the other 
sides. Eaanciate the above forms. How is the denominator of 
(421) formed from the numerator ? 

Cor^ 1. If the sides of a polygon, except one, vary in such (423) 
way as to preserve their mutual ratios and inclinations constant, 
then will this excepted side bear to any one of the^ others a ratio 
and inclination also constant.* 

For, denoting the constant ratios which 6, c, ... , k, bear to a by 
Tft, fc, ... , rj, or putting 

h - r^a, c = r^o, ...,* = rjO, 

which is in accordance with the condition that any one of the 
aides, a, b, c, ... , k^ shall have a constant ratio to any other, since 
the ratio of b to &, for instance, is b : k^^r^a : r^a s:r^ : Vjtf we 
have 

. _ g8in(g,m)+<t^6sin(&,m)+flrcsin(g,m) + ... +ar^in(k,in) 

^ ' ' acos(a,m) + ar,,coa(bjm) + arcC08(c,m) + ... + ar^os{k,in) ' 
. . _ sin(<i,m) + rtsin(&,m) + rcVia(c,m) + ... -|- 9]^sin(Ar,m) 
or, tan(M») - eos(a,m)+ncos(6,m)+ncos(c,m)+,..+ncos(it7^ ' 
which fraction is obviously a constant quantity, being independent 
of a, or of the absolute length of any of the sides, a, b, c, ... , Ar, 
and depending only upon the constant quantities, n, r^., ... , r^, 
sin(a,m), sin(5,m), ... , sin(A:,m), cos(a,m), cos(5,f7i), ... , cos(A;,9ift). 

The tan(Z,m) being constant, the / (Z,m) is constant ; 

Zs, (/,a), (lyb)j (Z,c), ... , {l,k), are constant ; 

- - a8iit(a,m) + ari, sin(&,m) + ... + ar^ sm(k,m) 

and I = = r-77 — V 

— sin(Z,m) 

s (constant) •a. Q. E, D. 

Polygons, which, like the above, have the same number of sides 
proportional in the same order and their homologous angles equal, 
are said to be similar. 

Cor. 2. In similar polygons, like diagonals are to each (424) 
other as the homologous sides ; for the diagonal is obviously in the 
same condition as a last side, L 

Cor, 3. The perimet^rsiy or their like portions, in similar^ (425) 
polygons, are to each other as homologous sides or diagonals. 

* Sae Variation, Part 1, Book 1. 



n 



I 

I 



SW UMILAE POLTOOirs. 

For a — Ofb^ ria, e = r/i, d = r^o, ... , Jt ^s r^, 2 =3 rjix ; 

give tt + ft + c + d + ... + t+i = (l+n+n+rrf+..- + n+rJa- 

Lemma, Similar potygoas maj be described by the (426) 
revolution of variable radii vectores, preserving a constant ratio to 
each other and the same angular motion. For let the poles be noade 
common in O and the radii OP, Op, depart from the same Ififf. W.] 
axis of angular motion, OaA, then will OpP be a straight line for 
corresponding points of the polygons ; and we have, since by hy- 
pothesis OP bears a constant ratio to Op and OA, Oa, OB, 
Ob, OC, Oc, ... , are corresponding positions of OP, Op, 

OP : 0/1 = OA : Oa = OB 1 Oft = OC : Oc = ... , 

whence POA, pOa,— P0B,;j06,— AOB, a06,- BOC, bOc, — ... , 
are similar triangles, and AP, ap, — AB, oft, — ABC, a6c, — ... , are 
similar parts of the perimeters of similar polygons. 

Cor, 4. In similar polygons, the perimeters, or their (427) 
like portions, are to each other as the corresponding radii vectores. 

Cor. 5. Similar curves, regarded as defined by a descrip- (428) 
tion altogether analogous to (426), or their like portions, are to 
each other as their corresponding radii vectores. For (427), de- 
pending only upon the condition that the radii vectores maintain a 
constant ratio, is independent of the number and magnitude of the 
sides of the polygons, which therefore may be made to coincide 
with similar curves by less than any assignable quantities. 

On this principle is constructed the Pantograph, useful for 
copying maps, or any kind of plane figures, whatever may be their 
outlines. It consists of a parallelogram p 

of rulers, ABCp, jointed at the angles ^^-^'ts^^^^ 

and having two of its sides, BA, BC, c "^^'^"^^^^"^^ ^ p 

sufficiently produced to admit of pins C'y^^ ^ ^^'^^ 

being inserted in them at P and O, in K^^^C ^"^"T? 

B straight line with the intervening cor- pig. 101 j. 

ner, p. If O be fixed, the points, P, p^ will describe similar 
curves ; so that an exact copy will be obtained,- either diminished 
or enlarged, according as the pencil is placed at'/> or P — and the 
relative magnitudes of the figures may be varied by changing the 
pins, A, C. If p be fixed, P and O will describe similar figures, 
which may bear any ratio to each other, not excepting that of 
equality. 

Scholium L There will be no difficulty in determining (429) 
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the direction of the last side, Z, if we observe that, 'on arriying at 
its first extremity, our progress will hare been farther north than 
south, or our Latituds norths when the sum of the northings 
shall exceed that of the southings, or when 

a' + 6' + .,. + k' or a cos(a,m)»+ ... + k cos(A:,m)> 0, i. e., + ; 

and p. 9. ; also that our position will be found to the east of the first 
station, or our Departure easU when the sum of the eastings 
shall exceed that of the westings, or when 

0" -j_ I" -j. .„ ^ k" or a sin(a,m) + ... +k 8in(A:,m)> 0, and t>. v. 

Scholium IL A part of the tabular labor may be saved by (490) 
making the projections upon and perpendicular to one of the sides ; 
thus, if we assume a as a false meridian, or make (a,m):=sO, 
(421) beco^mes 

tanrZ a) = ^ »^T^O>,a) + ... + k 8in{k,a) 
V' ' a+h cos(&,a) + ... +k coB{k,a) 

and (4582), I = ^ ""(t.'^H- ;•• +* "n(A.a)^ 

^ ' — sm(Z,a) 

Scholium III. By eliminating between (420) and (419) any (431) 
two sides, as k and Z, may be determined when all the other quan- 
tities are given ; but it will be better to operate as if Z were a me- 
ridian, when {l,m) will = 0, (a,«») = (a^l)^ (6,111) = (6,Z), (c,m) = 
(c,l), and from (420), (419), there will result 

y _ a sin(g,Z)-f6 sin(6,Z) -H? sin(c,Z) +... +j sin( j,Z) 

* ■" - sin(Jt,Z) 

-^l^a cos(a,Z) + h co8(&,Z) + c cos(c,Z) + ... 4* ^ cos(i,Z). 

EXERCISES. 

1^. Required the last side in I. 

Operation. 

[E,+l [W,-] [W,-]. 

16*75 gin 3g'6° - aO gin 16'3° - aO'gS ain 46° . . . 

15'75 cog 36'5° + 90 cos 15'3" - 30«a6 cog 46° " ^ '**'' 

[N,+] [N,+] [8,-]. 



> 
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logf. oofl M9798 
logs. n«s 1«774W 
logs. COM 1 '90518 

log. a''» 0«07167 log. ^ :=%0«72d43 log. c" = 1<337Q6 



1<30108 


1*«073 


I'ttlM 


l,S6e98 


T«g6433 


1'64177 



log. a! == 1«1(»46 log. V 

a ' = a 8iii(a,m) = + 9*3685 
6" = ft 8in(ft,m) = - 6'2775 
c" = C8in(c,m)=-21«7600 

nmntntor « ^ 17HM90 
.•• easting* < westiiigs. 

log. 17«609 = 1^24791 
log. 10«938^ 1*03894 



l«286S6 log. c' = 1^32250 

ti ^a oos(a,m) ^ + 12<661 
h'^h cos(6,m) = + 19'291 
c' = c cos(c,i») = - 21*014 

denominmtor ^ + 10*938 
•*. Borthings > soothings. 

log. 17*669= 1*^7«1 
log. sin 58*24'' =1 1*92955 



log. i2= 1*31766 
.-. d = 20*781 



log. tan {d,m) = 0*20827 
.-. (d,m) is S. 68*24'' £. 

If, in accordance with the second scholium, we assume a for the 
meridian, whose bearing is N 36*5^ E, the NW and SE bearings 
will be increased by 36*5^^, and the N£ and SW diminished by 
the same angle ; hence Field Notes, No. I., will be transformed 
into 



a 


N,0(W>°E, 


15*75 chs. 


h 


N, 61 ^o W, 


20*00 


c 


8, 9'6°W, 


30*25 


d 


• 





The student will calculate d according to this table. 

2''. Calculate e of II by (^1) and (422). 

3^^. Calculate / of III twice, by projecting first on b then on Cf 
and balance the errors by adding together and dividing by 2. 

4^^. Calculate g of IV and verify by a different method. 

5°, Find AG in V. 

6°. Calculate the diagonal drawn from the first extremity of a in 
lY to the second extremity of e, 

1^. Solve VI, finding also the length, /, of the intercepted me- 
ridian. \l intersects e : why ?] 
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, - 11*6 8m69Q-n flin28'4Q+ll 8in31*6°+16 8X056*8^ ^^^ 

I = 11*5 cosOOo + 17 cos28*4o + IJ cos31*6o + 15 cob56»6o 
- 0*65 cosa7*l ° = 36*444. 
8^. Required the length, Z, and second point of intersection with 
the perimeter, of a line running from Z (a»&) of IV, N ^^ W. 
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PROPOSITION IL 

It is required to find the area of a polygon in terms of the sides 
and the angles which these sides make with each other. 

The easiest waj' of ascertaining the 
area of any polygon (a, 6, c, ... , j, A:, Z), 
is obviously to * divide it . into triangles 
(A, b), (A, c), (A, 4), ... t (A.i), (A, i), 
and Iben to compute these trian^^. 
But the double area of a triangle is had 
at once by taking the product of its base 
and altitude. Therefore from A, the 
common vertex of all the triangles, and 
upon their bases, 6, c, J, ... ,J, A;, pro- 
duced, if necessary, let &11 the corresponding perpendiculars, 

Pb* Pc9 Pit ••• fPpPkl t^ere results 

2triangle (A, ft) = hp^f 
2tr(A,c) = cp,, 
2tr(A,(i^ ;:= dpi, 

2tr(A,j) =^jpj, 
2tr(A,A:) = kp^^ 
But p5 i« obviously the projection of a' upon the line of p^, p^ the 
sum^ of the projeetions of a and b upon the line of pr, p i the sum 
of the projectiom of a^ 6, c, upon the line of p^^ ... , pj the sum 
of the projections of a, &, c, ... i , upon the line of pj, p^ the sum of 
the projections of a, 6, c, ... , k^ upon the line of p^ ; 

••. pb = a C03(a,|9») = a sio(a,&), since / (a»p») + (fli&) = W° ; 
80 Pc = <B 8in(4,a) + 5 sia(&,c), 

Pi^a mn{a^d) -f- & 8in(6,(2) + <? 8in(c,d), ' 

p^ = tf nn{aj) + b sin(6 J) + c sin(cj) + ... +t sin(ij), 
Pt = a 8in(a,A:) + ^ sin(ft,Ar) + c sin(c,ifc) + ... +i sin(y,A) ; 
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thereforey siibstitating above, and adding, there results. 



«P=:-^ 



+ 2(A,c) 
+2(A,(I) 

+a(A,*) 



' ahfnn{a,h) (433) 

-f €LC 8in(a,c) -|- he sin(&,c) 
K = ^ + ^ 8in(a,(2) -f* ^^ 8in(5,cQ -f cJ sin(c,(2) 
+ &c., isuc,^ dec, 
+ aib 8in(a,A:) + hk 8in(&,it) + ... -^jk 8in(j,i^) ; 

.*. 7%e double area of any polygon is equal to the sum of the 
products of its sideSj save one^ multiplied, two and two^ into the 
sines of the angles formed by the sides belonging to the several 
products* 

Cor. 1. The double area of a triangle is equal to the pro- (433) 
duct of two of its sides omltiplied into the sine of the angle inelii* 
ded by them. 2tr(a,i,c) = ab 8in(a,6). 

Cor, it. The area of a parallelogram is equal to the pro- (434) 
duct of its dimennons multiplied into the sine of the included an- 
gle (433). 

Cor. 3. When two triangles have an angle of the one (435) 
supplementaiy to an angle of the other, the triangles are to each 
other as the products of the sides about the supplementary angles 
(433). 

Cor. 4. Combining (433) and (393), 
or 2tr(a,5,c) » ab sin(a,i) 

there results 

tr(a,6,c) = [A(* - a) (A - b) (* - c)]* ; i. e. (436) 

The area of a triangle is equal to the square root of the- contin- 
ued product of the half sum of the three sides and the three 
remainders formed by diminishing this half sum by the sides 
severally. This furnishes a rule very convenient for the applica- 
tion of logarithms. 

Cor. 6. Similar polygons and their like segments and sec- (437) 
tors are to each other as the squares of their homoh>gous lines, 
whether sides, diagonals, or radii vectores. 

For, preserving the notation under (433) and substituting in (432) 
there results 



- ,- _ -^ 
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+ n 8in((i,c) + riXc sin{A,c) 
8P = <^ + Ttf 8in(a,i) + nr^ Bin(ft,<i) + r^rrf sin(c,d) ^ , ««. (439) 
-{- dec, &,c,f 6lc,^ 

Cor, 6. If th^ polygon is equilateral, thikt is 

a = 5 = c = ... =j = ^ = Z, 
or rj = r^ = r^ « ♦.. = r^ = r^ =s 1, 

we have 

8in(a,5) 
+ sin{a,c) + 8in(6,c) 
2P = -^ + 8in(a,(i) + sin(&,(2) + 8in(c,(l) 

-f- &€., 4lC., dtC, 

+ 8in(a,^) + 8in(&,A:) = ... + 8in( j^k) 

Cor, 7. If the polygon be regular, that is, hare its angles as well 
as its sides equal, putting 

and therefore, ((i,c) = 2c, (6,c) = c, " / ' 

(a,d) = 3c, (6,d) = 3e, (c,(l) = c, / p«+/ 

&c., &c., A-c., /e 

(a,fc) = (n - l)c, {b^) = (» - 3)e, 
(c,A:) = (« - 3)c, ... , (jVA:) = c. 



. • a«. (439) 
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^Pn^l = < 



n+l denoting the number of sides of the polygon, there results, 
(439), 

•" sine 

-f sinSc -f sine • 

+ 8in3e + sinSe + sine 

+ &c., Ate., &c., 

+ sin(« - 1 )e+«in(n - 2)e+sin(»- 3)e + ... + sine 
or 2P, ^. I = [(n - 1 )sine + (» - «)8in2e 

+ (« — 3)8in3e + ... + sin(n — 1 )e] . a«. 
Cor. 8. Making n = 2, we find 

[OlSAO"! 
(2- l)8in -^J . a« = ^8in60° . a« = 3*(ia)«, (441) 

for the area of the Equilateral Triangle. 
Cor. 9. Making n = 3, we find 

P4 = i[2sin90o + sinl80°] . a» = a\ (442) 

for the area of the Square^ as already known. 



>■• a' 



I (440) 



» 
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Cor, 10. Making n ^4, we find 

_ (6+3 « 6^) (2 . 6-2 > 5^)* ^ 

16 • * • 

for the area of the Regular Pentagon,, 
Cor, 11. For n ^ 6, or the Regular Hexagon^ 



(4«) 



(444) 



Cor, 12. Similar plane figures, whether bounded hj (445) 
straight lines or curves, are to each other as the squares of their 
homologous arcs, chords and radii yectores, (437,) (426). 

Scholium L It is obvious, from the course of the de^ (446) 
monstration of (432), that the angles must be all estimated in the 
same direction, either from the right round to the left, or from the 
left to the right. And the rules for the algebraical signs of the 
trigonometrical lines, as everywhere else, are here also to be rigor- 
ously observed. 
Thus, sin211° = sin(180o + 3F) = -sin31°. 

For the computation of the area of the first field, we have 

2P = ab sin(a,&) [2(^6)] 

+ ac sin(a,c) + be sin(&,c) ; [2( Jl,c)] 



Z {(hh) = 36'6o + 15*3° = 51*8°, 
(a,c) = 180° + 36»5o - 46° = 1?0'5°, 
(ft,c) = 180° - (15'3° + 46°) 5= 118*7°. 




Operation, 
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a, b 


51 '8° 


P89534 


2*39365 


a, c 


170*6° 


T*21761 


1*80562 


5, c 


118*7° 


r*94307 


2*72383 


a 


15*75 


1*19728 


247*55 


b 


20*00 


1*30103 


78*64 


c 


30*25 


1*48073 


529*45 



[2(il.5)] 



2P = 855*64 



P = ^27,82 sq.dis. 
= 42*782 acres. 
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Operation for P 0/ II, 



180^ 

cN 86° E 

(f S as'^ £ 
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a, 5 


78° 


^990 4044 


3*463 1495 


290*602 


290*602=2(^,6) 


a, c 


166° 


r»383 6752 


2*804 3513 


63*731 




6, c 


88° 


T*999 7354 


3«5?6 5612 


377*191 


440*9S2=S(JL.c) 


<z, (2 


228° 


P871 0735 


3*228 3412 


- 169*177 




5,(2 


150° 


1*608 9700 


3*212 3874 


168*075 




7 


62° 


P945 9349 


3*407 2833 


255*437 


240<335=2(^,<2) 


45^53 


1*658 2977 


+ 


+ 




+ 








980*759 




6 


65'23 


1*814 4474 


+ 




+ 




+ 






490*379 acres = P 


c 


57'86 


1*762 3784 




+ 


+ 






+ 






d 


oOKM) 




1*698 9700 






+ 


+ 


+ 




■ 



Scholium IL The operation may be materially shortened (447) 
hj making a diagonal the last or excepted side» and computing the 
polygon in two distinct parts ; also gross errors will be detected, 
and the slight ones, always incident to mathematical tables and 
instrumental admeasurements, corrected, by changing the diagonal. 
Thus, if we imagine a diagonal joining the extremities of a and 
c in II, we shall find 

(a,5,c) = 365*711 acres, 
(d,c) = 124*669 do. ; 
(a,6,c,d,6) = 490*380. 

Again, let the diagonal join the extremities of b and dj and there 
results, 

(h,c,d)= 397*852, 
(c,a)= 92*529, 

(a,6,c,<f,c)= 490*381; 

so (c,<2,e)= 345*131, 

.(a,6).= 145*251, 

(a,6,(?,i,e) = 490*382; 



• • 



and 



3(a,6,c,4c) = 1471*143, 
{aAc,d,e)= 490*381. 
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Scholium HI. When the sidei of the polygon arc numer- (44S) 
one, it will be expedient to diride it into parts by one or more 
diagonals determined by computation or by actual measurement. 



SXERCI8S8. 

1^. Calculate the area (a,&,c,d) of I by calculating the parts 

2°. The same by computing (6,c) + {d^a). 
30. Balance errors by taking the half sum of 1^ and 2^. 
4^. Find the area of I by excepting d. 
5^. The same by excepting a. 
0°. The same by excepting &• 
7^. The same by excepting c. 
8°. Balance errors. 

9^. The area of II may be calculated by sereral of the following 
methods : 

(a,ft,c) + (J,*), {6,c,d) + (e,a), (c,d,c)+(a,6), ((2,e,a) + (^c), 

(e,a,5) + (c,d); 
(a,6,c,<Q, (i,c,d,tf), (c,J,«,o), (d,c,a,i), (c,a,ft,c). 

10^. Employ some of the fifteen methods following for the 
computation of the area of III. 

(a^h.c) + {d,e^), (6,c,i) + (e/,a), (c,i,c) + (/,fl,ft) ; 
(a,M,rf) + (c/j, (ft,c,(f,e) + (/,a), (c,d,c/) + (a,5), 

(d,e/,a) + (6,c), (c/,a,6) + (c,(f), (/,a,5,c) + (d,e) ; 
(fl,6,c,d,c), (6,c,<f,tf/), (c,rf,c/,a), (d,e,/,a,ft), (e/,a,5,c), (/,a,J,c,d). 

11°. Write out all the methods for the computation of the area 
of iy« and execute a number of them. 

12°. Calculate the area lying on the west of the meridian which 
passes through the middle point of the side a of IV. 

Ana. 44*812 acres. 

13°. Compute, by the aid of logarithms and (436), the area of a 
triangle the sides of which are 13'33is 15*75, 16H)2J' chains. 

14°. Find the area of the pentagon given under '* the ChainJ** 





/ 
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/ 
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PROPOSITION III. 

To cut off from a polygon a given area^ PBCDX, by (449) 
a line^ PX, running from a given pointy P, in one of the sides^ 
us AB. 

Compute the triangles PBC, PCD, PDE, ..., till 
two consecutive areas, PBCD, PBCDE, be found, 
the first less, the second greater than the required c 
area, PBCDX ; then will it be known on what 
side, D£, the point X must fall. The areas DPE, 
I>PX, being known, the one by computation and 
the other by hypothesis, we hare the proportion 

DPE DE 
DPX "" DX 

for calculating DX, when XP will be determined by the process 
for a last side. 

As an example, let it be required to cut off 900 acres from the 
left of II, by a line running from the first station A. By referring 
to the computation above, we find the point X will fall on c, and 
the operation may be put down as follows : 

tr(A,c) 2204*61 sq. chs. 3*343332 

tr(A,x) 547*49 sq. chs. 2*738376 

_c^ 67*86 chs. 1*762378 

X .-. ar = 14*369 chs. 1*157422 



PROPOSITION IV. 

To lay out a given area in a triangle of a given form. 

Let A, B, C, denote the angles severally opposite the sides 
a, 6, c, ; then (432), (337), 

2P ^ a6 nn(a,b) = ab sinC, 
2P = be sin(&,c) = be sinA, 
2P = ca sin(c,a) = ca sinB ; 

ap = !!!^^.a». (4B0) 

Cor. 1. If the triangle be isosceles, or C=:B, whence 



18(F:«A+B+C»A+SB, 

dnB » sinC = 8in(90^ - iA) == cotiA, 
gJnB BJnC cos^^A cosj^A ^ co»l^A coa-J-A ^ i^ ^» * 
sinA *"* gioA awajATcoSjA *" ^^ 

there results 

P = ^cotiA. (461) 

Cor, 2. If the isosceles triangle P be applied m times about its 
vertex A, to form* the regular polygon, P., we have, 

P, = wP = ^ cotiA. 



o ma* 190° ,.^, 

or P» = -J- cot -^, (468) 

since mA » 360^. 
What will (462) become form = 8, 4,6, a, 7» 8k ... t 
For illustration, let it be required to lay out ten acres in a trian- 
^e whose angles are, A s 46^ B = 87^. 
We have (460) 

r 200Bin46o Ij, 
* *" L sin87o Bin48° J * 
a = 13*80 chs. 

For Ifae side of an octagon of 16 acres, we find 

IRA 8 « ♦1^'' 
160 = -r» cot-^-, 

4 b 

or 76 = a* coi3aj^° ; 
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PROPOSITION V. 

To lay out a trapezoid of a given area, P, on a . n . 

base, a, also given, knowing the inclinations of the A ^ A * 
oblique sides, x, y, to a. 1^^ ^0^ 

We have 

xa 8in(ar,a) + ^ sin{x,y) + ay sin(a,y) » 2P, 
ay 8in(a,y) + az 8in(a,j7) + yz nui{y,z) — 2P, 
zx sin(jr,a:) + za 8in(;ir,4») + xa 8in(a?,<i) ^ 2P ; 

* The student will construct tlie figurOi 
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but 8in(y,j2r) a 8in(€^y), s\n{z^x) = 8in(^,a), 8in(a,jr) ss Bin(j2r,a) s ; 
•*. the second and third equations reduce to 

y(a + jer)sin(a,y) = 2P, 

a:(a + r)8in(ar,fl) « «P ; (453) 

y = -T-^ — ( • a: ; (464) 

^ 8in(a,y) ' 

by which the first equation reduces to 

, , ^r sin(tt,y)-i 2P sin(tf,y) ...-. 

L sin(a?,y)J sm(27,a) sin(a:,y) ^ ' 

The coefficients a • ; ■ / *^, - , —r—, — r • .} I » being calcula- 

sm(;r,y) 8in(a:,a) sin(27,y) ^ 

ted, this equation may be reduced as an ordinary quadratic, but 
better by (3863), observing that 

^ sin(ar,a) sm(a:,y) ^ ' 

and X thus becoming known (454) determines y, when (453) gives 

(a -f- z) and, consequently, z. 
Let it be required to cut off 15 acres by a line parallel to ^ of !• 
Making b = a,=s 20, the operation will be as follows , 

yS46°W ) t(ar,(i)= 51 'S^ 

kg. sin(a,y) = 1*943072 
log. sin(ar,y) = T*217609 

log. 8in(a,y) — log. 8iQ(2r,y) = 0*725463 

log. 2P « 2*477121 
log. 8in(^,a) =1*895343 

log. 2P -log. sin(ar,a) = 2*681778 

log. q = 3*307241 



log. ^=1*653620 



^ 



log* 0:^1*301090 

log. p == 2«026493 
log. tanv s log. qi ^ log. p =T,027127 

log. cosD = T'964237 

log.(x+p) =B log. p — log. C080 = 2*002256 

:r+100<3 = db 116*4 
x= 9*1 
8iii(ar,a) ^ - - 

^ »iii(a,y) 

2P 

a+z = =^^ — r- = 41*96 

jr = 21*96 

It may sometimes be desirable to execute tbe abore problem 
without the aid of tables, or any other angular instrument than the 
eross. For this purpose measure in any eonre- 
nient position a line, p, perpendicular to a, and 
through its extremity a parallel, 5, determining the 




trapezoid (a,6), which should differ as little as one a 



may judge from (a,c), the area to be laid out. ^' *' 
The area of the trapezoid (h^z) thus becoming known, it remains 
only to find its breadth, x ; and for this purpose we have 

trap. (6.z) = -A-_J, and j-^ = -; 
a^^ + pL.a^^^^^PlM.. (457) 
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PROPOSITION VI. 

To cut off a given area,XABCDEFY, 
from a given field, by a line, YX, ^ 
running in a given direction. 

Haying ascertained what sides YX 
will intersect,* find AZ parallel to XY, ^Fig. los. 

* This may be done, if preferred, by dividing the plotted field ABCDEF into trian- 
gles, taking the measures of their bases and perpendiculars from a scale of equal parts, 
and finding the sum of their areas ; which, however, must not be employed any ftr- 
ther ; for when FZ, ZA, have been found by calculation, or by actual measurement 
in the fidld, t^s area of ABGDEFZ must be accurately computed. 
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and compute the area ABCDEFZ ; when the area of the trapezoid 
XAZY becoming known its parts wiU be found by Proposition V. 



PROPOSITION VII. 

Given the length and direction of the line AB, ^ ^ 
intersecting the lines AK, BL, also given in di- 
rection ; to drmo a Ztne, KL, in a given direction 
and intersecting AB in l, so as to make^ on oppo* 
site sides 0/ AB* the areas lAK, IBL, equal. 

Representing the lines lA, IB, by a + ^9 a^x^ Fig. 106. 
and the angles lAK, ILB, IKA, IBL, by «, /, m, «, we hare (460) 

(a + xysmesini ^ ^ ^ (a - x)« BJnn stot 

. . ./sinc\i , ./sinn\^ 
"^ '\8mm/ ^ \8in// 

(sinn\i / sine \i / sine sin/ \i 

. . ^ - bS// "Vslnm/ ^ ^ ^ - Vsinw sinn/ ^ ^ . 

(«55\V(^\* /«ne«ivr\+ 

\stnf/ \smm/ \smm smn/ 

or (3M), jr == J~l^ . a = atan(46° - 1>). 1 

l + tanr ^458) 

**: * /sine sin/ \» [ 

putting tanv = (-: ^-^1 • 

^ \sinm smn/ J 

Scholium L We observe that (458), being well adapted to log- 
arithmic computations, may be advantageously combined with (449) 
for the solution of Propositions Y and YI, also in changing the 
direction of a line between two farms. 

Thus, let it be required to cut off a given area, KUYL, by a 
line, LK, running in a given direction. In the line YL take any 
point, B, and by (449) determine the point A in the line of UK, 
such that AUYB may — the required area, KUYL, and apply (458). 
It will obviously facilitate the operation if it be convenient to re- 
duce B to coincidence with Y. The same process will change AB, 
the division line of two farms, into a second required position, KL. 

Scholium 11. The intelligent student will not find any difficulty 
in applying the propositions now given to the straightening of a 
broken boundary between estates. 

16 
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PROPOSITION vni. 

Through a poinU P« given in position in a giV" 
en polygon^ to run a line cutting of a required 
area^ S + S'. 

By calculation or actual measurement, determine 
any convenient line passing through the given point I*^* 107. 
and separated by it into the parts a, h ; ako compute the included 
area S + S" ; it follows that, since S + 8' and S + S" are given 
quantities, their difference, 8' — 8" becomes known. But we have 




a'smmsinf 
8in(m + 
a* siniii sint 



=: 28' and 



h* sinn sint 



= 28 



ft 



sin(m + i) sin(n + 1 ) 



8\n{n + i) 

h* sinn sint ^^^ q„. , . , 

= 2(8^ — 8 ), which put = c^ 



or 



or 



a' sinm smt 



h* sinn sint 



sinm cost -f cosm sint sinn cost -f* cdsn sint 



? = c. 



a' smm 



h* sinn 



=-<?; 



t • 



sinm cott -f cosm sinn cott -H cosn 

a'^sinm sinn cott + a^ sinm cosn 
— h* sinm sinn cott — b* cosm sinn 
= c sinm sinn cot*t -f c(sinm cosn -f cosm sinn)cott 
-f c cosm cosn ; 

cot«,-+ r?!E(!!LHO+*!ll^'|cot,- 

L smm smn c J 



a* cotn— 6* cotm 



~ cotm cotn, 



or, cots- + [cotn + ^^ + "^ " "^j cotf = 
if it be convenient to make m = 90^, 



a'cotn 



{m 



PART THIRD. 



SOLID GEOMETRY, SPHERICAL GEOMETRY, 
AND NAVIGATION. 
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BOOK FIRST. 



SOLID GEOMETRY 
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SECTION FIRST. 

Planes* 
PROPOSITION I. 



Three points not in the same straight line determine the (460) 
position of a plane. 

For, let the plane, P, pass through two of the v^^p^^ 



>. 
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points, as A, B ; then, revolving upon these points, 
it will become fixed or determined in position, 
when it shall contain the third point, C. 

Fig. 106. 

Cor. L Two intersecting lines, as AC, BC, determine (461) 
the position of a plane. 

Cor. 2. A triangle, as ABC, is always in the same plane (462) 
and determines ^s position. 

Cor. 3. A plane is detern^ined in position by two paral- (463) 
lei lines, as AP, BQ. 

Cor. 4. Two planes cannot intersect each other in more (464) 
lines than one. 

For if A and B be any points common to the planes P and P,, 
it is obvious from the definition of a plane that the straight line 
AB will lie wholly in both planes, and will therefore be a line of 
intersection. Now the planes, P, P,, cannot have a second line of 
intersection, as ACB ; since this hypothesis would reduce the 
planes to coincidence (460), the three points. A, C, B, not in the 
same straight line, becoming common to P and P^. 
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Cor. 5. The intenectioiui of planes are straight lines. (466) 

Cor, 6. Planes coinciding in three points, not in the sancie (466) 
straight llncy coincide throughout 

PROPOSITION IL 

A line drawn through the intersection of two other lines (467) 
and perpendicular to both ofthem^ will he perpendicular to their 

plane. 

For let p be the perpendicular, a, a, equal por- 
tions of the intersecting lines, 6, &, the hypothe- 
nuses top, a, — p, a, which will therefore be equals 
and let d be any line drawn through the angle 
(a, a) and terminating in the line m + n joining 
the extremities of a, a, and divided by d into the ^' ^^• 

parts m^n\ it only remains to show that e, joining the esctremities 
of p, d, is a hypothenuse. We hare (137) 

a*—d* = mn s= &• — ^« ; 
e« - d« = ft« - a« = p\ Q. E. D., (138). 

Cor. 1. If one side of a right angle be made a fixed axis (466) 
of rcTolution, the other side, in revolving, will describe a plane. 

For, if the right angle (a, p) revolve about p as an axis, a will 
be found constantly in the plane of (a, a). 

Cor. 2. Of oblique lines drawn from any point in a per- (469) 
pendicular to a plane and terminating in this plane, the more dis- 
tant will be the greater, those equally distant will be equal and ter- 
minate in the circumference of the same circle having the foot of 
the perpendicular for centre. 

Cor. 3. Planes which are perpendicular to the same (470) 
straight line are parallel to each other ; and, con- i 

versely, if a line be perpendicular to one of two par- / '^ "^ / 
allel planes, it will be perpendicular to the other also. 



Fig. 1098. 
Cor. 4. If from any point without a plane, a perpendic- (471) 

ular be dropped upon the plane, and from the foot of this perpen- 
dicular a second perpendicular be let fall upon any line in the plane 
the line joining the first and last-mentioned points, will be perpen- 
dicular to the line drawn in the plane. 
For if m = n, d and e will both be perpendicular to m + n. 
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Cor. 5. Through the same point, either without or within (472) 
a plane, but a single perpendicular can be drawn. 

For let e be any line intersecting the perpendicular, p ; e is ob- 
viously inclined to d and therefore to the plane (a, a). 

Cor. 6. A plane passing through a perpendicular to a (473) 
second plane, is perpendicular to the same. 

For let d revolve to take up a position perpendicular to a ; then 
(p, d) being a right angle, the plane (p, a) is said to be perpendic- 
ular to the plane (a, a, <2). 

Cor. 1. The intersection of two planes perpendicular to (474) 
a third, is perpendicular to the same plane. 

Cor. 8. Lines perpendicular to the same plane are paral- (476) 
lei to each other. 

For let p, ps, p„ ... , be lines perpendicular to 
the plane, P, and a, 6, ... , the lines joining the 
points in which the perpendiculars intersect the 
plane ; it follows fron (473), (474), that the planes 
(/>« a)) (/'sf ^)» viU intersect in ps ; whence p, p^, 
being perpendicular to a, p^ p^, to &, ... ^ p, pa, ps* ^' *' 

are parallel to each other. 

Cor. 9. A line parallel to a perpendicular to a plane is (476) 
itself a perpendicular to the same plane. 

Cor. 10. Lines parallel to the same line situated any (477) 
way in space, are parallel to each other. 

For they will be perpendicular to the same plane. 




PROPOSITION IIL 

If a f lane cut parallel planes^ the lines of intersection (478) 
will he parallel. 

For, if the intersections m, n, of the plane, P, 

with the parallel planes, M, N, were not parallel, 

but met on being produced, then would M, N, cut 

each other in the same point, which is contrary to 

the hypothesis. 

'^ Pig. 110. 

Cor. 1. The segments, as r, 9, ^ of parallel lines inter- (479) 
cepted by parallel planes, are equal. 

Cor. 2. Conversely, two planes intercepting equal seg- (480) 
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mento of duree ptraUel Hues not situated in the same plane, are 
parallel. 

Cor. 3. Parallel planea are ererywhere equaUy diatant. (481) 
[Let r, 8^ ^ be perpendicular to M, N.] 

Cor. 4. Two angles, having their sides parallel and open- (462) 
ing in the same direction, are equal, and their planes are parallel. 

For, let the sides AB, AC, of the angle A, be paral- 
lel respectirely to the sides «6, ac, of the angle a, and 
open in the same direction ; draw B&, Cc, parallel to 
Aa, then will the quadrilaterals, A6, Ac, Bc^ be par- 
allelograms, and the sides of the triangles BAC, hoc, ^ 
seTerally equal, — •'. / A = a ; but Aa » B& » Cc, 
.*. (480) the plane BAC will be parallel to the plane hoc. 

Cor, 6. A Dihedral angle, or the angle which one plane (483) 
makes with another, is measured bf the inclination of two perpen- 
diculars drawn through the same point in its edge, one tA each side. 

For, make A « perpendicular to the planes BAC, hac^ then wfll 
Aa be perpendicular to AB, AC, oft, ac, and the dihedral angle 
BAac will be measured by the plane angle BAC = hoc ; from which 
it follows that the point A, through which the perpendiculars AB, 
AC, are drawn, may be taken anywhere in the edge, Aa, of the di- 
hedral angle. 

Cor, 0. The segments of lines intercepted by parallel (484) 
planes are proportional. 

For, let ABC, abc, be any lines whatever, pierc- 
ing the parallel planes, F, P, P, in the points A, 
B, C, a, 6, c ; and through B draw mB» parallel to y^ 
ahc, piercing the planes in m, n. Since A, B, C, 

m, n, are in the same plane, and mA parallel to Cn, 

I. Fig. UOi. 

we have ^ 

AB : BC=:mB : Bn^ah : he. 

PROPOSITION IV. 

If a line passing through a fixed point revolve in any (486) 
manner so as constantly to intersect two parallel planes f the figures 
thus described will be similar. 
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Fig. HI. 



For, let VaA, Vj?X, VyY, ... , be positions of 
the revolving line passing through the fixed point, 
V, and piercing the parallel planes in A, a, X, x^ 
Y, y, ... ; drop the perpendicular YpP, piercing the 
planes in P, />, and join PA, PX, pa, px. The ra- 
dii vectores PX, px^ have the constant ratio Yp : Yp, 
and / APX = apx ; .*. (426) the plane figures 
AXY, ... , axy, ... , are similar. 

Definition, The solid (Y, AXY ...) is denominated a Cone, when 
the. perimeter AXY ... is wholly curvilinear, and it becomes a Pyr^ 
amid wh€n AXY ... is made up of straight lines. The cone is eir- 
cular when its base, AXY ••• , is a circle, and right if the perpen- 
dicular fall in the centre of the base. 

Cor, 1. In similar cones [the pyramid is to be included] (486) 
the altitudes, radii vectores, like chords and generating lines for 
corresponding positions, are proportional ; and the bases are as the 
squares of these lines. 

Thus, YP : Yp = PX : px = chordXY : chdary = YX : Yar, 
and base(AXY ...) : hs(axy ...) = (PX)* : (pa?)* = ... . 

Cor. 2. If the vertex, Y, be carried to an infinite distance, (487) 
the lines Aa, Xor, Yy, ... , will become parallel, and the figure axy 
... , will = AXY ... . Under these conditions the solid (AXY ... , 
aopy ...) is denominated, a Cylinder when the perimeter AXY ... is a 
curve, and a Prism when AXY ... is a polygon ; and these magni- 
tudes are said to be right or oblique according as the sides are 
perpendicular to or inclined to the bases. The cylinder and prism 
are also distinguished by their bases. When the base is a parallel- 
ogram it is obvious that all the other faces will be parallelograms 
and those opposite to each other equal, in which case the prism is 
called a Parallelopipedon ; and the Cube is a right parallelopipe- 
don of equal faces. 
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SECTION SECOND. 



•wrftaMs Af S^lUto* 



PROposrn(»i I. 



The surface of a Polyhedron^ thai if, any solid bounded (48S) 
by planes^ may be found by computing the areas of its seversl 
faces. 




PROPOSITION n. 

T&« convex surface of a Right Circular Cone is meas- (489) 
ured by its slant height multiplied into the semidrcumference of 
its base* 

Let y be the convex surface included between any 
two positions of its Generatrix^ /, and x the inter- 
cepted portion of the circular base ; then, since y is 
obviously a continuous function of 2:, giving to y, x, 
the vanishing increments [^], [A], we have, (311), Fig. 112. 
(148), 

.-. (346)» y = \lx\ 

ys^jein'u^f0rtntt = il(circumference of base). Q. E, D. 
Cor, 1. The circular conical sector is measured by its (490) 
slant height multiplied into half its base, y = ^Ix, 

Cor, 2. The frustrumental surface of the right circular (491) 
cone is measured by its slant height multiplied into the half sum 
of its bases. 

For let VAB, Yaft, be conical sectors having Uie V 

same vertical angle, Y, and, consequently kSba the al\f 
frustrumental surface in question, we have /\ 

aL ^B 

Fig. 112t. 

* No constant U to be added, since y and x vanish together. 
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since 



or 



AVba = VAB - Ydb = VA . iAB - \a . iah 
= (Va + aA) . iAB- Vfl . iah 
r=aA . iAB + Ya • i(AB-a6) 
_ flA(AB + ab) 

2 * 

VA 

^ ab • aA. 



^® and • ^A-^^ ^ ^P-^^ 



AB-a6' 

Cor. 3. T^e convex surface o^ the Right Circular Cylin- 
der, is equal to its height, multiplied into the circumference 
of its base ; for db becomes = AB. 



(492) 



PROPOSITION III. 



Pig. 1128. 



If a continuous curve referred to rectangular coordi- (493) 
natea, revolve ahout the axis of abscissas^ the derivative of the 
surface thus generated^ regarded a^, a function of the correspond- 
ing abscissa^ will he equal to the circumference described by the 
ordinate multiplied into the square root of unity increased by the 
square of the derivative of the ordinate also regarded as a func" 
tion of the abscissa. 

For let the surface Z be described by the revolu- 
tion of any continuous curve, z^ around the axis, or, 
and Mf nt, k, ^ the vanishing increments 

of Zf z, yjx; 



then 




Fig. 113. 



but (491), 



Jlf = m[iry + ir(y + *)], 
= (*« + &«)*. tr(2y + A); 

^i.^ = 2try(l+y'J.,,)* Q. E. D. 

It follows that, in order to determine the surface generated by a 
particular curve, we have only to eliminate y and y' by aid of its 
equation, and to return to the function. 



or. 



p 
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PROPOSITION IV. 

A Spherical Zone is equal to ite aUituie mutHplied (494) 
into 4he circumference of the sphere. 

Let Zhes, zone generated by the arc, z« of a circle reyohrin^ 
about a diameter, which we will assume as the axis of x^ the orifia 
being at the centre and the radius = r. We have 

k _ %t + h 
h~ ay + *' 

y',_„a-«,» = - -J . »nd y« = 5j ; 

y y 

^'j^-f. - 27ry(l + ^)* - air(y« + ar«)*= ^irr ; 

2' = 2Trrar, 

where there is no constant to be added if we make the surface be- 
gin at the axis of y. Now let J7„ oti, Z» x^ be corresponding yalnes 
of Z and x ; we have 

zone(2j — Zi) = zoneZa — xoneZi =: (xt — Xi) • ir • 2r. Q. K D. 

Cor. 1. A spherical zone is equal to the convex surface (^6) 

of the circumscribing cylinder, described by the rey« 

olution of a rectangle with a radius equal to that of 

the sphere. 

Surface described hy S = but, described by C* 

Pig. 114. 

Cor. 2. The surface of the sphere is equal to the convex (49^ 
surface of the circumscribing cylinder. 
Or, to four Great Circles: 
Sur. sphere = 2Z^^ = 47rr*. 
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Fig. 114t. 

Cor. 3. The surfaces of spheres are to each other as the (497) 
squares of their radii [r], or diameters [2r], or circumferences 



I 

V 



RBCTANOULAR PARAI.LBL0PIPSII0N8. 



253 



EXERCISES. 

'^1 ^;'^?Vliat will be the expense of gilding a globe 5 ft, in diameter 
at 91^ per square foot ! 

2^. What is the surface of the earth and of each of its zones, 
reckoning it as a sphere of 8000 miles in diameter, and the Obliquitjr 
of the Ecliptic at ^'^ 28? 



SECTION THIRD. 
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PROPOSITION L 

Rectangular Parallelopipedons are to each other as the (498) 
products of their three dimensions. 

' First, suppose their corresponding edges OA, 
OB, OC, oo, o&, oc, to be commensurable ; that 
is, that OA being divided into m equal parts, oa 
contain an exact number, m', of the same parts, or 
that 

OA = mxj oa = m'Xj [a: = the com. measure] 
and OB = ny, ob = n'y, [y = measure of OB Sl oh] 
and OC = rz^ oc = r'z ; 

then will the partial rectangular parallelopipedons, 
formed by passing planes through the points of di- ^' ^^^' 
vision parallel to the faces AB, AC, BC, a&, ac, be, be all equal, 
since any one will be capable of superposition upon any other 
(487). It follows that the solids OABC, oabc^ will contain severally 
niAf, m'n'r't partial and equal rectangular parallelopipedons, and 
will consequently be to each other as mnr to m'nV ; 

OABC __ mnr _ ma: • ny • rz __ OA • OB • OC 
oa>be m'n'r' "" m'x • n'y • r'z oa • ob • oc 

aad the proposition is proved for the case in which the correspond* 
xng edges are commensurable. 

Next, let the dimensions OA, OB9 OC, oa, 06, oc, be any what- 
ever, and put 
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OA s il, OB == B» OC » C ; oa^ihob^b^ oc^c. 

Now, if we increase a, 6, c, by x, y, jt, so u to become commen* 
Burable wilh Jl, B» C, and construct the parallelopipedon on 
(a + x), {b + y), (c + z), from what has ahready been proTed, there 
i results 

parallelopipedon [(a + x), (ft + y), (c + z)] ^ (a + g)(6+y)(c + z) . 
parallelopipedon [A, B, C] ilBC 

par*dn [a, fe, c] solid [x, y, ir] _ abc ... 
^' par'dn [il, B, C] "^ par'dn [A, B,C]~ ABC "^ ABC ' 
.*. (63), pard'n [A, B, C] : par'dn [a, ft, c] : : AB C : oftc. 

Q. E. D. 
Cor. I. The rectangular parallelopipedon is measured (400) 
by the product of its three dimensions, provided the cvbe^ whose 
edge is the linear unit, be assumed as the unit of solidity. 

For, from par*dn [a, ft, c] = 1, a = ft = c = 1, 
we hare par'dn [A, B, C] = ABC. 

Cor. 2. The right prism with a right angled triangular (500) 
base, is measured by its base multiplied into its altitude. 

For the diagonal plane divides the rectangular 
parallelopipedon into two rectangular prisms, ca^ 
pable of superposition. 

Fig. 116t. 

Cor. 3. Any right prisin with a triangular base is equal (601) 
to its base multiplied into its altitude. 

For the prism may be split into two, having right 
angled triangles for bases. 

Fig. 1169. 

Cor. 4. Any right prism is measured by the product of (602) 
its base and altitude. 

For the solid may be divided into prisms, having 
triangular bases. 

Fig. II64. 

Cor. 6. The right cylinder is measured by the product of (503) 
its base and altitude. 

For (502) is obviously independent of the number and magni- 
tude of the sides. 
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PROPOSITION BL 




The pyramid is equal to one^third of the product of it9 (804) 
base and altitude^ and the cone has a like measure,. 

In the first place, suppose the pyramid, y, to have a ^ i 

triangular base, jt, to which one of the edges, ar, is per- 
pendicular ; and, *for the purpose of finding the fune- yx 
tion y =/:r, give to y, x^ jzr, the corresponding incre- 
ments A:, h^ t. Since the prisms constructed with the u 
altitude A, and upon the bases jzr, 2r-|-t, will be inscrib- 
ed in and circumscribe the solid, k^ we hare ^^' 

*^(f+o*» ••• X^J+*' ••• yi-/.= [x] ==*^ = '**'5 (486) 

,*. y = a • \x^ = -Jo: • ax* = ^xz^ 
where no constant is to be added, because y,.o = 0, and the prop- 
osition is proved for this particular case. 

Next, let a right angled triangle, revolving about its per- 
pendicular, p, and its base, varying in any way whatever, de- 
scribe, the one a cone or pyramid, y, the other its base, x ; 
giving to y and x the vanishing increments, k and A, from 
what has just been proved, we find 

W = MH .•• y'="l?; 

y = \px ; 
and the proposition is demonstrated for all cones and p3nramids, in 
which the perpendicular falls within the base. 

Lastly, let the base, «, be any whatever, and the 
perpendicular, p^ fall upon its production ; then, 
joining the foot of p, with two points of a con- 
tiguous portion of the perimeter so as to form 
the base, d, of a second pyramid or cone (p, t>), 
we have *^ "••• 

cone (p,tf + «) = \p{u + v)y 
mA cone (p,t?) = fp© ; 

cone (p,«) = \pu. Q. E. D. * 

PROPOSITION III 

The Frustrum of a cone or pyramid is measured by (505) 
one'third of the product of its altitude^ multiplied into the sum 
of its bases augmented by a mean proportional between them. 
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▼OLUMBS. 

Let the baM AXY ... = A, (Jig. Ill) 

and axy.., ^B; 

tke altitiide, Y P = z + a, 

and Yp = x; 

\ there results (504), 

solid [{x + a), A] = ^(x + a)A, 
solid [xtB] =s ixB ; 

frnstnim [A,B] ^i(x + «) A - i^B :=: i[aA + x( A - B)] ; 



• • 



•• ^^ATZIS' '• ^(^-B) = j^(A* + »)(A*-W); 

.-. frustmm [A,B.a] = "K^ + ( ^^B)* + B]. (606) 

Cor, The prism or cylinder, whether right or oblique, is (506) 
measured by the produet of its base and altitude. 
For B » A, gires ia[A + {XBY + B] = ka. 



PROPOSmON IV. 

If a solidt V, be generated by the motion of a plane, U, (607) 
varying according to the lay> of continuity, and 
remaining constantly similar to itself and per- 
pendicular to the axis of x ; then will the deriv^ 
ative of V, regarding \ as a function of x^he 
equal to the generating plane, U, also regarded 
as a function of x, or 

For, from a little reflection, it will be eyident that the incremen- 
tal solid [U,U9,A] must be measured as in (605), or that 

= i[A+l(A *f{x + k)\ »+/i[xH-A)] 
= -KA +A+A] =/r = K Q. E. D. 

Cor, 1. For any solid, generated by ihe revolution of a (606) 
curve about the axis off, the ordinate, y, describing the plane, U, 
we have 
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Cor. % For any volume embraced between the surfaces (509) 
described by the revolution of two curves, or the 
two branches of the same curve, U being described i 
by the difference of the corresponding ordinates, y, 1 ac 




*K 



y^ we have 

F; = iry« - irya* = 7r(y« - y^) = 7r(y + yj(y - y^). 

Cor. 3. For the ellipsoidal frustrum, estimated from 
its equator, or from j: = 0, we find 



V. = ir.~,(a«:c-ia:»), 



Pig. 117a. 



Las^- 



Fig. 1178. 

(510) 



since, 



5« 
F, = iry» = TT • -^ (a*— a?*). 



Cor, 4. The corresponding frustrum of the circumscribing 
sphere, is 

F. = ir(a«ar - ia:«), (511) 

since (510) becomes (511) when & = a. 

Cor. 5. Prolate Ellipsoid =»2r... = ftraft* (512) 

= f V 2a • irft* s -Kcircumscribed cylinder) 

s= 2(inscribed double cone). 





^ 


^ 


^ 



Fig. 1174. 

C(w. 6. Sphere,.ah».a= itra* = | . 2a • 7ra« (513) 

= f (circumscribed cylinder) 
= 2(inscribed double cone) 
= -J-a • 47r(i* = -|'a(8urface of sphere). 

Scholium. The last relation might have been found by imagin- 
ing the sphere filled with pyramids, having their common vertex 
at its centre, and their bases resting on its surface. 

Cor. 7. The prolate ellipsoid and its circumscribing (514) 
sphere, and their frustrums corresponding to the 
same abscissa, are to each other as the square of 
the minor to the square of the major axis. 

Prolate ellipsoid : sphere^ = V^ : V^ = b* : a*. 

Fig. 1175. 

Cor. 8. Analogous relations may be found for the Ob- (515) 

17 
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SIMILAR SOLIDS. 




late Ellipsoid^ described by the rerolution of the el- 
lipse about its minor axis bj changing a into 6, and b 
into a. 

Thus r,^ = Tf . ~ (&«x - ij:»), F^, = 7r{5«a: - +:r») ; 

.•. Oblate Ellipsoid s f • 26 • ira* = f(circuinsc. cyl.) 

= 2 • \ • 2b • i:a* = ^(inscribed double cone) ; 
Sphere^„^ = f • 26 • irh* 
.-. Oblate Ellipsoid : Inscribed Sphere = Fj^ : F^ = a* : b*. 

Cor. 9. Common Paraboloid V =« ffpar* = -Jr • iry* (516) 

= -j^circumscribing cylinder), 
since V = iry* = tt • 2par ; 



PSg. iir«. 




and, for the paraboloid whose equation is 

we have V = Yrx(ilo +i-AiJ? + iiifiv* + •••)+ ^^-a- 



PROPOSITION V. 



Pig. 1177. 
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Similar solids are to each other as the cubes of their (517) 
like dimensions. 

We understand by similar solids those in which all like dimen- 
sions are proportional ; and, consequently, the sections through 
such dimensions similar. 

The proposition becomes evident for the solids already investi- 
gated by making A and B vary as a* in (505), and b as a in (512) 
and (515), or by putting A = ea\ B = Csa^ b =i c^a^ the cs being 
constant, whence 

Similar Cones, Pyramids, and their similar Frustnims, conse- 
quently similar Parallelopipedons, also similar Ellipsoids and 
Spheres 

vary as ^[c + (cc^Y -f cj • a', f ttcI • a', 

or as a', or as the cubes of any like dimensions. 

Next let any two similar perimeters, whether rectilin- (fiff* 90.) 
ear or curvilinear, be similarly placed and revolve about any line 
Oak. of corresponding radii vectores as an axis of 4P, the origin be- 
ing at O ; the ordinates y, y.^^ of the extremities P, 71, of any other 
corresponding radii vectores, will describe planes 17, IT,, terminating 
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like frustruins of the two solids estimated from O where x = 0, and 
this whether the radii y, y.^^ remain constant for a given value of 
jc or vary in any way whatever, that is, whether the perimeters 
ABC ... , abc ... , continue of the same magnitude or be variable, 
only that they preserve their similarity. Therefore we have 

.-. (507), F : F, = frustrum[ IT] : fr.[ ITJ = ix^ : ^2^0?' : 0/>«, 

and the proposition is proved for this more general case. 

Lastly, let the similar solids be any whatever, and assume any 
two like diameters for the axes of x, x^, the origins dividing them 
proportionally. It follows from the definition of similar solids 
given above, that the generating planes (7, U.^^ perpendicular to x^ 
x^ will have corresponding positions in their respective solids F, 
Fj, when any diameter in {/ is to a like diameter in JJ^ as the ab- 
scissa X terminating in C/'is to the abscissa x^ terminating in Ug, and 
that V and 7^9 will be similar figures ; 

• ■ C/ * C/ J ^ X z x^ 

But from (900) it is manifest that (&07) is applicable in this case 
also ; 

F : V^^U I Ri = i:« : xl 

and F : F, = fr.[i;']: fr.[J7J = ia:» : iai = ar» : ai Q. K D. 



EXERCISES. 

P. A cylindrical cistern, capped with a hemispherical dome, is 
15 feet deep and 10 in diameter. Required its capacity. 

2^. A hollow cylinder, the side of which is one inch thick, is set 
into a cubical box, touching its sides and equalling it in height, 
and within the cylinder is placed a hollow sphere also an inch in 
thickness and tangent to the cylinder. What is the capacity of the 
sphere, it requiring just 10 gallons of water to fill the space between 
the box and the cylinder ? 

3^. What is the capacity of a cask, regarded as a frustrum of an 
ellipsoid, the bung diameter being 30 inches, the head diameters 
^ each, and the length 40 inches ; and how much will it differ from 
its inscribed double ronical frustrum ? 

4^. What is the capacity of a paraboloidal cistern, having the 
dimensions in 1°? 
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6^. Wiflhini^ to ascertain the weight of a maible coliuaii 90 feet 
high, I take the semidiametera at the elerations 0, 10, 20, 90 feet, 
and find them to he 3, 4, 3, 2, feet ; the specific graritjr of marble 
is 2*7, water being 1, and a cubic foot of water weighs 1000 oz. 
avoirdupois. What is the weight? 

6^. The earth may be regarded as an oblate spheroid, generated 
by the revolution of an ellipse abolit its shorter diameter of 
7899*170 miles, while the equatorial diameter is 7925*648, accord- 
ing to Sir J. F. W. Herschel. Required the excess of volume over 
the inscribed sphere, and the quantity of water on the surface ; al- 
lowing the sea to be to the land as 4 to 3» and its mean depdi to 
he 2t miles. 

7^. What must be the dimensions of a tub to hold 10 cubic feet, 
the depth and two diameters being as the numbers 4, 5, 6 ? 

8^. What must be the dimensions of a paraboloidal kettle to 
contain 12 gaUons, the diameter across the top being to the depdi 
as7to8T 



BOOK SECJOND. 



SPHERICAL GEOMETRY. 



SECTION FIRST. 



Spherteal Triyonoa&etry* 



PROPOSITION I. 



A Sphere, hting a solid bounded by a curve surface (518) 
everywhere equally distant from a point withinf called the cen* 
tre, may be generated by the revolution of a semicircle ahout its 
diameter. 

For, let the semicircumference, PeEP', 
revolve about its ^ diameter, PoOP' ; it 
follows that every point, e, in PeEP' will, '^ 
while describing the circumference, ee'e" 
... , maintain a constant distance, 

Oe = Oe ^ Oe" = ... =0P = OF 
= OE = OE' =^ ... , 

from the centre, O ; whence the surface T^ 

described will be that of a sphere. 

Fig. 11& 

Cor. 1. The radius, OE, perpendicular to the axis, (519) 
POP', will describe a Grea;t Circle^ the circumference of which, 
EE'E" ... , denominated the Equator^ will be everywhere 90° dis- 
tant from its poles, P, P'. 

Cor, 2. Any other perpendicular, oc, will describe a (620) 
Small Circle^ also perpendicular to the same axis, and having the 
same poles, P, P'. 

Cor. 3. Every section of a sphere by a plane is a circle. (621) 

Cor, 4. The perpendicular, P'T, through the extremity (622) 
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of the diameter, POF, will generate a plane (PMTT" ... ) tan- 
« gent to the sphere. Hence, a plane passing through the extremity 
of any radius, and perpendicular to it, is tangent to the sphere ; 
and, conversely, a tangent plane is perpendicular to the radius, 
drawn to the point of contact 

Cor. 6. All great circles mutually bisect each other; as (523) 
the Meridians^ PEP', PET', since they have a common diameter, 
PP'. 

Cor, 0. Every great circle bisects the sphere. (524) 

Cor, 7. A small circle divides tlie sphere into unequal (525) 
parts, and is less the more distant it is from the centre. 

Cor, 8. A LunCf or the spherical surface embraced by (526) 
two meridians, is to the whole surface of the sphere as its equato- 
rial arc to the total equator ; thusj 

Lune PEP'ET : Sph. Surface = arcEE' : 360^ 
or Lune«^ : 4Trr« = c° : 860° ; 

... Lune,, = ^1 . trr-. [' I ^ J;j;p;,; ^ (5«) 

Cor. 9. The Spherical Wedge or Ungula, PEP'E'O, is (527) 
to the whole sphere as its equatorial arc is to the total equator ; 

Unguis^, : f . irr» = e° : 360°. • 

Cor. 10. Every meridian is perpendicular to its equator ; (528) 
as PE F to EE E ... . 

Cor, 11. A Spherical Angle is identical with that em- (529) 
braced by the tangents to its sides, and is measured by the arc of 
its equator intercepted by these sides ; as the angle EP'E' = TP'T 
measured by EE'. 

Definition. A Spherical Triangle is the surfisice em- (530) 
braced by three arcs of great circles. 

PROPOSITION 11. 

A spherical triangle is equal to the sum of its three (531) 
angles diminished by a semicircumference, multiplied into the 
square of the radius of the sphere. 

Produce one side, AB, of the spherical triangle, 
T, so as to form the circumference, ABPQ, inter- 
sected in P and Q by the productions of the other 
sides, AC, EC ; then, by the addition of the trian- 
gles, X, y, Z, to T, there will be formed the lunes Pig. 119 
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T+X, T+Yj having the angles A, B, and to the surface T+Z, 
which may he readily shown by (523) to be equal to a lane with 
the angle, C ;* and, from (526), there results, 

T+ Jr = ^ . irr«, T+ y= ^ . «r», T+ Z= ^ . irr»; 
A° -i- B° 4-C° 180° 



• • 
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•'• "^ = 180° ~~^ 'mr*^{A + B+C- ir)r». (531) 

Cor. 1. The sum of the three angles of a spherical tri- (532) 
angle is always greater than two right angles and less than six ; since 
for the existence of T we must obviously have 

Cor. 2. Similar spherical triangles are to each other as (533) 
the squares of the radii of their respective spheres, or as the squares 
of their homologous sides. 

Cor. 3. A spherical polygon is measured by the sum of (534) 
its angles diminished by as many semicircumferences as it has sides 
save two, multiplied into the square of the radius 9f the. sphere. 

For the number of sides being n, the polygon may be divided 
into (n — 2) triangles, T, Ts, T3, ... , whose angles A, B, C ; A^ 
Bi, C^; A39 B3, Cs;... t make up the angles of the polygon, and 
there results 

(T+T,+ T3 + ...)^ = [(ii+B+C-7r)+(.M-B^Ca-ir)+-..]rS 
or P„ = [S — (» — 2)ir] • r', iS> = sum of angles. 



* For, prodncing the arcs CP, CQ, till they meet in R, 
and drawing the diameters ( 1 ) AOP, BOQ, COR, we 
have only to show that the triangle PRCl, which com- 
pletes the lune CPRQ, is equal to A AGS. In order to 
this, take the point S, equally distant from A, B, C, or 
the pole of the small circle passing through those points, 
and draw the diameter SOT ; then the arcs SA, SB, SO, 
TP, Ta,TR, will be aU equal; also( 1 ) iC ASB^PTQ, 
BSC=QTR, ASCr=PTR, and it may therefore be 
shown by superposition that F\ttTiS% 

C^ CITP = ASB, RTa = BSC, RTP » ASC ; 
C^ PQR = aTP -f RTQ — RTP 

» ASB + BSC — ASC » ABC. d. E. D. 
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I PROPOSITION m. 

The cosine of any aide of a spherical triangle is equcU (535) 
to the product of the cosines of the other two sides increased by 
that of their sines multiplied into the cosine of the angle opposite 
the first-mentioned side. 

For, denoting the angles of 
the triangle hj Ay B, C, and the 
sides respectively opposite by 
a, ft, c, let the radius of the 
sphere O A == OB = OC, be ta- 
ken for unity, and draw the 
tangents, tanft, tanc, terminat- «. ^^ 

ing in the productions of OC, 

OB, at Q, P, and join PQ = m ; then will OQ = secft, OP = secc, 
and the spherical angle A will = / P AQ, also / BOG will be meas- 
ured by a, (T), and from (386) there results, 

sec'ft -^sec^c = m' ^- 2secft secc cosa« 

and tan*ft + tan*c =^m^-^ ^tanft tanc cosii ; 

1 ^ 1 s 9secft seec cosa — » 2tanft tanc cosii. 







,11 smft sine . . 

or 1 = — i • • cosd — • "% • • cos A ; 

cosft cos<? cosft cose 

whence cosa = cosft cose -f- sinft^inc cos^ ; 

so cosft = cosa cose + ^^^a sine cosB, \ (535) 

and cose = cosa cosft -f- sina sinft cosC 

Cor. 1. If two spherical triangles have two sides of the (536) 
one equal to two sides of the other each to each but the included 
angles unequal, the remaining sides will be unequal and the greater 
side will be opposite the greater angle ;. for, as A increases, co^A 
decreases and, consequently, cosa decreases or a increases, there- 
fore A and a increase or decrease together. 

Cor, 2. Two spherical triangles are equal : (^37) 

l^. When two sides and the included angle of the one are re- 
spectively equal to the two sides and the included angle of the oth- 
er ; and therefore, 
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Pig. 120». 



2^. When the sides of the one are severally 
equal to the sides of the other. 

For, 1°, if 6 = 6', c = c\ A^ Al \ 
then a = a' ; r. B = B\ C ^ C \ 

tr(ABC) = (ABC) ; 

2o,if (i = a',6 = 6',c = c'; 

then A^A'\ .\ tr(ABC = (ABC). 

Cor. 3. The arc joining the vertex and the middle point (538) 
of the hase of an isosceles spherical triangle, is perpendicular to -the 
base, and bisects the vertical angle. 

Car, 4. We may adapt (535), which is the fundamental theorem 
of spherical trigonometry, to logarithmic computation, when a side 
is required, by putting 

sin& cos A = • cosft ; 

COStf 

for then (535) becomes 

cosa 9 cos6 cose + cos6 smc • ■ ■ 

eostf 



C085 



(cose costf + sine sinv) ; 



COStf 

and there results 

_ cos6 cos(e— a) ^ 

cosv * 

„ * cosa co8(e— u) 
tan© = tana cosB, cos6 = ^ -^ 



tanv = tan& cosil, cosa = 



so 



cosv 



V(589) 



J ^ ^ ^ cosa cos(6 — to) 
and taniD = tana cosC, cose = ^ 



COS10 



Cor. 5. When an angle is required, the transformations of 
Plane Trigonometry may be imitated, and we have 

2stn'iii = 1 — COS JL 



.-^ 



■iS^iT] ol- 



eosa — cosft cose 



sin6 sine 
C08& cose + sin6 sine — cosa 

sinft sine 
cos(ft — e) — cosa 

sin5 sine 
28ini(a + b — c) • sin j-(a — ft + e) v^a*:^ 
sinft sine 
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|_ sin6 sine J 



8in6 sine J * 



c-«n+ 



L »ina sine J 

_ r8in(A — a) 8in(^ — c)"| 4- 
" L sio<( sine J 



and 



L sina sini J 

tsin(A — a) sin(h — 6)1 ^ 
sina 0iii6 J 

And by a like process we shall find 

L sini sine J 






1 n rs^n^ sin(A — 6)1 4 

cosiB = I ; ^^ i- 1 ■ 

L sina sine J 

, ^ PsinA 8in(A — c)! -J- 

L Hina 8in6 J 

L 8inA8in(A — a) J $ 
"^"^^^ L 8inAsin(A-6) J ' 
' L sinA 8in(A — c) J * 



(540 



W641) 



^(5«2) 



Cor. 6. The sum of any two sides of a spherical triangle (543) 
is greater than the third side. 

Cor. 7. If from any point within a spherical triangle, arcs (544) 
of great circles be drawn to the extremities of either side, the sum 
of the including sides will be greater than the sum of the included 
arcs. [See Plane Geometry.] 

Cor, 8. A chain of spherical arcs is less the nearer it lies (545) 
to the arc joining its extremities. 

Cor. 9. The arc of a great circle is the shortest distance (546) 
from point to point on a spherical surface. 

Cor. 10. The sum of any two of the^ plane angles that (547) 
make up a solid angle, is greater than the third angle. 
For, if about the solid angle, O, a sphere be described) 
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AOB, BOC, AOC, 

ABy BCy AC* 

ABC. 



the plane angles 

will be measured by 

the arcs of the spherical triangle 

Cor» 11. The sum of all the plane angles that make up (548) 
a solid angle, is less than four right angles. 

For, let a, b, c, ... , j. A:, Z, be the arcs of the spherical polygon 
by which the plane angles are measured, and produce a, c, till 
they meet, forming the arcs, a + m^ c + n ; the new polygon 
whose sides are a-f^i <? + »> d^ ••• « ^9 will have a greater peri- 
yneter, consisting, however, of a number of sides less by one, than 
the original polygon. And this reduction may be continued till a 
triangle is obtained whose perimeter, less than a circumference, 
will be greater than that of the polygon. 

Cor. 12. There can exist only (549) 

Five Regular Polyhedrons, 

Three — Tetrahedron, Octahedron, Icosahedron, whose faces are 
equilateral triangles, [360° : 60° = 6]. 

One— Hexahedron, squares, [360° : 90° = 4]. 
One — Dodecahedron, regular pentagons. 



These figures may be formed of 
pasteboard, the lines of folding being 
cut half through 




Fig. 1208. 

Cor, 13. If the three plane angles that constitute two (550) 
solid angles be respectively equal, the homologous planes will be 
equally inclined to each other. 



PROPOSITION IV. 



In any spherical triangle the sines of the sides are to (551) 
each other as the sines of the angles respectively opposite. 

Taking the double products of (540) and (541), observing that' 
2einiA cosiA ^ sinA, we have 
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Binb sine 
. „ 2[8iiiA8in(A— a)8in(A^5)8iii(il^c)]^ 



8ina Bine 



, -, 2[8inA8in(A — a)sin(A — 5)8iii(A— c)]* 

8inC/ ^ - ■ ■ . ; — / — — 9 

8ina iino 



tinA sina ninA sina sinB sinb 



> im 



Q. E. D. 



BinB 9iab * sin C sine ' sin C sine * 

Cor. 1. In a spherical triangle the greater aide ia opposite (563) 
the greater angle^ and v. v. 

Cor. % The perpendicular arc is the shortest diatanoe (664) 
from any given point to an arc also given in position* 

Cor. 3. The angles opposite the equal sides of an isos- (666) 
eeles spherical triangle, are equal, and mce versd. 

Cor. 4. An equilateral spherical triangle is equiangular, (666) 
and V. V. 



PROPOSITION V. 

To eliminate from equations (635) the cosine of each side in 
succession. 

Substituting the yalue of cose from the third in the second, we 
find 

COS& = co8a(cosa cosfr + sina sin& cos C) -|- sina sine cos^ 
= cos'a cosft -f- sina cosa 8in& cos C + sina sine cosB ; 

•*• (1 — co8'a)co8& =s sina cosa ainh cos C-f sina sine cosJS 
or sin^a cosfr =s sina cosa sinfr cosC + sina sine cosB, 

and sina cosft = cosa sinh cos C+ sine cosB, 
so sina cose = cosa sine cosB + sinfr cosC, 

8in5 cose — conb sine cosii -^ sina cosC ; 

mnh co8a= coah sina cosC-^ sine cos^, 

sine cosa = cose sina cosB -\- sinb cos A, 

sine COS& = cose sin 5 cos A -f- sina cosB. 

Note. Instead of going through independent operations, all the 
above forms may be obtained from the first by a simple change of 
letters ; thus, changing 6, B, into e, C, and vice versd^ the first 
becomes the second, which in turn gives the third by commuting 
a, A, and &, jB, and so on. 
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PROPOSITION VI. 

From (557) to eliminate a sine^ in order that no more than two 

sides may be embraced in each equation^ 

sine BinC . sin&sinC i . i i 

From (651) we have ^--j = -5 . «' «»<' = -SHB" ' ''^"'^ -"''■ 

stituted in the first of (557), gives 

A^ . sin6 sinC „ 

sina cos6 = cosa sm6 cosC-l 7-^ — • cosif, 



• • 



sin^ 



cos5 



cosB 



sina • -^r-r — co*<* cosC + . p • sinC ; 
sini 8in/> 

sina cptJ = cosa cos C + cotB sin C, 
sina cote = cosa cosjB + cot C sin J5, 
sinft cote = cos6 cos^ + cotC sinA ; 
sinft cota = cosft cosC + cot^ sinC, 
sine cota = cose cosB + cot-4 sinjB, 
sine cot6 = cose cosJ. + cotB sin Jl. 



(558) 



PROPOSITION VII. 

From (558) to eliminate a side. 

From the fourth and first by aid of (561) we have 

cota = "^-j- • cosC + cotil sin C • ^ 



sinJ. 



- =cotJco8C+coU8inC.^-T^^^j^, 
and cotJ =cot« coeC + cotBsinC'-j— 5 



.•. cota = cota co8*C + cotB sinC cos C • ^^ 

. -, sin-4 
, +cotilsinC.j5^j^jj^, 

CO t^ sin C cos C ' cot A sin JL sin C 
and cota(l — coa*C) = r— h 



or 



suia 



sina sinjS 



cosa . ,^ cosJ5 sinC cosC cosA sin A sin C 
^hi^-*'''^ = 5i¥ • sina -^ sinA sinasinB ' 

/. sin5 sin C cosa = co8J5 cosC + cos^ ; 



S70 POLAR TRIAHOLE8. 

.'. cos(l80O--il) = cosB coBC+BinB sinC co8(180°--a), ^ 
cos(180°--B) = co8ii cosCr+sinil amC 008(180°— 6), >{559) 
co8(180o -C) = cosii cosB +BinA sinB 008(180"^— c). ) 

Cor. 1. If in the8e equations ve substitute 

il = 180°-t, a=180O-l, 

Jl=180°-li, ft = 180<>-B, 

C=180°-e; c=180°-C; 

there results, 

cost = cosb cost + sinb sine cosi, 

cosb = cost cose + sina sine oosB* 

cose = cost cosb 4* siDft sink cosC ; 

which sjre of the same form with (&35)y and therefore belong to a 

triangle whose sides are a, b, e« and angles i, B» G ; the relation of 

these two triangles, ABC^ ABC, is 

A + 8=180o = A + fl, \ 

B + b = 180<^ = B + 6, >(5e0) 

C + e= 180° = C + c; J 

that is, the sides of the one are supplementary to the angles of the 
other; hence they are denominated Supplemental Triangles, 
more commonly known as Polar% from their geometrical construc- 
tion, which is as follows. 

About the angles A^ B, C, as poles, with a 
radius of 90^, describe the arcs BC = at AC « k 
AB = ei forming the spherical triangle ABC, polar 
to AB C ; C, being the intersection of BC, AC, equa- 
tors to A, Bj is 90° distant from A, B, and there- 
fore the pole of AB, and in the same way A, B* *" "Vju^ 191 
are shown to be the poles of ,BC, AC ; ••. if two 
sides, as AB, AC, be produced to intersect BG in m, n, we find 
Bm + mn = 90°, mn + nC=90°; 
mn + (Bm + mn + nC) = 180°, 
or A + t= 180° ; [mn = measure of A] 

so B + b = 180°, 

and C + e = 180°; 

again A+ a = p^ + BC=pC+ By =180°, 

B-f6 = 180°, 

C + c=180°, 

Cor, 2. Instead of transforming (569) we may apply (560) to the 
polar triangle of (540), and 
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8iniA= P^"i(a + b~c)Mni(a+e~b) -i j 

L sinb sine J 



becomes gin^(180*^ — a) = 

r8 ini[(180Q~il)+(180Q-jg)-(180°~C)]8ini[190Q~(-A+C-J?)] -fe 
L siii(180° - B) 8in(180o - 0) "J ' 



or cosia = [ . p . ^ 

or, putting H^i{A + B+ C), 



80 



• • 



_ r co8(g-g)cos(g-o -i i 

'*"*" " L sinB sinO J ' 

«nia = L Sirrac— J ' 

— co8jfir co8(fl— B) n i 

sin A sinC J ' 

_ r — CQgH cog(H — A) ~\i 
**"♦* ~ Lco8(fl - B) cos(H- C)J ' 

— coaH coa{H— C) 



k861) 



an^b ~ I - 



I- (602) 



>-(563) 



_ r -C08gC08(g-C) -I i 

*^ ~ Lco8(fl - A) eoa(H- «) J * 
Cor. 3. Applying to (569) a proce88 like that for (639), we find 
tan I7=taft5 co8(180°-o), co8(190°-^)=''*'^^ cosjC- V) 

tanF=tanA co8(180°-6), co8(180°-g)=*'°"^ col y^~ ^^' !" ^'°^^ 
tan Tr=tanil cos(180°-c), co8(180°-C)=*'°"'*'^'^^ ^. 

Cor. 4. Forms (383), (384), may be frequently applied to (666) 
(535), (667), (658), and (669), with advantage. 



I 
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PROPOSITION vni. 

Napier^s Analogies. 

eo9i{a + h) : eo8i(a — ft) = cotiC : tan^A + B)^ 
Bini{a + b) : sm^a - i) = cotiC : tani(il — J?) ; 
eo^i^A+B) : ew^A — B) =^ tauic : Uni{a + h), 
ain^A+B) : fiini(A — B) = t&nic : tani{a—b). 

Adding the first and fourth of (657), we get 

8in(a + ft) = sin(a + ft) cosC + (cos-A + coeB) sine, 

or (ewA -f cqbB) sine := 8in(a -f ft) (1 — cos C) ; 

but (661), sin A sine = sina sinC, 

sinjB sine = sinft sinC ; 

(sin A + 8inB) sine = (sina + sinft) sinC, 
(sinA — sinB) sine = (sina — sinft) sin C ; 

siUii-^sinB _ sina + sinft sinC 
cos^ + cosB " sin(a + ft) 1 — cosC * 

sin J. — sinB sina — sinft sin C 



|(6«7) 



• • 



••• 



• 



cos J. + cosB sin(a + ft) 1 — cos C * 

and by (335), (329), (321), (330), (321), (336)^ a> the last two forms 
become 

^ ' 8ini(a-t-ft) 

...(6e0) uni<.+5) = ^^^^.t«.|.. 

The above proportions (566), (567), should be expressed in 
words, and committed to memory ; since they make known by 
easy logarithmic operations, 1^, when two sides and. the included 
angle are given, the remaining angles ; and, 2^, when two angles 
and the included side are the data, the remaining sides. 
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PROPOSITION IX. 

Napier^s Rules, 
If, in a nght angled spherical triangle, we denominate 

CIRCULAR PARTS, 

Tlie side opposite the right angle with the including angles, 
and the complements of the other two sides, then 

Cos, Mid. Part = Product of Sines of Opp, Parts (566) 

= Product of Cotangents of Adj, Parts, 
observing that each of the five parts will be adjacent to two and 
opposite to two, no account being made of the right angle. 

In order to demonstrate this proposition, which is a most remark- 
able example of artificial memory, it is only necessary to make 
A = 90^ and seek among the preceding forms, values for 

a, B, C; 90o~6 = ft,,*90O-c=c,; 
we find 

cosa= cos5 cose, or cos^ cosC = sinJB sinC cosa ; 
eosB = sin C cos6, or sine cosa = cose sina cobB ; 
cos C = sinjB cose, or Binb cosa = cosb sina cos C ; 
sin& = sina sinjS,or sinb cote = cotO ; 
sine = sina sinCj or sine cotb = cot^ ; * 
and these reduce to 

cosa = ainbc sine^.^ eoiB cotC, * 

cos^ = 9inhc sin (7=? cota cote^, 

cosC = sine^ sin 5 = cota cot^^* K^^) 

cos^e = sina siujB = cote^ cotC, 

cose^ = sina sin C = cotbc coiB, 

Cor, 1. Napier's Rules may be employed in solving (569) 

Quadrantal Triangles, by observing that the circular parts will 

be the supplement of the angle opposite the quadrant, with the 

sides adjacent, and the complements of the other two angles. 

For, let a = quadrant = 90°, 
then (560), A = 180° - a = 90°, 

and the triangle ABC, polar to ABC, being right angled at At 
gives (568) 

cosa = sinbe sinfe = cotB cotC, 
.-. (560) cos(180o -A) = sin[90° - (180° - J?)]sin( C - 90) = ... , 
or, putting 180° — A=^A„ &c., and reducing, 

* May be read the complement of 6, or b complement. 

18 
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BOWDITCH's RULES. 



80 



^(5e9) 



COB A, s sinBe sin Cc » eotB cotC ; 
cosb = sine nnBg^eoiA^ eotC^, 
C08C 3s 8in5 sin C^ = eotA, cotB^ 
cosB, 3s siiui, unb = cotC« cote, 
cos Cg SB sinii^ sine = cotB. cot6. 
It will be obsenred that the qnadrant, a, is regarded as not sepa- 
rating Bf C. 

For illustration, let it be required to find B when a and e are 
giren, and b ^ 90°. 
We hare cos(l80° — ^) = cosB^^ cota cote. 

Cor, % Napier's Rules may be employed in the solution (570) 
of Isosceles Spherical Triangles^ by observing that the circular 
parts will be the equal side, equal angle, half unequal angle, and 
complement of half unequal side. 

For, let c =s a ; then joining B and the middle point of 6, we 
shall have formed two right angled trisgiigles, in each of which the 
parts will be (538), (568), 

a,J,iB, (+5), 
cosa 3s cot J. cot-j^B, 
C0Su4 = cota cot(i&)« 
cos(i&)« =- sina sin-^B, 

cos^B = sin^ siii('|&)e . 
Cor. 3. Napier's Rules may be employed in the solution (571) 
of Oblique Triangles, by dropping, a perpendicular so that two 
of the known parts shall fall in one of the right angled triangles 
thus formed ; there will result also, 

Bowditch*s Rules, 

1 °. The cosines of the parts opposite the perpendicular, are pro- 
portional to the sines of those adjacent. 

2°. The cosines of the parts adjacent to the perpendicular, are 
proportional to the cotangents of the parts opposite. 

For, let the angle, C, be separated into the parts, 
M, iV, by the perpendicular, p, dividing the oppo- 
site side, c, into the corresponding parts, m, n, 
subjacent to a, 6, and we find. 
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cosa := ainpc sinm^ cos& = sinp,. sinn^ ; ^ /|o\ 
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cosjB = sinpc sinM, cosa = sinpc siniV 
cosTTKe = cotp^ cotB, cosn^ = cotp^ cot^ 
cosM = cotpg cota, cosiV =: cotPr coth 
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Cases in Spherical Trigonometry, 



Given. 


■""■■■ III '. =■ 
Forms for Solution, 


I. Two sides and included angle. 


(535); (539); (566); (571). 


I J. Two angles and included side. 


(559) ; (564) ; (567) ; (571). 


III. Two sides and opposite angle. 

IV. Two angles and opposite side. 


(535) and (384) ; (551), [?]. 


(559) and (384) ; (551). 


V. Three sides. 


(535); (540); (541); (542); (552). 


VI. Three angles. 


(559) ; (561) ; (562) ; (563). 


Right Triangles. 


(568). 


Quadrantal Triangles. 


(569). 


Isosceles Triangles. 


(570). 



Scholium L There will be a choice in forms, not only on 
account of logarithmic operations, but also for the purpose of 
avoiding the cosines of very small arcs, and the sines of those dif- 
fering little from a quadrant. 

Scholium IL Problems pertaining to spherical trigonometry 
will generally find their easiest solution by constructing the trian- 
gle so that one of its angles shall be at the pole of the sphere. 



Latitudes and Longitudes. 



Places. 


Latitude. 




Longitiide; 


Boston (State House), Mass., 


42<^21'22*7"N. 


71° 4' 9"W. 


Chicago, 111., 


42 


N. 


87 35 W. 


Canton, China, 


23 8 9 


N. 


113 16 54 E. 


Cape Good Hope (Obs.), Africa, 


33 56 3 


S. 


18 28 45 E. 


Cape Horn, S. America, 


55 58 41 


S. 


67 10 63 W. 


Cincinnati (Fort Washington), Ohio, 


39 5 54 


N. 


84 27 OW. 


Greenwich (Obs.), Eng., 


51 28 39 


N. 





New York (City Hall), N. Y., 


40 42 40 


N. 


74 1 8W. 


Paris, (Obs.), France, 


48 50 13 


N. 


2 20 24 E. 


Philadelphia (Ind'ce Hall), Pa., 


39 56 59 


N. 


75 9 64W. 


Rome (Roman Col.), Italy, 


41 53 52 


N. 


12 28 40 E. 


Washington (Capitol), D. C, 


38 53 23 


N. 


77 124W. 



I 
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SURCI8SS. 



1^. Required the distance and direction from New York to 
Greenwich. [e0«2 mUes to 1^.] 

Polar distance of New York ^ 49^ IT 20 ', 
Polar distance of Greenwich =% 38"^ 31' 21 
Difference of longitude = 74^ I' 8' 

the problem, therefore, belongs to Cases I., III. 



n 



»" 



• • 



(539), 



0H)65262 
T'439638 



(551). 



1<505100 
1*814411 
P970789 
T*978835 
^806365 
T'885446 
T«982883 

1*794363 
T'89180O 



ton« = tan49''ir20' 

Xcos74° r 8" 

« = 17^ 44 34' 

cosa = cos49^ IT 20 " 

X cosSlb^ 46' 4r 

: cosl7° 44' 34 ' 

a = 3473 miles, 

sinSO^ll'ir 
: 8in74° 1' 8" 
= sin38° 31' 21 " 
: sin51oi2'43' 

Solve the same by (566), also by (671 ). 

2^. Required the distances between New York, Cincinnati and 
Washington, the angles of the spherical triangle thus constructed, 
and its area. 

3°. Required the distance and bearing of Chicago from Boston, 
reckoning the latitudes of both places at 42*^. 

4*^. Required the direction and distance from Greenwich to 
Quito, the latter place being under the equator, and having 79^ W. 
Ion., nearly. 

6°. Required the breadth of South America between Cape 
Blanco and Cape St. Roque, reckoning both to have 4° 30' S. lat, 
and a difference of longitude = 46°. 

6°, To reduce an angle to the horizon. 

Around the point of observation, O, imagine a 
sphere to be described with radius = 1 ; then will 
one of its arcs, a, be the measure of the inclined 
angle, SOS', and the other two, b, c, of the angles, 
S OP, SOP, made with the vertical, OP ; whence 
the spherical angle. A, opposite a, will be equal to 




the horizontal angle required. 
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For example, let <i= 36*7°, ft = 110°, = 76*25°; then will A 
be found = 12° 0' 20". 

7°. Through any two giren points and a third upon the surface of 
a sphere, which do not lie in the circumference of the same great^ 
circle, there may be made to pass two equal and parallel small cir- 
cles ; that is, one of them through the first two given points, and 
the other through the third given point ; and every spherical arc 
which is terminated by these circles shall be bisected by the cir* 
cumference of the great circle, to which they are parallel."* 

8°. If there be two equal and parallel small circles, and if a 
great circle meets one of them in any point, it will meet the other 
in the opposite extremity of the di^pfieter which passes through 
that point. 

9°. If a great circle cuts one of two equal and parallel small 
circles, it will cut the other likewise ; also, if it touches one of 
them, it will touch the other likewise. 

10°. Lunular portions of surface, which are contained by equal 
spherical arcs with the arcs of equal small circles of tli^e same 
sphere, are equal to one another ; so also are the pyramidal 
solids, which have these portions for their bases, and their com- 
mon vertex in the centre of the sphere. 

11°. Spherical triangles, which stand upon the same base and 
between the same equal and parallel small circles, are equal to one 
another. , 

12°. If equal triangles, ABC, EBC, stand upon the same base, 
BC, and the same side of it, the points. A, E, and B, C, lie in the 
circumference of two equal and parallel small circles. 

13°. Of equal spherical triangles upon tlie same base, the isos- 
celes has the least perimeter. 

14°. Of all triangles which are upon the same base, and have 
equal perimeters, the isosceles has the greatest area. 

15°. If two spherical triangles have two sides of the one equal 
to the two sides of the other, each to each, and the angle which is 
contained by the two sides of the first equal to the sum of the other 
two angles of that triangle, but the angle which is contained by the 
two sides of the other not so ; the first triangle shall be greater 
than the other. 

16°. Two given finite spherical arcs, together with a third inde- 

* This and the folltwing exercises, drawn from the Libraiy of Useful Knowledge, 
may be performed at the student's leisure. 
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finite, inelose the pealest sviikce poMibk, wiien placed so tfaftt the 
incloded angle may be equal to the sum of the other two angles of 
the triangle. 

17^. In a triangle, ABC, which has one of its angles* ABC, 
equal to the sum of the other two, the containing sides, AB, BC, 
are together less than a semicircumference. 

18°. Of all spherical polygons, contained by the same given 
sides, that one contains the greatest portion of the sf^erical surface 
which has all its angles in the circumference of a circle. 

19^. A circle includes a greater portion of the spherical surface 
than any spherical polygon of the same perimeter. 

S0°. The lunular surface* which b included by a spherical arc, 
and a small arc, is greater than any other surface which is included 
by the same perimeter, of which the same spherical arc is a part. 

21°. Of all spherical polygons baring the same number of sides 
and the same perimeter, the greatest is thai which has all its sides 
equal and all its angles equal. ^ 

22°. Spherical p3rYamids, which stand upon equal bases, are 
equal to one another ; so, likewise, are their solid angles. 

23°. Any two iq>herical pyramids* are to one another as their 
bases, and the solid angles of the pyramids are to one another in 
the same ratio. 

24°. Every spherical pyramid is equal to the ^lird part of the 
product of Its base and the radius o{ the sphere. 

25°. Every solid angle is measured by die spherical sur&ce 
which is described with a given radius about the angular point, and 
intercepted between its planes. 

26°. To find the diameter of a given sphere.* 

27°. To find the quadrant of a great circle. 

28°. Any point being given upon the surfoce of a sphere, to find 
the opposite extremity of the diameter whidi passes through that 
point 

29°. To join two given points upon the surfiice of a sphere. 

90°. A spherical arc being given, to complete the great circle of 
which it is a part. 

ft 

• In ezecutiiig this and the foUowing problems, it is not permitted to employ any 
thing like a flexible ruler or 8traightedge» but the student is supposed to be furnished 
simply with a pair of compasses of such construction as to be capable of embracing 
the extremities of any arc not greater than a quadrant. A fipherieal DUuMoard 
would be found useful. 
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31^. To bisect a given spherical arc. 

32^. To draw a spherical arc which shall bisect a given spherical 
arc at right angles. 

33^. To draw an arc which shall be perpendicular to a given 
spherical arc, from a given point in the same. 

34°. To draw an arc which shall be perpendicular to a given 
spherical arc, from a given point without it. 

35°. To bisect a given spherical angle. 

36°. At a given point in a given arc, to make a spherical angle 
equal to a given spherical angle. 

37°. To describe a circle through three given points upon the 
surface of a sphere. 

38°. To find the poles of a given circle. 

39°. Through two given points, A, B, and a third point, C, on 
the surface of a sphere, to describe two equal and parallel small 
circles ; the points A,. B, C, not lying in the circumference of the 
same great circle. 

40°. To describe a triangle which shall be equal to a given spher- 
ical polygon, and shall have a side and adjacent angle the same 
with a given side and adjacent angle of the polygon. 

41°. Given two spherical arcs together less than a semicircum- 
ference, to place them so that, with a third not given, they may 
contain the greatest surface possible. 

4S°. Through a given point to describe a great circle which shall 
touch two given equal and parallel small circles. 

43°. To inscribe a circle in a given spherical triangle. 



SECTION SECOND. 



Projeetioas of ike 8p^er« 



PROPOSITION I. 



The Orthographic Projection of even^ circle of the (573) 
sphere^ as meridians and parallels of latitude^ ipill be an ellipse^ 
circle^ or straight line, according as its plane shall be oblique, 
parallel, or perpendicular to the plane of projection. 

1°. For let M, N, P, Q, be the segments of any 
two chords, JIf + N, P + Q, of 9l circle, and m, 
n, p, q, their orthographic projections upon the 
plane of m + », p+^ ; that is, projections made ^_| | \ s 
by perpendiculars let fall from the extremities of (T^J^^^^^^^^^^T^ 
M,N\ P, Q, we hare, Pl^ 122. 

M.N^P . Q, 
m — Mco8{M,m), n = iVcos(Jlf ,m) ; 
» p = Pco8(P,p), q = Qcos(P,p) ; 




\ (674) 



Tnn 



£9 



(575) 




cos'(M,»i) cos'(P,p) ' 
which determines the nature of the curve of projection. 

2^. If M + -^ pass through the centre, O, and 
P + Q be at right angles to M-^N, then P will 
= Q, and .•. (574) p will = q ; whence it follows 
that m-^n bisects a system of parallel chords 
p-\-q, and is itself bisected in 0, the projection of 
O ; therefore is the centre of the curve. As- 
suming as the origin of a system of oblique co- 
ordinates, (575) becomes, 

co8»(M,m) cos*(P,p)' 

putting m 4- » = 2JL ; but R being the radius of the circle and B 
the projection of that R which is parallel to P, we find 

A = -Rcos(M,m), 
B + Rco^[P,p) ; 



Fig. 122s. 
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or 



R* 

fl 4-^1=1 



R* , 



(576) 



3^. If A be assumed in such position that its 
projection, A, or, for the sake of distinction, a, 
shall be parallel to it and consequently b, the new 
value of B^ perpendicular to a, there results 

a =jRco8(M,m) = /lcosO° = JR, 

b = Rcoa(P,p) = Acos/, 
/ being the inclination of the circle to the plane of projection ; we 
have also 

(578) 







which is the equation of an ellipse of which the axes are 2a, 2b ; 
and the proposition is demonstrated, since when / = 0, 6 becomes 
parallel to and equal to 12 = a, and when / = 90°, b becoming = 0, 
the ellipse yanishes in a straight line. 

Cor, 1. The ellipse may be referred to a system of ob- (579) 
lique coordinates such that its equation (576) shall be of the same 
form with that obtained for rectangular axes (578), and 2^, 2B, 
mutually bisecting each other and all chords drawn parallel to them, 
are denominated Conjugate Diameters^ of which the axes 2a, 25, 
are but particular values. 

Cor. 2. If two cisterns of parallel chords intersect each (580) 
other in an ellipse, the products of their segments will be propor- 
tional (575) ; and this property may be extended to the case in 
which the points of intersection lie without the curve. 

Cor, 3. An elliptical arc, MmApP, being given, the (581) 
centre, O, maybe found by bisecting AOB drawn 
through the middle points of any parallel chords, ^ 
MP, mp. Ill 




Fig. 1224. 

Cor, 4. A conjugate, CD, to any diameter, AB, may (582) 
be found by drawing CD through the middle points of AB and PN 
a chord parallel to AB. 
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Cor, 6. A parallelogram, MPNQ, may be described in (983) 
an ellipse by drawing chords, MQ, FN ; MP, QN, parallel to the 
conjugates AB, CD. 

Cor. 6. The diagonals MN, PQ« mutually bisecting each (581) 
other in O, are obriously diameters, and P may be so chosen tlut 
MN shall be the conjugate axis » 2a, in which case FM, FN, are 
said to be Supplementary Chorda. - 

Cor. 7. The tangents drawn through the extrenciities (585) 
A, B, C, D, of the conjugate diameters, are parallel to the supple- 
mentary chords, and to the corresponding diameters ; and, by their 
intersections, constitute a parallelogram circumscribing the ellipse. 




Fig. 123. 



PROPOSITION II. 

To make an Orthographic Projection of the Sphere, 

With the radius OA, equal to that of the re- 
quired map, describe the meridian AZP.H„B 
P«H„ passing through the north and south 
poles, P„, P., and, consequently, perpendicular 
to the horizon seen edgewise in H„H.. Take 
the arc H„P, measuring the elevation of the 
pole, equal to the latitude of the place Z orer 
which the observer is 'supposed to be situated at a very great [in- 
finite] distance. Having graduated the meridiafi and drawn the 
parallels of latitude ACB, which will be perpendicular to the axis 
P„OP„ drop their extremities and centres. A, C, in the projections 
a, c, also project the elevated pole P« in p^ 
Transfer the points a, c, p^ to the central me* 
ridian H„OH« of the map, and through c draw a 
perpendicular to H„H„ intersecting the circum- 
ference in m, m^ ; cm and ca will be the semima- 
jor and semiminor axes of the elliptical parallel 
of latitude mam^ which may be described by the 
first exercise under the ellipse. Next, for the 
meridians, let HiP^H. = A be the angle which any 
required meridian, P„H| makes with the vertical 
meridian P|.H,, and H.fl| == H, the corresponding 
arc intercepted on the horizon, further P„H;, will 
= /, the latitude of the place upon whose horizon 
the projection is made ; therefore, by Napier's 
Rules, P„H«H, being a right angle, we have 




Fig. 123t. 




Fig. 124. 



HHVXONIC FROJKCTIOM. 

cobIc= cotA COtHr, 
or tauH = siii2 tuiA. 

Having laid off H.Hi = H found by calculation, 
and drawn the diameter U|0, and Oz perpendic- 
ular to it, transfer the aemimajor axis H,0 to the 
Btraight edge of a thin ruler or slip of paper, and, 
having applied this line in p,x, and marked its 
point, y, of intersection with 0H„ proceed to de- 
scribe the meridian Hji, according to the first exer- 
cise under the ellipse.* 

The work now described is to be combined in a 
single figure, when the features of the spherical 
surface will be laid down according to the projec- 
tions of the meridians and parallels of latitude. 




PROPOSITION III. 

To make tlte Qnomonic Projection when the dial is horizontal. 

Let H.H,H. be the horizontal face of the dial, O ita (/§-. 124) 
centre and OP. the style elevated according to the latitude of the 
place ; the shadow at noon will fall upon the north point, H^ and 
its positions, 0H|, for all other hours will be determined by (586), 
where h = the hour angle. 



PROPOSITION IV. 

To make the Gnomonic Projection of the Style upon a vertical 
south plane. 

The construction will be similar to the preceding, [fig. 124) 
observing that, 

tan(XII)T = cost tanft (587) 

* An ImMnimwl veiT eonvenleiii for ihli purpoie may be con«iructeil, conslMing 
of B riender niki CBrrflnf a pea or pencil In it> eztremilr and fumiihed with two 
moTeableplnBiOnelogUdelnagraoTacut In tbs sum erf's wooden T»nd the other 
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PROPOSITION V. 

If an oblique circular cone be truncated by a plane at (586j 
right angles to that plane which passes through the axis and is 
perpendicular to the basCf the section willf in general^ be an el- 
lipse. 

Let AoOBy be the truncating plane perpendic- 
ular to the plane, AMVBN, passing through the 
axis at right angles to the base ; draw oy = y per- 
pendicular to AB, and pass the plane, MNy, par- «. 
allel to the base, it will be a circle, and the com- 
mon ordinate, oy = y, will be perpendicular to 
the diameter, MoN ; 

(oy)(oy) = (oM)(oN). 




Fig. 126. 



But 



oM sinoAM ,oN sinoBN 

, and — = = 



oA sinoMA ' oB sinoNB ' 
/. , putting OA = OB = a, Oo = x, and b = y,«o. 



and 



y.= 



6*s 



sinoAM sinoBN 



sinoMA 
sinoAM 



sinoNB 
sinoBN 



(a* — a?') ; 



sinoMA sinoNB 



• a' 



4* = 1 9 » *^® equation of an ellipse. 

a 

Cor, The section becomes a circle when the angles, (589) 
which the truncating plane and circular base make with the sides of 
the cone, are equal and contrary. 

For, when the angle oAM = oNB, then Z oBN = oMA, and the 
equation becomes 

y* = a» — ar«, that of a circle. 



PROPOSITION VI. 

TJie Stereographic Projection of any circle of the (590) 
sphere t«, in general^ itself a circle. 

In the stereographic projection eyeiy point of the spherical sur- 
face is thrown upon an equatorial plane, denominated the primi' 
tive circle, by the intersection with this plane of a line drawn 
through the point and the eye situated in the pole of the primitive. 

Now, let AB be that diameter of any circle. 
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ivhose extremities lie in the circumference, 
AP30H,P,EH„, passing through the poles, 
E, O, pf the primitive H^HiH.Ha, whose cen- 
tre, 0, is the same with the centre of the sphere, 
and draw AE, BE, intersecting H„H« in a, 6 ; 
ah is the stereographic projection of AB. 
^We have, Pig. 127. 

measure of zEBA = iarcEH„A = i(EH.+ H„A)= meas. of Z Ea5 ; 
ZEBA = Efl6, 

and (589) the projection of the circle described on AB is itself a 
circle situated in the primitive HnHiH^Hs, and having the diame- 
ter, ah. 




PROPOSITION VII 

The distance from ih€ centre of the primitive at which (691 ) 
any point will he projected^ will he equal to the tangent of half 
the arc intercepted hetween the point and the pole of the primi' 
five, the radius of the sphere heing taken for unity. 

For let A he any point on the surface of the sphere ; we have 

oa sinoEa ^ „ 

-=, = -: ^ = tanoHiO, 

oE smoaE 

or oa = taniOA, [oE = 1]. (591) 

Cor. 1. If m be the centre of the circle, a5, we have, 
dist. of centre om = i(oa + oh) = i(taniOA + tan^OB), (698) 

where it is to be observed that oa, oh, or their equivalents, tan-^OA, 

tani^OB, change signs on A, B, passing O. 

Cor. 2. The radius ma = ^(taniOA - tan^OB). (693) 

Cor. 3. The projection of a circle parallel to the primi- (594) 

tive will be concentric with the primitive. 
For, if AfiBs be parallel to H„H«, we have 

OA2 = OB2, .*. onii = ^(tan^OAj — taniOA2) = 0, 
mjOa = ^(taniOAa + taniOA,) = taniOAg. 

Cor, 4. If the pole of the circle be in the primitive, the (595) 
distance of its projected centre will be the secant of its radius, and 
the radius of projection the tangent of the same arc. 

For, if we put H.A3 = H.Ba = «, 
then iO A3 = 450 + itt, iOBs = 46° - it* ; 

and .% (592), (693), reduced by (356), become 
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1 

onu = = seen, 

C09I* 

sinii ^ 
muu=^ — tantf. 

C08« 

Cor, 6. A great circle perpendicular to the primitive (596) 
will be projected in a diameter of the primitiye. 
For we hare (605), 

<>^«*N» = secOO^ = infinity, 
^VMt^.w* = tan90° = infinity. 
The same is obvious from the figure. 

Cor, 6. Any great circle will have for the distance of its (597) 
projected centre, the tangent of the arc measuring its inclination to 
the primitive, and the radius of projection will be the secant of 
the same arc. 

Let P«P« be the diameter of any great circle, P«HiP«H«, and 
imitate the reasoning in (605.) 

Scholium I. Any point situated in the primitive, is its (696) 
own projection. 

Scholium II, If a great circle and the primitive intersect (599) 
each other in the diameter, HiHg, and a third circle passing through 
the axis of the primitive in the diameters, P„P«, H.H., the points, 
Hi, Hs, may be found by spherical trigonometry, and the point, p^ 
the projection of P«, having been determined by (691), there will 
be three points given through which to pass the circumference, 
H,p3t, the projection of HiP,Hs. 

H^i will be found (686), 
if we put H.H, = H, H.P,H, = A,H.P. « Z. 

PROPOSITION VIII. 

To make the Stereographic Projection of the Sphere, 

I. Let the eye be situated at the south pole in 
order to project the northern hemisphere. De- 
scribe the primitive and graduate its circumfer- 
ence according to the number of meridians which 
it is intended to lay down ; these will be diame- 
ters passing through the several points of division 
(696). Pig. 1» 

For the parallels of latitude, we have only to count off from die 
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north point the corresponding degrees, and from the points of 
division to dr*w lines to the south point, and the intersections thus 
formed vnlh the east and west diameter will be in the cirenmfeT- 
ences of the circles of latitude whose centres will be that of the 
primitive, (591), (604). 

II. Let the eye be in the equator. The 
primitive will pass through the poles, N, 8, 
and the central meridian, N8, and equator, 
EQ, will be north aad south, and east and 
west lines intersecting in the centre of the 
primiiire, (590). Graduate the circumfer- 
ence as abore, and, laying the corner of a 
wooden square upon a point of division, di- 
rect the edge of one arm through the centre. p^^ i^j. 
The intersection of the corresponding edge 

of the odier arm with the prodnction of the line, N8, will be the 
centre, and the distance of this point to the point of division the 
radius, for the descripiion of a parallel of lattlude, (B96). The radii 
just employed set off from the centre upon EQ will give the centres 
for describing the meridians, which will pass through the points, 
N, S, (697), (698). 

III. When the eye is sit- 
uated otherwise than as 
above, consult (596), (699), 
and figure 130. 

ScholiuiK. It will be ob- 
served that the middle of the 
map is comparatively con- 
tracted in the stereographic 
and enlarged in the ortho- 
graphic projection. To 
avoid this, the lines, NS, 
EQ, are sometimes divided 
into equal parts, and (he 
map thus constructed is im- F 

properly denominated a globular projection. 




PROPOSITION IX. 
To make the Conical Projection, 
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In this projection, the eje, situated at the centre of the sphere, 
throws erery point of its surface upon that of a tangent or secant 
cone, the axis of which is coincident with the axis of the sphere. 

Let a sphere and cone be generated by 
the reTolution of the arc, NnsES, and the 
straight line, vns, intersecting each other in 
n, «, about the common axis, oNo«o«OS, O 
being the centre of the sphere, N and S the 
poles, E a point of the equator, and no^ so^ 
perpendiculars upon NS. 

1^. For the magnitude of a parallel of lati* 
tude, putting 
OE = 0« = 0» = ON = 08 = radius = 1, 
tLTcAl = length of an arc of A^ in the 

parallel through n, 
arc^; =do. through «, arcil| = do. through E ; 
/. = latitude of n, 
/« = latitude of «, 
we have, 

no„ ss BinnN s^ cos/^ 
80, = BinsN = cos/, ; 
urcA^ : A*, = cosZ. 
and arcii; : A% = cosZ, 

arc-l; : ^l^cosZ, 




Fig. 131. 



1 



cosZ„ 

1, 
1. 



.(600) 



2^. For the radii, vn, vs, with which to de- 
scribe the sectoral surface, ariNn^^B, the de- 
velopment of the conical surface upon a plane, 
we have, 

vn : no^ = 8in90° : sinnvo^, 
or vn : cosZ„ = 1 : sini(«S — nN) ; 




radius vn = 



and 



radius vs = 



cosZ^ 

8ini(Z„+Z.)' 
cosZ, 



Fig. 131 1 



^(601) 
sini{Z.+ Z.)- J 

3°. To find the number of degrees in the angle, svSf, corre- 
sponding to a difference of latitude of A° ; with the trigonometrica] 
radius, rr = 1, describing the arc, rr^, there results, 
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arcrrt • radius vr ^ arcnna : radiu» vn^ 

cosZ. 

arct?^ = arc^ls • sini(Z„+Z.). (d02) 

Now, to make the plane of projection approximate the spheri- 
cal surface as much as may be conveniently done, take n and 
5 80 that these and the middle point of the map' shall divide its 
meridian equally, or as nearly so as the degrees of latitude or their 
aliquot parts will permit. Calculate the radii, vn, vs (601), and 
find the degrees, v^ (602), corresponding to the degrees of longi- 
tude, A^j to be embraced by the map ; from a scale of the required 
magnitude, lay off the meridian, NS = V8 — vn^ and produce it in v, 
about which as a centre, and with the r^dii, vn^ vs^ taken from the 
same scale, describe the arcs, nNTi^, sSs^ and, having made the are, 
rr^ = v^, and drawn vns, vn^^* divide the arc, nNns, into A parts ; 
through these points of division and corresponding ones in NS and 
NS produced, draw the remaining meridians and parallels of lati- 
tude. 

4*^ To find the half chords, en, cs^ and their altitudes, Nc, Sc. 

ne : ni? = sin-}^ : sin90° , 

cosZ 
... lialf chord en = .in+« . ^^^ ^^^ . ^ ^^^ 

and cs : cn = cosZ, : cosZ^ 

Again, vc : vn^ cosio : I ; 

, cosZ. 

9C = C0Sft? • 



• • 






Nc = (1 — cos^) . . .,, * ,. , 



or Nc == 5fein»i» . ***'^" 



(604) 



8illi(/,+ /.)' 

8c =^n'iv . -^^^^y 

Finally, NS = y^^'"^"^^" = ^ini(l„ - 1.). (606) 

Forms (603), (604), (605), enable us to make the construction 
with accuracy when the point, v, is so distant as not to admit of 
employing the radius, vn, by finding the successive values of v^ 
(602) for ^=1°, 2°, 3°, .... 

Scholium L This projection is well adapted to the construction 

19 
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of maps of modenle extent from north to sonth ; and when a 
greater number of degrees of latitude are to be embraced, it will 
also become quite accurate by regarding the conical surhcdu 
composed of several placed end to end, joining each other in paral- 
lels litUe distent, as 1°, 2^ or 30. 

Scholium IL When the points, », «, are situated at equal dii- 
tances on opposite sides of the equator, E, the cone becomes a 
cylinder ; for we hare, 

t = - /^ .•• (601), radius vn == ^^ = infinity, 
and (006), NS == 2 sinC 

Scholium III. When the points, n, «,' are token on opposite 
sides of the pole, N, and at equal and moderate distances, the pro- 
jection becomes a circular plane, well calcuWted to represent the 
circuropolar regions, either of the earth or the heayens. 



SXXRCISES. 

1^. Construct a map of the sphere as it would appear to an ob- 
server elevated to the zenith of lat. 43^ N., Ion. 78^ W. 

2°. Project the sphere as, supposing it transparent, its opposite 
surface would appear on the rational horizon to an eye situated in 
the surface of the place just given. 

3^. Make a conical projection of the State of New York and 
the countries extending a degree or two on the north and south, 
assuming the centre of the map near Syracuse, and calculating the 
radii to each degree of latitude. 

4°. Prove that the section made by a plane through the vertex 
of a right circular cone, is an isosceles triangle, passing into a 
straight line by a revolution of the plane. 

5^. Show that if a plane cut a right circular cone parallel to its 
side, the section will be a parabola, vanishing in a straight line. 

6°. The truncation of a right circular cone will be found to be 
an ellipse, passing on the one side into a circle and a point, and on 
the other into a parabola. 

7^. If a right circular cone be cut by a plane not passing through 
the vertex, not .truncating it, nor parallel to its side, the section 
will be a hyperbola, whose limits will be a straight line or para- 
bola. 



BOOK THIRD- 



NAVIGATION. 



SECTION FIRST. 

The earth is an oMate spheroid^ formed l^ the revolution of an 
ellipse about its minor a^is, the polar diameter being 7899*170 and 
the equatorial 7925*648 English miles.; but» for the purposes of 
Navigation, it may be regarded as a sphere witb a radius of 3437*75 
geographical jniles or minutes. 

If a ship could be conveniently guided in the arc of a great circle, 
which would be the most direct path, nothing would be easier than, 
by Spherical Trigonom^Uy, to determine her course from one 
point on the earth's surfiice to another, or, having given the point 
of departure and the distance run, to, find her place. But as, in 
practice, the vessel is directed by the magnetic needle so as to cut 
all the meridians at a constant angle, the path actually described is 
a curve of double curv^tture, denominftted the Rhumb Line^ or ^ 
Loxodromic Curve^ 

PROPOSITION I 

To find the difference of latitude. 

Let a ship sail from X^ to X and describe the 
rhumb jzr, intersecting the meridians a?i, XfX-\-hf 
at the constant angle> c =:= course. P is the pole, v 
Xi the polaf distance of Xi, x that of X, and y 
ss Z (^i»^) ^ the difference of longitude ; kj A, t, 
are the vanishing increments of y, x, z, and j is 
a corresponding vanishing arc described, about ^* 




DimKXjrcB or latitups and longitude. 

F with the radius, x, which may therefore be regarded as the arc 
of a great circle perpendicular to x + ^ 

It IB required to find the function x ^ fz. 

Assuming the earth's radius for unity, we have 



[h T sin(90^ - e) 



X = jTCOSc -f constant 
and .'. Xi = x^ , s constant ; 

x^Xi — z cose, (606) 

or Difference of Latitude = Distance X cosine of Course. 



PROPOSITION U. 
To find the difference of Longitude. 
Let y = ^x be the function required ; there results, 

'■...-m-[i]-[i]-[^]-[i] 

_ sin90Q sine 

"" sinx *8in(90°-c)' 

, , 1 ^ sina: sinar 

7y«T« gjjjj. (sinx)* 1— cos'x 



or 



but [[(298)]]. n(;-±^\-+i = zi^ = ^^ , 

y = D(i4Si)^] * *•"'' + *"""**"'• 

,but. (361) (;-±^??£)-*= (J.rf2L^\+= /(l-eot^nt 

1 — cosar 

— J = tan^z ; 

sinx 

y = tanc • I tan-J-x + constant, 

and .*. = tanc • / tan-J-ari + constant ; 

- tan^ar 
y = tanc • I — ; — 
^ tan^ar, 

But, in order to adapt this form to the purposes of computation, 
we must convert the Napierian into common logarithms, and adopt, 
as is customary, for the unit of measure the nautical mile or minute 
instead of the earth's radius, which will be done by' multiplying by 

H = 2«90268509 and 3437'75 \, and there results, 
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ao^ 



sn 



ii! 



C'' 



^ 



y 



^ 



.^ 



dif. Ion. y = 7915*705 tanc . log. ||^ . (607) 

[log. 7915*706 ^ 3t8984896]. 

Car. 1. If X| be a point of the equator, or x^ ^ 90^, 

then, y = 7915*705 tanc log. tan(45° + iQ, (608) 

putting latitude {x — 90°) = t. 

Cor. 2. If we imagine the ^ 
spherical surface rolled out upon 
a plane so that the equator, y, 

shall become a straight line, the ^^'^c 

parallels of latitude and their dis- 
tances apart being increased for 
the purpose^ the distance, z^ the 
difference of longitude, y, reckon 
ed on the equator, and the increas- 
ed difference of latitude^ m, esti- ^ 
mated from the equator, will form 
the three sides of a right angled triangle, and we find 

y 

tanc = -^ , or y =s i» tanc ; 
m 

.-. (608), m = 7915*706 log. tan(45° + iZ). (609) 

When a table is constructed by aid of (609), called Meridional 
Parts^ the problems in nayigation relating to the course may be 
solved by the rules of plane trigonometry ; and a Chart constructed 
from these numbers, bears the name of Mercator. 



Fig. 133. 



PROPOSITION III. 

To find the difference of longitude when the ship sails on a 
parallel of latitude. 

In this case cose becoming = 0, form (606) will be inapplicable ; 
but since z is now a parallel of latitude and 2r = a?i, = a constant, t 
coinciding with j, we find, 

rJSr"! rArl sinOOQ ^ 1 



y = -: — 
which accords with (600). 



• z, 



(610) 



2M BzsmoisB& 

Scholium. There ere rarioui methods of solving tbe Problem 
of the Course. 

F. Plane Sailing f where the distance nm being smaU, the sea 
is regarded as a plane, and the common formd of plane trigonome- 
try are employed. 

2^. TVaverse Sailings where several short courses are run m 
succession, and forms (421), (422), are applicable. 

3°. Parallel Sailings where the ship sails on a parallel of bti- 
tnde, and the difference of longitude will be found by (610). 

4^. Middle Latitude Sailings where the distance run is mode- 
rate and nearly east and west ; in this method the middle latitude 
is assumed to be equal to the half sum of the two extreme lati- 
tudes when both are of the same name. 

5^. Mercator^e Sailings as explained in (609). 



BXBRCISXS. 

P. A ship sails from 3^ S. lat and 9° W. Ion., N. 40° W. 638 
miles. Required her latitude and longitude. 

For the difference of latitude we have (006), 

log. eos40''=T'884254 
log. 538 = 2<730782 

dif. lat. « 412*13', 2^16036 
For the difference of longitude (607), 

3*89849 

log. tan 40^=1*92381 
log. taniar = 0*02950 rsouthl 
log. taniarj =T*97725L Pole. J 

2*54039 
dif. long. = 347 miles. 

2^. In what direction must a ship sail from New York to arrite 
at London, and what distance will she make ? 

3". A ship sails from 2i0° N. L. and 70^ W. L. for the Aiore» 
in 38^ N. L. and 30^ W. L. After performing a thousand miles 
of her course, she tacks for New York ; in what direction mvit 
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she steer, and what will be her distance to the latt^mentioned 
port ? 

4^, If a ship coi^ld sail from the equator N. 45° E. till she should 
arrive at the pole, what would be her distance run, and what her 
progress in longitude ? 

The distance run will be found = 7036^68 miles, a finite num- 
ber, but the difference of longitude will be infinite ; that is, the 
ship will make an infinite number qf turns about the pole, spinning 
there at length, like a top, with an infinite velocity of rotation. 

5°. Calculate 4 the following table of meridional parts, ^nd em« 
ploy it in solving the exercises just given, and in constructing a 
chart extending from the equator 60° each way^ ' 

Table of Meridional Parts. 





0° 




10° 


20° 


30° 


40° 


50° 


60° 


70° 


80° 


• 




603 


1225 


1888 


2623 


3474 


4527 


5966 


a375 


19 


60 


664 


1289 


1958 


2702 


3569 


4649 


614fi 


8739 


a 


120 


725 


1354 


2028 


2782 


3665 


4775 


6335 


9145 


3- 


180 


787 


1419 


2100 


2863 


3764 


4905 


6534 


9606 


4= 


240 


848 


1484 


2171 


2946 


3865 


5039 


6746 




5= 


900 


910 


1550 


2244 


3030 


3968 


5179 


6970 




6° 


361 


973 


1616 


2318 


3116 


4074 


5324 


7210 




70 


421 


1035 


1684 


2393 


3203 


4183 


5474 


7467 




8° 


482 


1098 


1751 


2468 


3292 


4294 


5631 


7745 




9° 


542 


1161 


1819 


2545 


3382 


4409 


5795 8046 










J i 


/ 


- 





SECTION SECOND. 



FroUem of.tbe Place. 

Owing to the impossibility of sailing absolutely in the required 
course and measuring accurately the distance run, it becomes neces- 
sary to resort to astronomical observations for the purpose of de- 
termining from time to time the ship's position on the ocean. To 
this end the daily places of the most conspicuous of the heavenly 




9M LATITVDS. 

bodies are computed and laid down in the Nautical Almanac* for 
Greenwich mean time, and for that of Paris in the Connaissances 
des Tems.t These places are such as they would appear to an ob» 
senrer at the earth's centre, and are estimated in right ascension and 
declination. 

The declination of a heavenly body is its angular distance from 
the Equinoctial [Celestial Equator'}^ plus if north, minus when 
south, and the distance measured, commonly in hours, from the 
Verna2 Equinox^ to the east upon the Equinoctial^ b the right 
ascension of the same body. 



PROPOSITION I. 

Given tHe geocentric meridian altitude of a heavenly body and 
its declination^ to find the latitude. 

Let O be the centre of the earth, P the pole de- 
rated above the horizon, H, and 90^ distant from 
the celestial eqnator, E ; then denoting the zenith 
by Z and the position of any heavenly body in the F\g, 134. 
same meridian by S, S, S, we have 

ZOE = HOP = H08 db POS, or, 

The latitude of a place ^ or the altitude of the elevated (611) 
polcy is equal to a heavenly body^s meridian distance from the 
point of the horizon under the pole^ increased or diminished by 
the polar distance of the same body^ according as it is situated 
below or above the pole. 

Scholium /. The polar distance of any heavenly body is (612) 
equal to 90° =p its declination. 

Scholium IL The latitude may be found on shore,'or when (613) 
the vessel is stationary, by observing that the elevation Of the pole 

• . Blunt'B reprint is sufficient for all purposes except those of a fixed and legulaiiy 
furnished observatory, and is much less expensive. The student should be possesBed 
of such astronomical knowledge and acquaintance with the stars as may be acquired 
firom elementary works like " Kendall's Uranography.*' 

t To make use of either ephemeris it will evidently be necessary to reduce the time 
of any observation to that of the meridian for which the ephemens is calculated, by 
allowing 16^ to the hour, and observing the equation of time. 
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= the half sum of the upper and lower meridian altitudes of any 
circumpolar star ; since 

Pk = («*)« - S, and P^ = (S,),+ S, 
give P = +[(«*)• + W J. 

Example. On the 20th of August, 1847, at noon, the meridian 
altitude of the sun^s centre was found to be 62° 49' 60" ; at the 
same instant the chronometer, regulated to Greenwich time indica- 
ted 2h. 45m. Required the latitude of the place. 

Interpolating (279) for the declination from the Nautical Almanac, 
we have the following 



Day of 

Month. 

ao 

21 
22 

23 



DiBClUuUkm. 
o 



Operation. 



J* 



y. = 12 36I9H) 4 ^^ „ 

12 1529«8 3000^ +11«6 = D, 

n65 29<0 11'4 [.-. jD, 

U36 16'8 2012'2 



= 0] 



X = 2h. 45m. = ^ii? = -Hd. 



. 11 19 492 



96)209 641 '2 
arD, = -2 16«3 



63 



96)58'3 [. H] 
•6 









a:(x-l).§ 



12 35 19K) 
-2 16'3 



2 

N.D. = y.= 12 33 2*2 



-•5[.(H-1)] 



N. P. Dist. = 77 26 57*8, [-], (612) 
S's alt. = 62 49 50^0 



• • 



6fj^=117 10 10'0 






39° 43' 12'2" Lat. N., required. 



906 TIME. 

PROPOSITION U 

Given the polar and zenith distances of a heavenly body^ani 
the zenith distance of the pole [= colatitudelf to find the time. 

The hour, found approximately by the longitude of 
the vessel and the chronometer, regulated to Greeowich 
time, is to be corrected by observation. 

Let A be the pole, B the position of the heavenly 
body, and C the zenith of the place ; then the hour an- 
gle A will be found by (540) or by (541), the first being Fi«- ^35. 
preferable when A is small. (614) 

Example. In the preceding example, after sailing 3 hours due 
west, the zenith distance of the sun's centre was found to be 
47"" 43' 51*3''. Required the hour angle, A, or the time referred 
to the meridian of the place arrived at. 

Operation. 
3h. » id. 8) - 19 49^2 8) + 5*3 







2 28^65 


«66 

8 




-*58[. (+-1)]; 


12 33 2'2 
-2 28*65 

-.*68 


« 



N.D. = 12 30 33; 



a = 47 43 51«3 

5 == 50 16 47^8 
c = 77 29 27'0 

2)175 30 64 

A = 87 45 3K)5 



TIME. 299 



*-5 = 37 28 15*26 1*78 41 B9B 
* - c = 10 15 36*05 1*25 07 018 



6 = 50 16 47*8 1*88 60 257 
c = 77 29 27*0 1*98 95 661 

2)T*15 ,92 695 

o , „ T*57 96 347 

iA = 22 19 32*2 
and A==44 39 4*4 

or A = 2h. 58m. 36*38., time required. 

Therefore the ship had sailed 20*92} miles. 

Scholium I, The time of setting of a heavenly hody, or, rather, 
the hpuT angle when the hody is 90° distant from .the zenith, will 
foe better found by (569), since we have 

cosA. s= cot5 cote, 
or co8(180 — ^) = tan lat. x tan dec, (615) 

where it is to be remembered that the declination will become 
minus when measured in a direction opposite to the elevated pole. 

Ex, When did the sun set to the place in the last example but 
one ? Ans. 6h. 42m. 388. 

— 19s. for change of dec. 

Scholium 11, The time of the apparent setting of a heav- (616) 
enly body will be found by substituting for a, the apparent zenith 
distance of the horizon, which will generally diiSer from 90°. 

Scholium III, The hour when twilight ends will be found (617) 
by putting a = 90° + 18° = 108°, since Ae sun is 18° below the 
horizon at that time. 

Ex, When did twilight end in the above example ? 

Ans, 7h. 3m. 27s. 

Scholium IV, The azimuth, C, or bearing of a heavenly (618) 
body, when its zenith distance, polar distance, and either the hour 
angle or the zenith distaniie of the pole, are known, will be found 
by (551), or by (540). 

Ex, What was the bearing of the sun at setting in the above ? 

Ans, 73° 40^ 14". 

How might the variation of the magnetic needle be determined ? 

Scholium V, When on shore, the magnetic variation will be de- 
termined, with greater accuracy, by ascertaining the greatest east- 
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era or western elongation of a circumpolar star, L «., its azimuth 
when B = 90°. We hare (568) 

cofc^ = 8in& sin C, or log. ain C = log. sine — log, ainh. (619) 

For this purpose the pole star is preferaUe. Its polar distance 
on the 1st of January, 1847, M^as P 90' 22<85'', and decreases 
19«273'' annually. 

The time of greatest elongation will be found by taking the dif- 
ference of the right ascensions of the sun and star from the Nauti- 
cal Almanac. The elongation will be easily observed by the aid 
of any altitude and azimuth instrument, carefully levelled, as t 
theodolite— or, if no such instrument be at hand, by suspending 
a long plumb line, with its weight swimming in a paU of water to 
prevent agitation by the wind, and, at a suitable distance south of 
the line, placing upon a table, a piece of board carrying a sight 
vane, by the motion of which, east or west, the required point will 
be obtained when the star appears no longer to depart from the line. 
Next alline a lighted candle at a considerable distance north — ^ten 
or a dozen rods — which is to be blown out and left till morning, 
when it may be observed with a common compass, or the true me- 
ridian may be traced by calculating a triangle, and constructing it 
with a rod graduated for measuring lengths. In making the above 
observation it will be necessary to illumine the plumb-line in the 
direction of the star. 

Scholium VL When the zenith distance, polar distance, and 
either the hour angle or the azimuth, of a heavenly body are given, 
the latitude may be found by combining (535) with (383 ... 4) ; for 
we obtain 

^ cose J . /T . V cosfl coozr .__.. 

tmz = -: J, and sin(ft -f xr) = -; j, (630) 

sine cos A ^ ' sine cos^ ^ ' 

cosa J . ,1 . V cose cosjsr, ,^^-- 

or tanar^=s - — -— ^^ , and sin(& + z^) =» -, ^ . (621) 

sina tosC v • »/ g^^^ cosC ^ ' 

Having determined by the aid of a theodolite, on the same or 
different evenings, the altitudes and azimuths of the same or differ* 
ent stars, the mean of several computations by (621) will give the 
latitude of a place on land with a considerable degree of accuracy. 
The same observations will also make known the hour 

The error that is likely to be committed in the hour angle, A^ 
the chronometer not indicating the exact time, may be corrected 
by trialy from a couple of observations, the first made soon after 
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the meridian passage and the other several hours later. It is to be 
observed that a change of sign in the error of A will correspond to 
a change of sign in the error of b^ and that A is to be varied till 
two values of b are found answering to the difference of latitude 
made by the vessel between the observations. 

Scholium VIL The Method of Double Altitudes has for 
its object to determine the latitude and time from two zenith dis- 
tances, either of the same body taken a few hours apart, or of dif- 
ferent bodies taken at the same time. 

. Let CB be the first zenith distance of the sun, 
and C2 the zenith arrived at when the second CaBji 
is taken; the number of miles the ship sails 
gives the number of minutes in the arc CC^, and 
the angle, BCC, = C, is determined by the course ^j^ 

and the azimuth of B at the first observation. Fig. 136s. 

Therefore, in the triangle, BCC^, to find c, we have 

cose s cos6 C0SC3 H- sin& sinc^i cos C ; 

but, as b is small and c differs little from c^ putting c = (Tg — (2, and 
expanding by (317), reserving only the first and second powers of 
d and 6, the reduced equation becomes,^ 

(2>~2tanc8 • (2 = 5» - 2& tanc, cos C, (022) 

or, better, Cj — <; = d = 6 cosC, (623) 

when, as in the present case, the second powers of the small quan- 
tities, d, 5, may be rejected. 
There are now three steps in the operation ? (624) 

1°. In the triangle, BAB3, we have the two sides, AB, ABj, and 
the included angle A = the time elapsed between the observations, 
or to. the difierence of right ascensions, if two stars are observed 
at the same time, to find the remaining parts ; 

2^. Therefore the angle, C^BsB, becomes known from the tliree 
sides of the triangle, C:2B9B ; 

2P, And, lastly, in the triangle AB^Ca, we have the two sidea, 
BjA, B3C2, and the included angle, B^ to find the colatitude, AC^, 
and the hour angle, CaABg. 

Note 1. When the declination changes but little between (626) 
the observations, the first part of the operation may be shortened 
by regarding the triangle, BABs, as isosceles, taking instead of AB 
or AB^, -I^AB^- ABg) for the equal side and solving by (570). 

Note 2. In any of the preceding operations, when a star, (626) 
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instead of the sun, it employed, the hour «angle will be coiiTeited 
into degrees by obsenring that a sidereal day is equal to 23h. dOm. 
4'O006s. ; whence it follows that 

1 solar honr == 1K)02738 sidereal h. = 15^*04107. 

Note 3. Before taking out any quantity from the Nautical (627) 
Almanac, or the Connaissances des Terns, the time of the place 
where the obseryation was made must be reduced to the meridian 
and denomination of time specified in the ephemeris. ** Equations** 
(as these numbers are technically called) for reducing' apparent to 
mean time, will be found in the ephemeris itself. 

Example* On the first day of August, 1847, at 10 o'clock 43m. 
25s. P. M., apparent time, and in 20^ W Ion., it is required to find 
the moon's declination. 

Ap. tiBM of pis. DiiC loD. Ap. tim« at Or. 

lOh. 43m. 25s. +{ih. =: llh. 3m. 258. 

Ap. time at Or. Eq. time. Meen time at Gr. 

llh. 3m. 25s. + 6m. 1 s. =llh. 9m. 268. 

6^ 27' 13*6 " + r 40*8" » 6^ 28' 54*4" N.Dec. Ans. 

Example. At the time specified in the example preceding the 
last, the ship tacks and sails N 43^ W, nine and a half miles an 
hour for two hours, when the zenith distance of the sun's centre is 
found to be 37^ 55' 40". Required the latitude of the place arrlyed 
at and the exact time. 



PROPOSITION UI. 

The Lunar Method for the Longitude consists in find- (628) 
ing by the ephemeris the time corresponding to the geocentric 
distance of the moon from a heavenly hody» The problem re* 
^iresfor its solution the apparent angle V)hich these bodies make 
toith each other, as well as their apparent and geocentric zenith 
distances. 

Let A, B, C, be the places of the zenith, moon, 
and some other heavenly body, as the sun, as seen 
firom the earth's centre. On account of parallax 
and refraction^ to be explained hereafter, the moon 
will appear at Bs^ below B and in the same vertical, and the second 
body will be seen in Ca, vertically above C ; henpe B|Qi will be the 
apparent distance of the two luminaries. • 
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There are now three steps in the operation for the Ion- (639) 
gitude : 

1^. In the triangle B^ACg we have the three sides Os, 63, C3, the 
apparent distances of the two luminaries and the zenith, to find 
their difference of azimuth, J.|. 

2^. In the triangle BA.C, we . haye the two sides, b, c, and the 
included angle ii, to find the third side, a, or the geocentric dis* 
tance of the moon from^ the heavenly body. 

3^.. Lastly, with a, we enter the table of Lunar Distances and 
take out, by interpolation, the corresponding Greenwich time, the 
difference between which and that of the place, converted into de- 
grees, will be the longitude required. 

Scholium. The lunar distance may be calculated from (630) 
the right ascensions and declinations of the two heavenly bodies ; 
since the codeclinations and the difierence of right ascensions con- 
stitute two sides and the included angle of a spherical triangle of 
which the third side is the distance required. 

Example, On the 9th April, 1837, at 6h. 29m. 36*8s. mean time, 
the apparent distance of the centres of the sun and moon was found 
to be B^C.^ = Oy = 55^ 1' 18*8"; at the same instant the apparent 
zenith distance of the moon Was ABj » Cg = ^^ ^9' ^" ^^^ ^ue 
AB = c = 28° 2T 48", and the corresponding data for the sun were 
ACa x= is = 68° 9' 46", AC = 6 = 68° 12' 10". The moon was east 
of the sun and both west of the meridian ; the estimated latitude 
was 41° 4T N, and the longitude 2h. 10m. west, which gives, ap- 
proximately, 7h. 40m. lor the Paris time. 

True distance BC = a = 55° IT 20"[calculated]. 
We find in the Conn, des Tems^ that 

at 6h, Paris time a = 54° 11' 36", 



ditference 1°5'44"; 

the change in a for 3h. was 1° 25' 55", 

1° 26' 56 " : 1° 5' 44" : : 3h. : 2h. 17m. 42'9s., 
the corresponding hour at Paris was 8h. 17m. 42'9s., 
and the exact hour of the place was 5h. 29m. 36*8s. ; 

.•. the required longitude was 2h. 48m. 6'ls. W. 

N. B. This result may be corrected by commencing the calcu- 
lation anew with 2h. 48m. instead of 2h. 10m. 



SECTION THIRD. 



Besides the Chronometer already alluded to, the principal instm- 
raents of the navigator are the CompaeSf the Logf and die Sex- 
tant 

PROPOSITION I. 



To Steer a determinate cauree. 

This is effected by aid 

If 

of the Mariner* 8 Compose^ 
which consists, essentially, 
of a circular card, poised 
on a pivot and carrying a 
magnetic needle. The cir- 
cumference of the card is 
divided into thirty*two equal 
parts, denominated points^ 
and each point into quar^ 
ters. The bearings, called 
rhumhSfSre estimated from 
the north and south toward 
the east and west, as follows ; 




Fig. 136.. 



N, N by E, NNE, NE by N, NE, NE by E, ENE, E by N, E; 
N, N by W, NN W, N W by N, NW, N W by W, NNW, W by N, W ; 
S, S by E, SSE, SE by S, SE, SE by E, ESE, E by S, E ; 
8, S by W, 88 W, SW by 8, SW, SW by W, W8W, W by S, W. 

It is easy, therefore, to convert any rumb into degrees ; 

thus, 8E by E=: 8 5 points E = 8 f • OC^ E = 8 Se"" 15' E. 



PROPOSITION II. 



To determine the Ship^s Rate. 



T 



This is accom- 
plished by a line, 
divided at one ex- 
tremity into two 

branches which ^- '*'■ 

are attached to the Tertical radius of a wooden sector, having its arc 
80 loaded with a strip of lead as to swim buried in the sea with its 
face perpendicular to the line of draft. The instrument is denom- 
inated the Log and Line. The log-line is divided into equal parts, 
called knots, of which 120 = a nautical mile ; hence the number of 
knots run off from a ligiit reel while a half minute glass is emptying, 
corresponds to the mHes which the ship sails in an hour. 




PROPOSITION m. 

To determine tie zenith distance of a heavenly body. 

I . The apparent altitude aiove the apparent horizon is observed 
with the sextant. This instrument, so use- 
ful to the surveyor and aatronomer and 
indispensable to the navigator since it may 
be held in the hand without any fixed sup- 
port, consists essemlially of an arc embra- 
cing 60° and graduated as 190°, of an index, 
I, carrying upon the centre, O, a mirror, 
MON, of a second glass, PGQ, one half 
silvered, and of a telescope, T. Besides, 
there are screws for fastening and tilting the 
mirror, MN, for tilting and turning G, for 
tilting and elevating or depressing the tel- 
escope, T, and for fastening the index, I, 
and moving it over a small arc when once 
clamped. 

Now let the index, I, take up such a po- 
sition that the moveable mirror, MN, shall ) 
be parallel to the fixed, PQ, and let a ray 
of light, HO, fall upon MN in a direction ine.isit. 
to be reflected in OG and again from G through the telescope, T, 
to the eye. Bince, by a principle in Optics, the incident and re- 
flected rays make equal angles with the mirrors, we have 
30 
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I HOM = GON 
and OGP = TGQ ; 

I HOM = TGQ = GTM ; 

hence, the rays HO and HGT being parallel, the two images of 
the distant object from which they proceed, the one seen by refle& 
tion from G and the other through the clear part, will appear to 
coincide in the direction TGH. But a ray, SO, falling in any other 
direction, being reflected in OS^^, will not enter the telescope, and, 
in order to make it do so, we advance the index, I, till arriving at 
t, OSg coincides with OG. There results, 

Z HOG = wiOS = iiiOM + MOS, 
nOS, = nON - NOS, = mOM - MOS ; 
GOSa = 2mOM, 
but HOS = HOM - MOS = GON - NOSj = GOS, ; 

Z HOS = 2mOM = 2arc I«, i. e., 

Tkt angle measured by bringing into coincidence the (631) 
images of two objects^ one seen by reflection and the other directly, 
is double the arc passed over by the index. 

The reasons for the following adjustments will now be (632) 
obvious. 

First Adjustment. To make the index glass, O, perpendicular to 
the plane of the instrument. Bring the index to the middle of the 
graduated arc, and, looking into the mirror, observe whether the 
limb seen directly and by reflection appear broken or continuous. 

Second Adjustment. To make the horizon glasSj G, perpen- 
dicular to the plane of the instrument. Having interposed the 
colored glasses, direct the telescope to the sun, or, better at night, 
to a star of the first magnitude, when, on moving the index back- 
ward and forward, the two images, in passing each other, should 
exactly coincide. 

Third Adjustment. To make the line of collimation, or the axis 
of the telescope, parallel to the plane of the instrument. Turn the 
eye-piece till the two wires stretched parallel to each other in the 
common focus of the lenses for the purpose of restricting the ob- 
server to the centre of the field of view, become parallel to the 
plane of the instrument ; next, bring two objects, as the edges of 
the sun and moon, distant by 90° or more, into coincidence upon 
one of the wires ; the images should continue to coincide when, by 
turning the instrument a little, they are made to appear on the sec- 
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ond wire. The above adjustments should be repeated one after 
the other till all are quite accurate. 

Fourth Adjustment, To determine the index error^ or to make 
the zeros of the vernier and limb agree. The error will be deter- 
mined by bringing the reflected and direct images of a star or 
planet into coincidence, or, by observing the readings when the 
images of the sun are brought into contact on opposite sides. 

Fifth Adjustment. To make the reflected and direct images 
equally bright. Turn the up and down piece which carries the 
telescope to and from the plane of the instrument, till the object is 
accomplished. 

For a description of the Reflecting Circle^ see Francceur's 
*' G§odesie." 

Now, for example, suppose it be required to find the ap- (633) 
parent altitude of the sun*s lower limb above the apparent horizon. 
Turn the shades which are situated in front of the mirrors into the 
lines OG, H6, so as properly to soften both the reflected and di- 
rect rays ; next, set the index at zero and direct the telescope to 
the sun ; push the index a little till the lower image is out of sight, 
following the upper one ; drop the screen in front of the horizon 
glass that the sky may appear, and continue the motion of the 
index till the sun's image touches the horizon ; clamp, and balance 
the instrument gently about the line TGH, alternately producing 
and breaking contact, the better to see when the tangency becomes 
exact, and this will be accomplished by carefully turning the tan- 
gent screw, which impresses a small motion upon the index. A 
microscope may be employed for reading the angle, and one is 
sometimes attached to the index. 

Scholium L On shore an artificial horizon may be em- (634 
ployed, consisting of a basin of mercury, from the sur- 15 
face of which the light. of the celestial body is reflected, h— ^i^^— 
The measured distance, SMSj, of the two images will ^.-^ 
be double the apparent altitude, SMH. Fig. 139. 

Scholium IL As a convenience in finding the time, we (635) 
may choose a point of observation, and determine, once for all, the 
hour angle of a terrestrial object, sufiiciently remote and distinct, 
from which to measure the angular distance of the sun, whenever 
required. 

Scholium III, In obtaining the data for the longitude, (636) 
three arcs, measured at the same instant, are required ; viz., the 
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altitudes of the moon and a atar or the auo and the lunar distanee. 
The three measures may* however, be executed by a single observ- 
er, by taking at equal and short intervals of time, 1^, the altitude 
of the sun or star ; 2^, the altitude of the moon ; 3^, the lunar 
distance ; 4°, a second altitude of the sun ; 5^» a second altitude 
of the moon — ^firom which the altitudes simultaneous with the lunar 
distance will be readily found. 

II. For the depression of the horizon. Let A be the 
position of the observer, elevated above the level of 
the sea by the altitude A, let T be the apparent hori* 
son, O the earth's centre and r its radius, also let 
Z AOT ^ Cf and the depression TAH [= AOT] = d. 
We find 




cose 
which may be reduced to 



-"""OT"" r 



Fig. 139, 



(i=^~- V*tOrd" = 



648000 



V^ • v^. 



(637) 



observing that h is small compared with r, and, consequently, 
tand = d nearly, also that an arc of !"» {= iqq eA m ) ^^ ^^"^^^^ 



in the radius (= 1), times. 



Now, jfrom the aggregate of many observations made on shore, 
with an instrument adjusted by a spirit level, there results. 



A 


d 


r 


-'■rr-j'r) 


Obeerrecl. 


Otwenred. 


Calicali^ed. 


Calculated. 


10 feet. 
20 " 
30 " 


186*76" 

26442 

323*48 


24396000 feet. 
24396000 «* 
24395000 ** 


1*77128 
1*77128 
1*77128. 



For calculating the depression then we have 

log. d" = l *77128 + ilog. A. (638) 

Scholium. It will be observed that the value 24395000 (639) 
is greater than the true radius, which, according to Dr. Bowditcb, 
may be taken at 20911790 feet. We infer, therefore, that a ray of 
light, passing tangent to the sea, is bent into a curve concave to- 
ward the earth's centre ;' since (637), if the true value of r be taken. 
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h will be smaller than the value assumed in the figure, and more 
and more so the greater d becomes, h varying as the square of d ; 
conaequently the path of the ray will fall below the tangent, TA, 
and continually depart from it. 

III. For the refraction. We will suppose an observer provided 
with an astronomical clock, carefully regulated to sidereal time 
(24h. = 360°), and an altitude and azimuth instrument, accurately 
leveled so that the upper and lower meridian transits of a circum- 
polar star shall take place at intervals of twelve hours as exactly as 
possible, and small, unavoidable errors allowed for. The data, 
both observed and calculated,* requisite for determining the law of 
atmospheric refraction, may be tabulated as follows. 

[Last of Aug., 1647.] 
Ap. zen. dist. of polaris. at upper transit = 45° 33' 50". 
do. do. do. at lower transit =48° 34' 10'* 
.*. ap. zen. dist of pole [calculated] = 47° 4'. 

Notem The fixed stars are so distant that they sufifer no displace- 
ment on account of parallax, appearing in the same direction 
whether seen from the earth's centre, or from any point on its surface. 
Now, the azimuths and hour angles of a Cygni being observed 
at the successive zenith distances, 16°, 30°, 45°, 60°, 75°, 80°, 
86°, 90°, in the triangle ABC, we have {fig. 135.) 

A = observed hour angle, Os = ob. zen. dis., a = calcul. zen. dis. 
b = cal. zen. dis. of pole = 47° 4', O, = ob. azimuth, C = cal. az« 
c = polar dis. of star = 46° 16' 41 •6", [Naut. Al] 

Barometer 30 inches, internal Thermometer 50°, external 47°. 



A 




Oj 


a 


c. 


C 


a— aft 


(a — Oj) : tanog 


Ih. 22m. 


49*81s. 


16° 


15° 00' 15'5 ' 






00' 15'5 " 


67*847' 


2 47 


5946 


30 


30 00 33*6 






00 33«6 


58*200 


4 16 


16'10 


45 


46 00 584 






00 584 


68*100 


5 51 


7'40 


60 


60 01 40'6 






00 40*5 


68*024 


7 40 


63^62 


75 


75 03 34*3 






03 34*3 


57*421 


8 24 


53*48 


80 


80 05 20'0 






06 20<0 


56*425 


9 17 


4833 


85 


66 09 58*0 






09 58'0 


52*318 


10 40 


45'66 


90 


90 33 51'0 






33 51*0 


00*000 



The values of C^ are found the same with those of C, which, 
therefore, the student may calculate and verify by employing them 
to find the values of A. 

* The student should find the calculated numbers for himselfl 
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It appears from the abore that the effect of the atmospheric re- 
fraction is to elevate a heaTenly body, without changing its azi- 
muth, by an angle which Taries, to within 10° or 15° of the horizon, 
nearly as the tangent of the zenith distance. With this limitation, 
therefore, we may assume 

(a— o^) : tana, = 68" 

a = a, 4- 68" tana, (640) 

But the refraction is found to vary with the density of the atmo- 
sphere, at 45° zenith distance increasing about 2" for every addi- 
tional inch of the barometer [B] above 90 inches [B — 90], and 
decreasing *12" for each additional degree of Fahrenheit's ther- 
mometer over 66° [T— 60] ; hence (640) becomes 

a = Oa + [58 + 2(J3 - 30) - •12( T- 50)]" tana,. (641) 

Scholium. On account of the fluctuating nature of the atmo- 
sphere, observations within 15° or 20° of the horizon should be 
avoided. For the variation of the magnetic needle, however, the 
azimuth of the sun may be taken when the lower limb appears 
above the horizon by -f its diameter. 

IV. For the parallax. Let S be the posi- 
tion of a heavenly body seen from a point, 
A, of the earth's surface, O the centre, Z 
the zenith, and S^ the position of the same 
body in the horizon ;* let Z A80 = p, Z AS 
= a, ZOS = a,; AS,0=p„ ZAS,= 90°; ^^^ 
then p, the difference of a and a<., is called 
the parallax in altitude^ p^ the horizontal parallax^ and we have, 
putting OS = d, OA = r, 

sinp : sina = r : d, and sinp^ : sin90° = r i d; 

sinp = tnnp^ sina, or p^pj^ sina, (042) 

when the parallaxes are small. 

a^^^a—pf^ sina. (®^) 

Scholium. The horizontal parallaxes are given in the Nautical 
Almanac. 

V. For the semidiameter. Let S be the point of contact of the 
line SA and a heavenly body, as the sun, whose centre denote by 
S« ; there results, 

sinSAS, : sinAS.S = SS, : AS [=^4^*1, 
' L sma J 




• These positions are supposed to be corrected for refraetion. 
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a sina^ 

but, if we denote by Sj^ what 8 becomes when the point S falls a 
little below S4 so as to make Z SAO = SOA (in which case it is 
obvious that s^ may be taken for the horizontal semidiameter), we 
have 

tan^^k = —r- ; [sma = smacj 

sina 
tan^ = tan«|L • -; — , 

sm^c 

• 

or semidiameter s = hor. sem. Sm, • -7-^ 9 nearly. (644) 

^ smdc ^ ' 

In (643), replacing a^ = ZOS, and a by ZOS« itnd a — 9, we find 
ZO&c = a — « —Pk 8in(a — «), = a. — «, nearly. (646) 

Scholium L The refraction for the ray S^A is less than that for 
SA ; therefore, denoting this difference by dif. ref. (3^,8), when 
great accuracy is required, as in finding the longitude, (645) be- 
comes 

True zen. dist. ZOS^^a-a-^j, sin(a — .9)+dif. ref. (S«,S). (646) 

Scholium II. Except for the moon, we may assume (647) 

« = «»* 

Example, On the 20th of August, 1847, at 6h. Greenwich mean 

time, the eye of the observer being ^ feet above the level of the 
sea, the altitude of the moon's lower limb above the apparent hori- 
zon was found to be 40^ 20'. At the same time the barometer in- 
dicated 29 inches, and the thermometer 40°, Required the true 
geocentric zenith distance of the moon's centre. 

40° 20' OOK)' 
d (688) 4' 49*3' 

Ap. alt. from tr. horizon, 40° 16' 10*7' 

Ap. zen. dis. of moon's lower limb, 49° 44' 49*3" 

Refraction (641) 1' 7*6" 

True zen. dis., a, of moon's lower limb, 49° 46' 66*9" 
Parallax, p, (642), [p, = 66' 24*5" N. A.] 43' 3*7' 

Tr. geocentric zen. dis. of moon's Ir. limb a^, 49° 2' 63*2" 
Semidiameter, *, (644) [s^ = 16' 22*3" N. A.] 16' 36«0" 
True geocentric zen. dis. of moon's centre 48° 47' 16*2" 

The student may make further corrections (646). 



ADDENDUM I. 



The ingenious theorem contained in the following communication 
is published by penniaeion. G. C. W. 

Richmond, June 22J, 184& 
Professor Whitlock, 
Dear Sir : — I have modified the demonstration of my theorem 
as yon requested, and hasten to send you the result. 

I shall, at the earliest opportunity, attend to the problem wUch 
you suggested, to find the area of a polygon in terms of its sides 
and angles, excepting two sides and one aagle. If I arrire at 
anything of importance, I will send it to you. 

Yours respeetfullVf 
Dascvm Grsbn. 

To find a general expression for the area ofapolygon. 

Let (a, b, c, ..., j, A, /,) 
be any polygon. Produce f 

the sides 6, c, ... , t, j, tUl 
they meet /, or / produced, 
and denote the correspond- 
ing productions by 6', c'. 



•I 
••• » J « 




Since the expression for 
the double area of a triangle (a, &, c), in terms of its three angles 
and one side is 

a^ sin(a,6) sin(a,c) 
sin(6,c) ' 

we shall have, if we designate the area of the polygon a, 6, •««# ^ 
byP, 
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^^ SHpT 8in(j,Z) 

(b + b'Y Bin(c,b) sin(b,l) a^ sin(b,a) 8in(a,l) 
siQ(c,Z) 6in(&,Z) 

g« gin(fl,&) 8in(a,Q (ft + by sin{b,c) sm{b,l) 
"" 8iii(ft,Z) sin(c,Z) 

(c+ c')' 8in(c,d) 8m(c,Z) 
+ 8in(d,Z) "*" 

. (j+/)»8inO',A:)8in(i,Z) 
"*" sin(A:,Z) ' 

in which it remains to determine 5', c\ ... ,/• 

(Z 8m(6,Z) sm(o,Z) 

c^ _ 8in(ft,Z) ^ , (fe + ft')8ip(^Q 
6 + ft' " 8in(c,Z) ' •'• ^ "" 8in(c,Z) 

= ^«in(^>0 + ^«WM . ^,.^ ^e., &c. ; 
sin(c,Z) 

/ ^ 8in(t,Z) 
i + »' sin( j,Z) ' 

., _ (i + 1") sin(t\Z) _ a 8in(fl,Z)'4- ft 8in(6,Z) + ... + i sin(i,Z) 
^ 8in(j,Z) • 8in(j\Z) * 

Substituting these values, we obtain 

fft + ^L^iBl^n '8in(6,c) 9in(6,Z) 
a" 8in(a,&) am(a,l) L 9in(ft,Z) J "^ ' ' "^ ' 

8in(6,Z) ■*" 8in((;,Z) 

^^_^ a8in(..Q+5 8in(5,Z) -|«^.^^^^^^^.^^^^^^ 

^._^a 8in(a.0+& ^;'^(^W--M rin(«-.^)-| «^.„(_^. ;t) 8in(j,/) 

"^ "^ ^ sm(A:,Z) ' 

«.*> .. . / »vn« 8in(a,ft) 

♦••«^ = ['»"°('»'QJ'' 8in(a./)8inW) 

. r • / i\ I iL • /J. 7\na 8in(ft,c) 

+ [<» «n(a,Z) + b 8.n(ft.0]' • ,ia(6,f) rin(c,0 
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+ a BinlaM + h nnlh^t) + e 8in(c,/)]« • . . ^j^ \ \^ ,. +.•. 

which is the expression required, and which embraces the sides 
a, 6t c, ... , J, and the angles (a,Z), (6,/), (c,Z), ... , (*,/) ; (0,6), (6,c), 
(c,<0, ... , (j,k). 



ADDENDUM II. 



The student who may desire a partial course in geometry and 
trigonometry, may omit all after page 108 to p. 170, excepting pp. 
145, 153, 154, 155, 156, 157, 158, 159, which are to he read, and 
substitute for Propositions V, VI, VII, VIII, on pages 172, 173, 
174, 175, the following demonstration, after which pages 176, 177, 
178, 191, 192, 193, 194, 195, 196, 197, 198, 199, 200 wiU be read, 
and then the Book on surveying. 

Let a, &, be two adjacent arcs of 
the same circumference, and a-\-b 
< 90^ ; draw sina intercepting 
cosa, sin6 intercepting cos^, sin 
(a-\-b) = m-\-nj m being a per- 
pendicular from the foot of sin6 
upon cosa, and n the portion of 
sii\(a -f b) above a parallel to cosa 
drawn through the foot of sin6 ; 
r being the radius of tlie circle, 
from similar triangles we have the 
proportions, 

m _ sina 
eosb "" 




n 
Einb 



r 
cosa 



» • • 



m = 



sina cos5 



» • 



n = 



r 
cosa sinb 



r r 

sina COS& -f cosa sin5 



.•• 8in(a4-5) = fii4-n = 

r 

or, when r = 1, 8in(a + 6) = sina cos6 + cosa sinft ; 

8in[a + (— 6)] = sina cos(— b) + cosa 8in(— 6), 

or (180), (306), sin(a — 6) = sina cos6 — co§a sin& ; 

/. (302), cos(a + 6) = sin[90° - (a + i)] 

= sin[(90^ - a) - 6] 

= sin(90^ - a) cosft - cos(90° - a)sin6 

= cosa cos6 — sina sin& ; 

.'. (180), (306), cos(a— 6)= cosa cos6 -|- sina sinft, 

and (320) is demonstrated. 
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pyn^ 



*«. 



/.'• f 



o 



y. = y. + *-5' + x(ar-l).j5!_ + x{x-l)(x-2) • |-^- 



1 

1 




100 


110 


120 


130 


140 


150 


160 


0000000 


0413927 


0791812 


1139434 


1461280 


1760913 


^1200 


1 


0043214 


0453230 


0827854 


1172713 


1492191 


1789769 


20682S9 


2 


0086002 


0492180 


086359S 


1205739 


1522883 


1818436 


2095150 


3 


0128372 


0530784 


0899051 


1238516 


1553360 


1846914 


212IOT6 


4 


0170333 


0569049 


0934217 


1271048 


1583625 


1875207 


2148438 


5 


0211893 


0606978 


0969100 


1303338 


1613680 


1903317 


2174839 


6 


02S3059 


0644580 


1003705 


1335389 


1643529 


1931246 


saf^mi 


7 


0293838 


0681859 


1038037 


1367206 


1673173 


1958997 


2227165 


8 


0334238 


0718820 


1072100 


1398791 


1702617 


1986571 


2253093 


9 


0374265 


0755470 


1105897 


1430148 


1731863 


2013971 


2878957 
230 


170 


180 
2552725 


190 


200 


210 


220 


2304489 


2787536 


3010300 


3222193 


3424227 


3617278 


1 


2329961 


2576786 


2810334 


3031961 


3242825 


3443923 


3636130 


2 


2355284 


2600714 


2833012 


3053514 


3263359 


3463530 


3664880 


3 


2380461 


2624511 


2855573 


3074960 


3283796 


3483049 


367^559 


4 


2405492 


2648178 


2878017 


3096302 


3304138 


3502480 


369)2159 


5 


2430380 


2671717 


2900346 


3117539 


3324385 


3521825 


3710679 


6 


2455127 


2695129 


2922561 


3138673 


3344538 


3541084 


3729190 


7 


2479733 


2718416 


2944()62 


3159703 


3364597 


3560259 


3747483 


8 


2504200 


2741578 


2966652 


3180633 


3384565 


3579348 


37657W 


9 
"0" 


2528530 


2764618 


2988531 


3201463 


3404441 


3598355 


3783979 

300 
4771213 


240 


250 


260 


270 


280 
4471580 


290 


3802112 


3979400 


4149733 


4313638 


4623980 


1 


3820170 


3996737 


4166405 


4329693 


4487063 


4638930 


4785«» 


2 


3838154 


4014005 


4183013 


4345689 


4502491 


4653829 


4800069 


3 


3856063 


4031205 


4199557 


4361626 


4517864 


4668676 


4814426 


4 


3873898 


4048337 


4216039 


4377508 


4533183 


4683473 


4^28736 


5 


3891661 


4065402 


4232459 


4393327 


4548449 


4698220 


4842998 


6 


3909351 


4082400 


4248816 


4409091 


4563660 


4712917 


4857214 


7 


3926970 


4099331 


4265113 


4424798 


4578819 


4727564 


4871384, 


8 


3944517 


4116197 


4281348 


4440448 


4593925 


4742163 


4885507 


9 


3961993 


4132998 


4297523 


4456042 


4608978 


4756712 


4899585 
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1 

2 
3 
4 
5 

6 

7 
8 
9 


1 
2 
3 
4 
5 
6 
7 
8 
9 


1 
2 
3 
4 
5 
6 
7 
8 
9 

"o" 

1 
2 
3 
4 
5 
6 
7 
8 
9 

T 
1 
2 
3 
4 
5 
6 
7 
8 
9 


310 


320 


330 


340 

5314789 
5327544 
5340261 
5352941 
5365584 
5378191 
5390761 
5403295 
5415792 
5428254 


350 


360 


370 


4913617 
4927604 
4941546 
4955443 
4969296 
4983106 
4996871 
5010593 
5024371 
5037907 


5051500 
5065050 
5078559 
5092025 
5105450 
5118834 
5132176 
5145478 
5158738 
5171959 


5185139 
5198280 
5211381 
5224442 
5237465 
5250448 
5263393 
5276299 
5289167 
5301997 


5440680 
5453071 
5465427 
54Tn47 
5490033 
5502284 
5514500 
5526682 
5538830 
5550944 


5563025 
5675072 
5587086 
5599066 
5611014 
5622929 
5634811 
5646661 
5658478 
5670264 


5682017 
5693739 
5705429 
5717088 
6728716 
5740313 
5751878 
5763414 
5774918 
5786392 


380 


390 


400 


^410 


420 


430 


440 


5797836 
5809250 
5820634 
5831988 
5843312 
5854607 
5865873 
5877110 
5888317 
5899496 


5910646 
5921768 
5932861 
5943926 
5954962 
596^71 
5976952 
5987905 
5998831 
6009729 


6020600 
6031444 
6042261 
6053050 
6063814 
6074550 
6085260 
6095944 
6106602 
6117233 


6127839 
6138418 
bl489r2 
6159501 
6170003 
6180481 
6190933 
6201361 
6211763 
6222140 


6232493 

6242821 

02531^ 

6263404 

6273659. 

6283889 

6294096 

6304279 

6314438 

6324573 


6334685 
6344773 
6354837 
6364879 
6374897 
6384893 
6394865 
6404814 
6414741 
6424645 


6434527 
6444386 
6454223 
6464037 
6473830 
6483600 
&193349 
6503075 
6512780 
6522463 

510 


450 


460 


470 


480 


490 


500 


6532125 
6541765 
6551384 
6560982 
6570559 
6580114 
6589648 
6599162 
6608655 
6618127 


6627578 
6637009 
6646420 
6655810 
6665180 
6674530 
6683859 
6693169 
6702459 
6711728 


6T20979 
6730209 
6739420 
6748611 
6757783 
6766936 
6776070 
6785184 
6794279 
6803355 


6812412 
6821451 
6830470 
6839471 
6848454 
6857417 
6866363 
6875290 
6884198 
6893089 


6901961 
6910815 
6919651 
6928469 
6937269 
6946052 
6954817 
6963564 
6972293 
6981005 


6989700 
6998377 
7007037 
7015680 
7024305 
7032914 
7041505 
7050080 
7058637 
7067178 


7075702 
7084209 
7092700 
7101174 
7109631 
7118072 
7126497 
7134905 
7143298 
7151674 


520 

7160033 
7168377 
7176705 
7185017 
7193313 
7201593 
7209857 
7218106 
7226339 
7234557 


530 


540 


550 


560 


570 


580 


7242759 
7250945 
7259116 
7267272 
7275413 
7283538 
7291648 
7299743 
7307823 
7315888 


7323938 
7331973 
7339993 
7347998 
7355989 
7363965 
7371926 
7379873 
7387806 
7395723 


7403627 
1^411516 
7419391 
7427251 
7435098 
7442930 
7450748 
7458552 
7466342 
7474118 


7481880 
7489629 
7497363 
7505084 
7512791 
7520484 
7528164 
7535831 
7543483 
7551123 


7658749 
7566361 
7573960 
7581546 
7589119 
7596678 
7604225 
7611758 
7619278 
7626786 


, 7634280 
7641761 
7649230* 
7656686 
7664128 
7671559 
7678976 
7686381 
7693773 
7701163 


590 


600 

7781513 
7788745 
7795965 
7803173 
7810369 
7817554 
7824726 
7831887 
7839036 
7846173 


610 

7853298 
7860412 
7867514 
7874605 
7881684 
7888751 
7895807 
7902852 
7909885 
7916906 


620 


630 


640 


660 


r708520 
7715875 
7723217 
7730547 
7737864 
7745170 
7752463 
7759743 
7767012 
7774268 


7923917 
7930916 
7937904 
7944880 
7951846 
7958800 
7965743 
7972675 
797959^ 
7986506 


7993405 
8000294 
8007171 
8014037 
8020893 
8027737 
8034571 
8041394 
8048207 
8055009 


8061800 
8068580 
8075350 
8082110 
8088859 
8095597 
8102325 
8109043 
8115750 
8122447 


8129134 
8135810 
8142476 
8149132 
8155777 
8162413 
8169038 
8175654 
8182259 
8188854 
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1 

1 


660 


* 670 

8260748 
826T225 
8273693 
8280151 
8286599 
8293038 
8299467 
8305887 
8312297 
8318698 

740 

8692317 
8698182 
8704039 
8709888 
8715T29 
8731563 
8727388 
8733206 
8739016 
8744818 

810 

90^850 
9090209 
9095560 
9100905 
9106244 
9111576 
9116902 
9122221 
9127533 
9132839 


680 

8325089 
8331471 

8337844 
8344207 
8350561 
8366906 
8363-^1 
8369567 
8375884 
8382192 

750 

8750613 
8756399 
8762178 
8767950 
87T3713 
8779470 
8786218 
8790959 
8796692 
8802418 


690 


700 


710 


730 

1 


"o 

1 

2 
3 
4 

5 

I 

"0 

1 
3 
3 
4 
5 
6 
7 
8 
9 

0* 

1 

2 

3 

4 

5 

6 

7 

8 

9 

0" 
1 
2 
3 
4 
5 
6 
7 
8 
9 

0" 
1 
2 
3 
4 
5 
6 
7 


8195439 
8202015 
8208580 
8215136 
8^1681 
8228216 
8234742 
8241258 
8247765 
8254961 


8388491 
8394780 
6401061 
8407332 
8413696 
8419848 
8426092 
8432328 
8438554 
8444T72 


8450980 
8467180 
8463371 
8469553 
8476737 
8481891 
8488047 
8494194 
8600333 
8506462 


8512583 
8518696 
8524800 
8530895 
a'>36982 
8543060 
8549130 
a'>55192 
8561244 
8567289 


85'i33S&, 

85793631 

8585373 

8591383 

8597386 

8603380 ; 

8609366 

8615344 

86-21314 , 

8637275 

790 


730 


760 


770 

8864907 
8870544 
8876173 
8881795 
8887410 
8893017 
8898617 
8904210 
8909796 
8915376 

840 


780 


8633229 
8639174 
86451 U 
8651040 
8656961 
8662873 
8668778 
8674675 
8680564 
8686444 


8808136 
8813847 
8819550 
8826245 
8830934 
8836614 
8842288 
8847954 
8853512 
8859*263 


8920946 
8926510 

8932068 
8937618 
8943161 
8948697 
8954225 
8959747 
8965262 
8970770 


8976271 
8981765, 
8987252 ; 
8992732, 
8998205 1 
9003671 ij 
9009131 il 
90145^ 
9030029 ' 
90^468 


800 


820 


830 


850 


860 1 

9344985 1 
9350032; 
9355073 1 
9360108; 
9365137 1 
9370161 ' 
9^75179 , 
9380191 ' 
9385/97 i 
9390198 j 


9030900 
9036325 
9041744 
9047156 
9062561 
9057959 
9063350 
9068736 
9074114 
9079485 


9138139 
9143432 
9148718 
9163998 
9159273 
9164539 
9169800 
9175056 
9180303 
9ia'>645 


9190781 
9196010 
9201233 
9206450 
9211661 
9216866 
9222063 
9-227-255 
9232440 
9337620 


9342793 
9247960 
9253121 
9258276 
9263424 
9268567 
9273704 
9278834 
9283959 
9289077 


9*294189 

9*299296 

9304396 

9309490 

9314579 

9319661 

93*24738 

93*29808 

9334873 

9339932 


870 


880 

9444827 
9449759 
9454686 
9459(H)7 
9464523 
9469433 
9474337 
9479236 
9484130 
9489018 


890 


900 


910 


920 


930 , 

9^48!^! 
9689497; 
9694159 / 
9698816 
9703469 
9708116 1 
9712758 ! 
9717396 , 
97220*28 
9726656 

1000 


9395193 
9400182 
9405166 
9410142 
9415114 
9420081 
9425041 
9429996 
9434946 
9439889 


9493900 
9498777 
9503649 
9508515 
9513375 
9518230 
9523080 
9527924 
9532763 
9537597 


9512425 

9547218 
9552066 
9556878 
9561684 
9566486 
9571282 
9576073 
9580858 
9585639 


9590414 
9596184 
9599948 
9S04708 
9609462 
9614211 
9618956 
9623693 
9628427 
9633155 


9637878 
9642696 
9647309 
9652017 
9656720 
9661417 
9666110 
9670797 
9676480 
9680157 


940 


950 

9777236 
9781805 
9786369 
9790929 
9795484 
9800034 
9804579 
9809119 
9813655 
9818186 


960 


970 


980 


990 


9731279 
9735896 
9740509 
9745117 
9749720 
9754318 
9758911 
9763500 
9768083 
9773662 


98-22712 
9827234 
9831751 
9836263 
9840770 
9845273 
9849771 
9854265 
9858754 
9863*238 


9867717 
9872192 
9876663 
9881128 
9885590 
9890046 
9894498 
9898946 
9903389 
9907827 


9912261 
9916690 
9921115 
9925535 
9929951 
9934362 
9938769 
9943172 
9947569 
9951963 


9956352 
9960737 
9965117 
9969492 
9973864 
9978231 
998*2593 
9986953 
9991306 
9995655 
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LOGARITHMt&.^^«f«fi. 
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Q{. tVat^ c>^tvuc\j 



From 0*1° to 0*5° inclusive the characteristic is 3, from 0*6° to 
5*7° it is 2, and after that L 



*0 
4 
2 
*3 

«4 
'5 
'6 

♦7 
'8 
'9 

^ 

4 

'2 

'3 

'4 

'5 

'6 

'8 
'9 

'0 
4 
2 
'3 

'4 
'5 
'6 

'7 
•8 

19 


0° 


1° 


30 


3<' 


1 • 1 

40 


5° • 


6° 


— infin. 
2418T71 
5429065 
7189966 
8439338 
9408419 
0200207 
0869646 
1449532 
1961020 


2418553 
2832434 
3210269 
3557835 
3879632 
4179190 
4459409 
4722626 
4970784 
5205514 


5428192 
5639994 
5841933 
6034886 
6219616 
6396796 
6567017 
6730804 
6888625 
7040899 


7188002 
7330272 
7468015 
7601512 
7731014 
7856753 
7978941 
80977T2 
8213425 
8326066 


8435845 
8542905 
8647376 
8749381 
8849031 
8946433 
9041685 
9134881 
9226105 
9315439 


940-2960 
9488739 
9572843 
9655337 
9736280 
9815T29 
9893737 
9970356 
0045634 
0119616 


0192346 

0263865 

0334212 

0403424 

0471538 

0538588^ 

0604604 

0669619 

0733663 

0796762 


70 


8° 


9° 


10° 


11° 


130 


13° 


0858915 
0920237 
0980662 
1040246 
1099010 
1156977 
1214167 
1270600 
1326297 
1381275 


1435553 
1489148 
1542076 
1594354 
1645998 
1697021 
1747439 
1797265 
1846512 
1895195 


1943324 
1990913 
2037974 
2084516 
2130552 
2176092 
2221147 
2265725 
2309838 
2353494 


2396702 
2439472 
2481811 
2523T29 
2565233 
2606330 
2647030 
2687338 
2727-263 
2766811 


2805988 
2844803 
2883260 
2921367 
2959129 
2996553 
3033644 
3070407 
3106849 
3142975 


3178789 
3214297 
3249505 
3284416 
3319035 
3353368 
3387418 
3421190 
3454688 
3487917 


3520880 
3553582 
3586027 
3618217 
3650158 
3681853 
3713304 
3744517 
3775493 
3806237 


140 


15° 


16° 


17° 


18° 


19° 

5126419 
5148371 
5170198 
5191904 
5213488 
5234953 
5256298 
5277526 
5298638 
5319635 


20° 


3836752 
3867040 
3897106 
3926952 
3956581 
3985996 
4015201 
4044196 
40T2987 
4101575 


412996^ 
4156152 
4186148 
4213950 
4211563 
4268988 
4296228 
4323285 
4350161 
4376859 


4403381 
44297-28 
4455904 
4481909 
4507747 
4533418 
4558926 
4584271 
4609456 
4634483 


4659353 
4681069 
4708631 
4733043 
4757304 
4781418 
4805385 
4829208 
4852888 
4876426 


4b9982l 
4923083 
4946205 
4969192 
4992045 
5014764 
5037353 
5059818' 
5082141 
5104343 


5340517 
5361286 
5381943 
5402489 
5422926 
5443253 
54634T2 
5483585 
5503592 
5523494 
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LOGARITHMIC 8INS8. 



•0 


2|0 


ago 


230 


240 
6093133 


250 


26^ 


1 27> 


1. 

1, 


^543292 


5735754 


5918780 


6259483 


6418420 


6570466 


1 i 


*1 


5562987 


5754468 


5936594 


6110118 


6275701 


6433926 


65853121 


'3 


5582579 


5773088 


5954322 


6127023 


6291845 


6449365 


6600093 1 


•3 


5602071 


5791616 


5971965 


6143850 


6307917 


6464735 


6614810 1 


t'4 


5621462 


5810052 


5989523 


6160599 


6323916 


6480038 


6629464.! 


'•5 


5640754 


58-28397 


6006997 


6177270 


6339844 


6495274 


6644056 


'6 


5659948 


5846651 


6024388 


6193864 


6355699 


6510444 


6658566 


'•7 


5679044 


58(J4816 


6041696 


6210382 


6371484 


6525548 


6673054:! 


'8 


5698043 


5H82892 


6058923 


6226824 


6387199 


6540586 


6687461 


i'9 
•0 


5716946 


5900880 
290 

6855712 


6076068 


6243190 


6402844 


6555559 


6701807 


r 


28° 


30° 


3l«> 


309 


33<^ 


34«> 


1 


6716093 


6989700 


7118393 


7242097 


7361088 


7475617 


; 1 


6730319 


6869359 


7002802 


7130983 


7254204 


T372737 


7486833 


1 


•2 


6744485 


6882949 


7015852 


7143524 


T266264 


7384343 


7498007 




1 
3 


6758592 


6896484 


7028849 


715^15 


Tonssm 


7395904 


7509140 


1 


"4 


6772640 


6909964 


7041795 


7168438 


7290244 


7407421 


7520231 


1 


l'5 


6786629 


6923388 


7054689 


7180851 


7302165 


7418895 


7531280 


1 


i'fi 


6800560 


6936758 


7067531 


7193196 


T314040 


7430325 


7542388 




i'7 


6814434 


6953074 


7080323 


7-205493 


7325870 


7441712 


7553256 




'8 


6828250 


6963336 


7093063 


7217742 


7337654 


7453056 


7564182 




•9 

1 

I'O 


6842010 
35° 


6976545 


7105753 


7229943 


7349393 


7464358 


7575068 




36° 


370 


38° 


39«> 


40° 


41° 
8169429 




7585913 


7692187 


7794630 


.7893420 


7988718 


8080675 




'-\ 


7596718 


7702601 


7804671 


7903104 


7998062 


8069692 


8178133 




r'2 


7607483 


7712976 


7814675 


7912754 


8007372 


8098678 


8186807 




^«3 


7618208 


7723314 


7824643 


7922369 


8016649 


8107631 


8195450 




'4 


7628894 


7733614 


7834575 


7931949 


8025894 


8116554 


8204063 




'5 


7639540 


7743876 


7844471 


7941496 


8035105 


8125444 


8212646 




<6 


7650147 


7754101 


7854332 


7951008 


8044284 


^134303 


8221198 




''7 


7660715 


7764289 


7864157 


7960486 


8053430 


8143131 


* 8229721 




;'8 


7671244 


7774439 


7873946 


7969930 


8062544 


8151928 


8238213 




'9 


7681735 


7784553 
430 


7883701 


7S>79341 


80716-26 


8160694 


8246676 




42*^ 


440 


450 


46° 
8569341 


470 


48° 




8255109 


8337833 


8417713 


8494850 


8641275 


8710735 




'a 


8263512 


8345948 


8425548 


8502417 


8676648 


8648331 


8717548 




;'2 


8271887 


8354033 


8433356 


8509957 


8583929 


8655362 


8724337 




'3 


8280231 


8362091 


8441137 


8517471 


8591186 


8662369 


8731102 




;'4 


8288547 


8370121 


8448891 


6524959 


8598416 


8669351 


8737844 




'5 


8296833 


8378122 


8456618 


8532421 


8605622 


8676309 


8744561 




'6 


8305091 


8386096 


8464318 


8539856 


8612803 


8683242 


8751256 




,'7 


8313320 


8394041 


8471991 


8547266 


8619958 


8690152 


8757927 




'8 


8321519 


8401959 


8479637 


8554650 


8627088 


8697037 


8764574 




*9 

i 
I'O 


8329G91 


8409850 


8487257 


8562008 


8634194 
530 


8703898 


8771198 




49° 


500 
8842540 


51° 


52° 


54° 


550 




8777799 


8905026 


8965321 


90-23486 


9079576 


9133645 




I'l 


8784376 


8848889 


8911153 


8971233 


9029188 


9085073 


9138943 




'2 


8790930 


8855215 


8917258 


8977123 


9034868 


9090550 


9144221 




'3 


8797462 


8861519 


8923342 


8982992 


90405-29 


9096007 


9149479 




'4 


8803970 


8867801 


8929404 


8988840 


9046168 


9101444 


9154718 




'5 


8810455 


8874061 


8935444 


8994667 


9051787 


9106860 


9159937 




'6 


8816918 


8880298 


8941462 


9000472 


9057386 


9112-257 


9165137 




'7 


8823357 


8886513 


8947459 


9006257 


9062964 


9117634 


9170317 




«8 


8829774 


8892706 


8953435 


9012021 


9068522 


912-2991 


9175478 




'9 


8836168 


8898877 


8959389 


9017764 


9074059 


9128328 


9180620 1 





LOGARITHMIC SINES. 
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' 56® 


57° 


58° 


59° 


60° 


61° 


63° 


<0 9185743 


9235914 


9284205 


9330656 


9375306 


9418193 


9459349 


<1 9190845 


9240627 


9288932 


9335201 


9379674 


9422386 


9463371 


'2 9195929 


9245721 


9293641 


9339729 


9384024 


9426561 


9467376 


'3 9200994 


9250597 


9298332 


9344238 


9388356 


9430720 


9471364 


<4 9206039 


9255454 


9303004 


9348730 


9392671 


9434861 


9475335 


<5 9211066 


9260292 


9307658 


9353204 


9396968 


9438985 


9479289 


'6 9216073 


9265112 


9312294 


9357660 


9401248 


9443092 


9483227 


*7 9221062 


9269913 


9316911 


9362098 


9405510 


9447182 


9487147 


<8 9226032 


9274695 


9321511 


9366519 


9409755 


9451255 


9491051 


«9 9230982 


9279459 


9326092 


9370921 


9413982 


9455310 


9494938 


639 


64° 


65° 


66° 


67° 


68° 


69° 


'0 9498809 


9536602 


95T3757 


960ra02 


9640261 


9671659 


9701517 


<1 9502663 


9540291 


9576284 


9610668 


9643470 


9674713 


9704419 


<2 9506500 


9543963 


9579794 


9614020 


9646665 


9677753 


9707306 


<3 9510320 


9547619 


9583288 


9617355 


9649843 


96807T7 


9710178 


<4 9514124 


9551259 


9586767 


9620674 


9653006 


9683786 


9713035 


«5 9517912 


9554882 


9590229 


9623978 


9656153 


9686779 


9715876 


<6 9521683 


9558490 


9593675 


9627266 


9659285 


9689757 


9718703 


*7 9525437 


9562081 


9597106 


9630538 


9662402 


9692720 


9721514 


'8 9529175 


9565656 


9600520 


9633795 


9665503 


9695668 


9724310 


'9 9532897 


9569215 


9603919 


9637036 


9668588 


9698600 

75° 


9727092 


70O 


71° 


73° 


73° 


74° 


76° 


9729858 


9756701 


9782063 


9805963 


9828416 


9849438 


9869041 


«1 9732610 


9769303 


9784519 


9808273 


9830583 


9851462 


9870924 


<2 9735346 


9761891 


9786960 


9810569 


9832735 


9853471 


9872793 


'3 9738067 


9764464 


9789386 


9812850 


9834872 


9855467 


9874648 


'4 9740774 


9767022 


9791798 


9815117 


9836996 


9857449 


9876488 


<5 9743466 


9769566 


9794195 


9817370 


9839105 


9859416 


9878315 


'6 9746142 


9772095 


9796578 


9819608 


9841200 


9861369 


9880128 


n 9748804 


9774609 


9798946 


9821831 


9843281 


9863308 


9881927 


«8 9751451 


9777108 


9801299 


9824041 


9845347 


9865233 


9883712 


<9 9754083 


9779593 


9803639 


9826236 


9847400 


9867144 9885482 


77° 


78° 


79° 


80° 


81° 


82° 


83° 


»0 9887239 


9904044 


9919466 


9933515 


9946199 


9957538 


9967507 


<1 9888982 


9905648 


9920932 


9934844 


9947393 


9958586 


9968431 


«2 9890711 


9907239 


9922385 


9936160 


9948573 


9959631 


9969342 


<3 9892427 


9908815 


9923824 


9937463 


9949740 


9960663 


9970239 


<4 9894128 


9910378 


9925250 


9938752 


9950893 


9961681 


9971122 


<5 9895815 


9911927 


9926661 


9940027 


9952033 


9962686 


9971993 


'6 9897489 


9913462 


9928059 


9941289 


9953159 


9963677 


9972850 


<7 9899148 


9914984 


9929444 


9942537 


9954271 


9964655 


9973693 


'8 9900794 


9916492 


9930814 


9943771 


9955370 


9965619 


9974523 


<9 9902426 


'9917986 


9932171 
86° 


9944992 

87° 


9956456 


9966570 


9975340 


84° 
<0 9976143 


85° 


88° 


89° 


90° 


9983442 


9989408 


9994044 


9997^54 


9999338 , 


1^0000000 


a 9976933 


9984099 


9989931 


9994435 


9997612 


9999461 


*2 9977710 


9984742 


9990441 


9994812 


9997856 


9999577 




*3 9978473 


9985372 


9990938 


9995176 


9998088 


9999676 




*4 9979223 


9985988 


9991422 


9995527 


9998306 


9999762 




'5 9979960 


9986591 


9991892 


9995865 


9998512 


9999835 




<6 9980683 


9987181 


9992349 


9996189 


9998703 


9999894 




<1. 9981393 


9987758 


9992793 


9996500 


9998882 


9999940 




<8 9982089 


9988321 


9993223 9996798 


9999047 


9999974 




'9 9982772 


9988871 


9993640 9997082 


9999200 


9999993 
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LOOARITHMKI TAM«#M^. 
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y. = y. + **7? + *(x-l).j^+:p(x-l)(ar-2).y-^^^ 



Prom 0*1^ 0*6° 
To 0*6° 6*7^ 

Char 3 2 



T 



46<^ 

84*2° 





84*3° 

89*4° 

1 



89*6° 
89*9° 

2 



1 

1 

!^ 
'1 
'2 

! '3 

' '4 

1 '6 
'8 

'1 

'2 
♦3 

'4 
'5 
<6 
*7 
'8 
*9 

a 

'2 
'3 

'4 
*5 
'6 

'7 
*8 

l2 


(F 


10 


30 


3«> 


4<> 


50 


6« 


0000000 
3418778 
5429091 
7190026 
8439414 
9408584 
0200445 
0869970 
1449956 
1961556 


3419315 
2833234 

3211221 
3558953 

3880918 
4180679 
4461103 
4724538 
4972928 
5307902 


5430838 
5643913 
5845136 
6038386 
6333427 
6400931 
6571490 
6735628 
6893813 
7046465 


7193958 
7336631 
7474793 
7608719 
7738665 
7864861 
7987519 
8106834 
8222984 
8336134 


8446437 
8554034 
8659055 
8761633 
8861850 
8959842 
9055697 
9149509 
9341363 
9331340 


9419518 
9505967 
9590754 
9673944 
9756597 
9835769 
9914514 
9991^ 
0067924 
0142682 


0216203 

0388534 

0359688 

0439731 

0498689 

0566595 

0633483 

0699381 

0764331 

0828331 


70 


8° 


90 

1997125 
2045922 
2094303 
3141980 
3189264 
2236065 
2282395 
3328262 
2373678 
2418650 


100 


11° 


130 

3374745 
3311872 
3348711 
3385267 
3421546 
3457553 
3493290 
3528763 
3563977 
3598935 


130 


0891438 
0953667 
1015044 
1075591 
1135333 
1194291 
1252486 
1309937 
1366665 
1422689 


1478025 
1532692 
1586706 
1640083 
1692839 
1744988 
1796546 
1847525 
1897939 
1947802 


3463188 
3507301 
3550997 
2S94285 
3637173 
3679669 
2721780 
2763514 
2804878 
2845878 


3886533 
2926817 
3966769 
3006383 
3045667 
3084636 
3133266 
3161593 
319%11 
3237327 


3633641 
3668100 
3703315 
3736391 
3770030 
3803537 
3836816 
3869869 
3902700 
3935313 


140 


150 


160 

4574964 
4603492 
4631863 
4660078 
4688139 
4716048 
4743808 
4T71421 
4798887 
4826210 


170 


\9P 


19*^ 


30O 


3967711 
3999896 
4031873 
4063644 
4095212 
4126581 
4157752 
4188729 
4219515 
4250113 


4280525 
4310753 
4340800 
4370670 
4400363 
4429883 
4459232 
4488413 
4517427 
4546276 


4853390 
4880430 
4907332 
4934097 
4960737 
4987-223 
5013588 
5039822 
5065928 
5091907 


5117760 
5143490 
5169097 
5194583 
5219950 
5245199 
5270331 
5295347 
5320250 
5345040 


5369719 
5394287 
5418747 
5443100 
5467346 
6491487 
5515524 
5539459 
5563292 
5587025 


5610659 

5634194 

5657633 

56U0975 

5704223 

5727377 

5750438 

5773407! 

5796286 

5819074 i 



LOOARITHMIC TANGENTS. 



323 



^ 



i 



4 

'2 
'3 
*4 

'5 
*€ 
•7 
'fi 
*9 

"^ 
'1 
'2 
'3 
'4 
'5 
'6 
'7 
'8 

^2 
'3 
'4 
*5 
'6 
*7 
'8 
*9 

a 

<2 
'3 

'4 
'5 
*6 

*7 
'8 
'9 

"^ 
*1 
'2 
»3 
'4 
'5 
*6 
'7 
'8 
«9 


aio I 230 


330 


340 


350 


360 


37° 


6841774 
5864386 
5886912 
5909351 
5931705 
5953975 
5976162 
5998267 
6020390 
6042233 


6064096 
6085880 
6107586 
6129214 
6150766 
6172243 
6193645 
6214973 
6236227 
6257409 


6278519 
6299558 
6320527 
6341426 
6362257 
6383019 
6403714 
6434342 
6444903 
6466400 


6485831 
6506199 
6536503 
6646744 
6566933 
6587041 
6607097 
6637093 
6647030 
6666907 


6686735 
6706486 
6736190 
6745836 
6765436 
6784961 
6804440 
6833865 
6843336 
6863553 


6881818 
6901030 
6920189 
6939298 
6958356 
6977363 
6996320 
7015227 
7034086 
7052897 


7071669 
7090374 
7109041 
7137663 
7146337 
7164767 
7183351 
7301690 
7320085 
7238436 


2S9 


29^ 


30© 


3io 


330 


33° 


34° 


7266744 
7275008 
7393230 
7311410 
7329547 
7347644 
7365699 
7383714 
7401689 
7419624 


7437520 
7455376 
7473194 
7490974 
7508716 
7526420 
7544088 
7561718 
7579313 
7596871 


7614394 
7631881 
7649334 
7666751 
7684135 
7701485 
7718801 
7736084 
7753334 
7770552 


7787737 
7804891 
7833013 
7839104 
7856164 
7873193 
7890193 
7907161 
7034101 
7941011 


7957893 
7974745 
7991569 
8008365 
8035133 
8041873 
8058587 
8075273 
8091933 
8108566 


8125174 
8141755 
8158311 
8174842 
8191348 
8207829 
8224286 
8340719 
8257137 
8373513 


8289874 
8306213 
8322529 
8338823 
8355094 
8371343 
8387571 
8403776 
8419961 
8436135 


35° 


36° 


37° 


389 


390 


40° 


41° 


8452268 
8468390 
8484492 
8500575 
8516637 
8532680 
8548704 
8564708 
8580694 
8596661 


8612610 
8638541 
8644454 
8660350 
8676228 
8692089 
8707933 
8723760 
8739571 
8755365 


8771144 
8786907 
8802654 
8818386 
8834103 
8849805 
8865492 
8881165 
8896823 
8912468 


8938098 
8943715 
8959319 
8974910 
8990487 
9006053 
9031604 
9037144 
9053673 
90681J88 


9083692 

9099185 

9114666 

9130137 

9145596 

9161045 

9176483 

9191911 

9207329 

9223737 


9338135 
9353534 
9268904 
9284274 
9299636 
9314989 
9330334 
9345670 
9360998 
9376318 


9391631 
9406936 
9422233 
9437524 
9452807 
9468084 
9483355 
9498619 
9513876 
9529128 


420 


43° 


440 


450 


46° 

0151638 
0166798 
0181970 
0197144 
0312321 
0227500 
0242683 
0257867 
0373055 
0288246 

530 


47° 


48° 


9544374 
9559615 
9574850 
9590080 
9605305 
9620525 
9635740 
9650951 
9666157 
9681360 


9696559 
9711754 
9726945 
9742133 
9757318 
9772500 
9787679 
9802856 
9818030 
9833202 


9848372 
9863540 
9878706 
9893871 
9909035 
9934197 
9939359 
9954520 
9969680 
9984840 


0000000 
0015160 
0030330 
0045480 
0060641 
0075803 
0090965 
0106129 
0121294 
0136460 


0303441 
0318640 
0333843 
0349049 
0364260 
0379475 
0394695 
0409920 
0425150 
0440386 


0455626 
0470872 
0486124 
0501381 
0516645 
0531916 
0547193 
0562476 
05Tn67 
0593064 


49° 


50° 


51« 


52° 


54° 


55° 


0608369 
0623682 
0639002 
0654330 
0669666 
0685011 
0700364 
0715726 
0731096 
0746476 


0761865 
07n-263 
0792671 
0808089 
0823617 
0838955 
0854404 
0869863 
0885334 
0900815 


0916308 
0931812 
0947328 
0962856 
0978396 
0993948 
1009513 
1025090 
1040681 
1056285 


1071902 
1087532 
1103177 
1118835 
1134508 
1150195 
1165897 
1181614 
1197346 
1213093 


1228856 
1244635 
1260429 
1276240 
1292067 
1307911 
1323772 
1339650 
1355546 
1371459 


1387390 
1403339 
1419306 
1435292 
1451296 
1467320 
1483363 
1499425 
1515508 
1531610 


1547732 

1563875 

15^0039 

1596224 

1612429 

1628657 

1644906 

1661177 

1677471 i 

1693787 1 



334 



t LOOAKITBMIC TANOBNTS. 



I__ 

*0 

'«1 

•2 
♦3 

'4 
'5 

*6 

«7 
■'8 

t 

/o 

'1 
'2 
'3 

'4 
'5 
'6 

l'8 
*9 

■^ 

I'l 
•2 
'3 

'4 
'5 
'6 

'7 

l'8 

'9 

a 

'2 
•3 

•4 
*5 
'6 

'7 
'8 
'9 

1 

«2 
'3 
*4 
*5 
»6 
'7 
'8 
'9 


560 


5T> 


680 


50° 


60° 


61° 


63^ 


1710126 
1726487 
1742873 
1759281 
1775714 
1792171 
1808652 
1825158 
1841689 
1858245 


1874826 
1891434 
1908067 
1924727 
1941413 
1958127 
1974867 
1991635 
2008431 
9025255 


20^108 
2058989 
2075699 
2092839 
2109808 
2126807 
2143836 
2160896 
2177987 
2195109 


2212263* 

3229448 
2246666 
2263916 
2281199 
229A515 
2315865 
2333249 
2350666 
2368119 


2385606 
2403129 
2420687 
2438282 
2455912 
2473560 
2491284 
2509026 
2526806 
2544624 


1^)563460 
2580376 
259H311 
2616286 
2634301 
2652356 
2670453 
2688590 
2706770 
2724902 


3743356; 

27615641 

2779915 

2798310 

2816749 : 

2835233 

28537631 

2872338 

2890959 

2909626. 


63° 

2928341 
2947103 
2965914 
2984773 
30036HO 
3022637 
3041645 
3060702 
3079811 
3098970 


640 


650 


66° 


67° 


680 


69° 


3118182 
3137447 
3156764 
3176135 
3195560 
3215039 
3234574 
3254164 
3273810 
3293514 


3313275 
3333093 
3352970 
3372907 
3392903 
3412959 
3433077 
3453256 
3473497 
3493801 


3514169 
3534600 
3555097 
3575658 
3596286 
3616981 
3637743 
3658574 
3679473 
3700442 


3721481 
3742591 
3763773 
3785027 
3806355 
3827757 
3849234 
3870786 
3892414 
3914120 


3935904 
3957767 
3979710 
4001733 
4023838 
4046025 
4068295 
4090649 
4113088 
4135614 


4158396 

4180996 

42037141 

4226593 

4249562 

4272693' 

4295Tn 

43190951 

4342367! 

4365606 


70O 


710 


lap 


73° 


74° 


75° 


76° 


4389341 
4412975 
4436708 
4460541 
4484476 
4508513 
4532654 
4556900 
4581253 
4605713 


4630281 
4654960 
4679750 
4704653 
4729669 
4754801 
4780050 
4805417 
4830903 
4856510 


4882240 
4908093 
4934072 
4960178 
4986412 
5012777 
50392ri 
5065903 
5092668 
51 19570 


5146610 
51T3790 
5201113 
5228579 
5256192 
5283952 
5311861 
5339922 
5368137 
5396506 


5^5036 
5453724 
5482573 

5511587 
5540768 
5570117 
5599637 
5629330 
5659200 
5669247 


5719475 
5749887 
5780485 
5811271 
5842248 
5873419 
5904788 
5936356 
5968127 
6000104 


6032289 

6064687 

6097300 

6130131 

6163184 

6196463 

629997D 

6263709 

6297685! 

6331900' 


770 


78«> 


79° 


80° 


81° 


82° 


83° 
9108562; 

9171669 i 

9235679 

9300619 

9366518 

94334051 

9501311 

9570369 

9640313 

9711476 


6366359 
6401065 
6436023 
6471237 
6506710 
6542448 
6578454 
6614733 
6651289 
6688128 


6725255 
6762673 
6800389 
6838408 
6876734 
6915374 
6954333 
6993617 
7033231 
7073183 

85° 


7113477 
7154122 
7195122 
7236486 
7278220 
7320331 
7362827 
7405715 
7449003 
7492699 

86° 


753()812 
7581350 
7626322 
7671738 
7717605 
7763935 
7810736 
7858020 
7905797 
7954078 


8002875 
8052198 
8102061 
8152475 
8203454 
8255012 
8307161 
8359917 
8413294 
8467308 

88° 

4569162 
4792098 
5027072 
5275'162 
5538897 
5819321 
6119082 
6441047 
6788779 
7166766 


8531975 
857T311 
8633335 
8690063 
8747514 
8805709 
8864667 
8924409 
8984956 
9046333 


84^ 


87° 


89° 


90° 


9783798 
9857318 
9932076 
0008117 
0085486 
0164231 
0244403 
0326056 
0409246 
0494033 


0580482 
0668660 
0758637 
0850491 
0944303 
1040158 
1138150 
1238377 
1340945 
1445966 


1553563 
1663866 
1777016 
1893166 
2012481 
2135139 
2261335 
2391281 
2525208 
2663369 


2806042 
2953535 
3106187 
3264372 
3428510 
3599069 
3776573 
3961614 
4154864 
4357088 


7580785 
8038444 
8550044 
9130030 
9799555 
0591416 
1560556 
2809974 
4570909 
7581222 


4-infin. 

! 
1 



